A TRACTABLE TERM STRUCTURE MODEL WITH ENDOGENOUS
INTERPOLATION AND POSITIVE INTEREST RATES

ERIK SCHLOGL AND LUTZ SCHLOGL

ABSTRACT. This paper presents the one— and the multifactor versions of a term structure
model in which the factor dynamics are given by Cox/Ingersoll/Ross (CIR) type “square
root” diffusions with piecewise constant parameters. The model is fitted to initial term
structures given by a finite number of data points, interpolating endogenously. Closed
form and near—closed form solutions for a large class of fixed income contingent claims are
derived in terms of a noncentral chi-square distribution whose noncentrality parameter is
in turn noncentral chi-square distributed. Implementation details on this distribution are
given in the appendix.

1. INTRODUCTION

Three often cited requirements for term structure models applied in practice are

(i) fit to the initial term structure observed in the market
(ii) analytical tractability for fast solutions for derivative pricing and hedging
(iii) non-negative interest rates.

Requirement (i) is often extended to fitting an initial term structure of volatility.

Our approach to constructing a model which fulfills these requirements is based on
the Cox, Ingersoll jr. and Ross (1985) (CIR) model, also called a “square root” model
because of the way the volatility of the diffusion processes depends on the realizations of
the state variables, which in the single factor version of the model is the short rate. We
are thus in the class of affine yield factor models!, where for constant drift parameters
closed form or, in the multifactor case, very nearly closed form solutions can be obtained?.
Unfortunately, if one extends the original CIR model as in Hull and White (1990) and
allows for a time dependent drift in order to calibrate to an observed initial term structure,
the closed form solutions do not carry over from the constant parameter case, so we are
faced with a tradeoff between requirements (i) and (ii). Alternatively one could construct
an affine model with state independent volatility, but such a model would assign a positive
probability to negative interest rates, which in some important cases yields unrealistic
results®.

Two recent papers also address the tradeoff between fitting initial term structure data
and closed form solutions in a “square root” model.

In what he calls a “simple class of square root models”, Jamshidian (1995) restricts the
CIR model with time—varying coefficients to a class satisfying the condition that the ratio
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of the mean reversion level §(¢) and the square of the volatility parameter o?(¢) is identical
for all . This permits the derivation of explicit formulae for a large number of assets, but
implies that the initial yield curve determines the volatility of the short rate.

Scott (1995) shifts the short rate realizations of a constant parameter CIR model by a
deterministic component in order to fit the initial term structure, thus avoiding the need to
perform calculations with a time dependent drift parameter. The yield curve interpolation
is exogenous to this model and the short rate volatility parameter is constant across time.

In the present paper we will take a different approach to fit a “square root” term structure
model to an initial term structure while still obtaining fast solutions for a large class of
assets. Looking at a market for fixed income instruments, we observe interest rates or bond
prices for only a finite number of maturities. If one considers the money market and or
swap market, this number is quite small. This presents a possibility to avoid the tradeoff
between fitting initial term structure data and fast analytical solutions: The observed data
points divide the time line into intervals. On these intervals we inductively construct short
rate processes of the CIR type with constant parameters, chosen so as to give an exact fit
of the observed term structure. The processes are pieced together to yield a continuous
short rate process.

In taking this approach, we consider the CIR stochastic differential equation with nonde-
terministic initial conditions and show that the solution does not explode under the same
restrictions on the parameters as in the deterministic case; thus interest rates are almost
surely strictly positive.

The inductive construction of the short rate process allows us to fit the model to an
initial term structure consisting of a finite number of data points. By taking the relevant
expectations, the model yields a complete initial term structure for the continuum of matu-
rities, endogenously interpolating between the observed data. Thus it is more parsimonious
in its assumptions in the sense that there is no need for an exogenous interpolation rule
and the interpolation is consistent with the assumed short rate dynamics.

In the next section we introduce the model and show how to fit it to initial zero coupon
bond prices, as well as discussing how historical or implied volatility structures can be
input into the model, this being an additional requirement often put forth by practitioners
in addition to the three already mentioned. The formulae for contingent claims pricing
and hedging are derived in section 3, interpolated zero coupon bond prices being given as
a special case. Some examples using market data are presented in section 4, and section 5
shows how the results in the one-factor case can be extended to a multifactor model.

2. THE MODEL

2.1. The Short Rate Process. We wish to specify the model so that the dynamics of
the short rate process are given by a generalized CIR equation with piecewise constant
coefficients. We call this the segmented square root model. To formalize, let points in time
0=Ty<T) <...<Ty and constants 61,... ,0n ,a1,... ,an, 01,... ,0n8 € Ry be given.
We define a step function 6 : Ry — R, in the following manner:

N
0(t) := 01 X103 (1) + Y 05 X171, 1(1) + ONVT Xy el (1)
=1

Step functions o, a : Ry — R,y are defined analogously. Now let (Q, F, T, P) be a stochas-
tic basis satisfying the usual hypotheses on which a standard one-dimensional Brownian
motion W is defined. The short rate r is a continuous F-adapted stochastic process defined
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on 2. We specify the dynamics of r by demanding that r is a solution of the following
stochastic differential equation (SDE):

(1) dy: = (0(t) — a(t)y)dt + o(t)/Fd W,

We shorten notation by defining two functions «, 5 : Ry X ]0,+00[ — R as follows:

N
alt,z) = oo x(t)+ Y oivE xpr, my(t) + onVE X1y el ()
=1

N
Bt,x) = (61— az)xqoy(t) + Y (6 — aix)xyriim)(t) + (O — ana)\)ry, ool (1)

i=1

The dynamic equation now takes the form:
(2) dy: = B(t,y:)dt + a(t,y:)dW,;

We stress the fact that a solution of this equation by definition only assumes values in
10, +00[, so that the short rate is automatically strictly positive at all times. We will show
that solving equation (2) is equivalent to iteratively solving classical Cox/Ingersoll/Ross
equations. When referring to classical CIR equations we mean equations of the following

type:
(3) dy, = (0 — ay,)dt + o\/y,dW,.

Here 0,a,o are strictly positive constants. If these fulfill the inequality 260 > o2, then
using Feller’s test for explosions (cf. Karatzas and Shreve (1988), Proposition 5.5.22 and
Theorem 5.5.29) one can prove that solutions of (3) with nonrandom initial conditions
cannot explode. Using the result shown in appendix A, it follows that solutions of (3) with
random initial conditions do not explode either.

2.1.1. Theorem. For each i € {1,... N} let the constants 0;,0; €]0,+oc| fulfill the
inequality 20; > o?. Let (Q,F, IF, P) be a stochastic basis fulfilling the usual hypotheses,
carrying a standard, one-dimensional Brownian motion W. Let f : Q@ —]0,+oo[ be an
Fo—measurable random variable. Then there exists a continuous, F'—adapted process r with

values in |0, +00|, so that for each t € IR, we have
t t
re=f ‘|‘/ als,rs)dW, —|—/ B(s,rs)ds  P-a.s.
0 0

PROOF: We proceed inductively. We define r(©) : {0} xQ — ]0, +-00[ by setting r(?)(0,w) :=
f(w). Now let ¢ € {I,...,n} be given. Suppose that we have already constructed a
continuous, F-adapted process r=1) : [0, Ti_;] x Q) —]0, +-00[, so that for every ¢t € [0, Ti_,]
the following holds:

_ t _ t :
A= re [aGrt ) awos [ 5 (sl ) ds Poas
0 0

In the case of ¢ = 1 this equation is trivial. We now introduce a deterministic time change
(r) = {Tt}tG]R+ by setting 7, := t + T;_; for every t € R,. We define a new filtration
G = {gt}tEIR+ by setting G; = F,, = Fiyr,_, and define a process W = (Wt) via

~ tEIR+
Wy := Wiyr,_, — Wr,_, . The stochastic basis (2, F, G, P) also fulfills the usual hypotheses

and it is easy to see that W is a standard (P, G)-Brownian motion. The random variable
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(i-1)

rr._, is Go—measurable. From our above remarks it follows that there is a continuous,
i

G-adapted process y with values in 0, +oo[ so that yq = r%j) and

dy; = (0; — a;y,)dt + o;\/y;dW,.
We define the process () : [0, T3] x Q —]0, 4+o00[ as follows:

(1) 10 () ez {70 0) iTEE 0T
t yiot, (W) if t €)Ti, Ti).

The process r(?) is F-adapted and possesses continuous paths. Obviously for ¢ € [0, Ti_4]
we have

_ ot _ ot _
(5) r@ = f —I—/ a (s,r) dw, —I—/ 8 (s,r")ds P-as.
0

0

Now assume t €]|T;_y, T;]. Then:
ot o
f+ / I} (8, rgi)) ds + / «@ (3, rgi)) dW
0 0

. t ) t _
= T%)_l + /T B (577“?)) ds -I-/ Q@ (3,7“5])) dW, P-a.s.

Ti 1

We will now write the right hand side of this equation somewhat differently. First of all:

1 t
/ 3 (s, ng)) ds = / (92- — airgi)) ds

Ti—1

t—T;1 .
= / (02 - aﬂ“g:)_Ti_l) ds
0

t—Ti_1
= / (0; — a;ys) ds.
0

Furthermore:

t t :
/ a (3, rgi)) dW, = / oA/ rdW, P-as.
Ti1 Ti

Denoting stochastic integration by a e, the transformation property of the stochastic in-
tegral under time change implies the following identity up to indistinguishability

<O'Z'V r() o W)( - (O'Z'V r() o W) = O'M/T'Eg o Wiy.

The stochastic integral on the right hand side of this equation is taken with respect to the
stochastic basis (2, F, G, P). Explicitly, we have for t €]T;_1, T;]:

t
/ Ji\/rgl)dWS
Ti_1
t—T;_1 - B
= / o; rﬁQTi_ldWs
0

t—T;_1 5
= / oi\/ysdW, P-a.s.
0
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Therefore

s, ng‘)‘) dW

t t
f+ / & (s, ng)) ds + / o’ (s, rgz)) dWs
_ ’ t _ ’ t
= A [ st [ a
Ti—1 Ti_1

. t—T; 1 t—T5_1 N
= rgfi)_l + /0 ((92 — aiys) ds + /0 JZ'\/'y_des
(@)

= Yyi1_, =1 P-as.
We have now shown that the process r(9) satisfies (5) for all ¢ € [0,T:]. After N such
induction steps we obtain a solution of the equation (2) on [0,7Tx]. One more induction
step (with a trivial change of notation) allows us to extend the solution to all of Ry. O

2.1.2. Remark. The coefficients of the classical CIR equation are locally Lipschitz, there-
fore pathwise uniqueness holds for the equation (3). By an iteration procedure analogous
to the one used in the proof of the theorem above, it follows that pathwise uniqueness also
holds for the equation (2). Therefore, in our model the short rate is uniquely determined
up to indistinguishability by the coefficients in the dynamic equation and the initial interest
rate.

2.2. Fitting the Model to Zero Coupon Bond Prices.

2.2.1. Proposition. In the segmented square root model with time segments [T;_1;T}],

J €{1;...; N}, the time T;_1 prices of zero coupon bonds with maturity Ty, j < k < N,
are exponential affine functions of the short rate realization r(T;_y):
(6) B(r(Tj-1), Ti-1, Ti) = Cjp exp{=Dj 1k 7(Tj-1)}

with C;_y 1, and D;_y , recursively defined as

b 2y
Ci—1 = Cjp - Aj(Tj-1, T) - <—b- n ;D'k>
]7

Dk

Dj 1 p = B;(T;- 17T)+lem
Ty

where Cr, :=1 and Dy, := 0,

and

1
2V

AT T3 = (2T T e ey 4 a0~ T} )
Bi(Tj-1,T;) = 2w;(Tj—1,T;) (exp {c;(T; = Tj-1)} — 1)
wi(Tj-1,T;) == ((¢; + a;)exp {c;(T; — Tj-1)} + ¢; —aj)”

1/(12- —I—QU2

1

Cj =
n; = 16w; (11, T;)"c] exp{c;(T; — Tj_1)}
! 0-]28]( i—1, 1)
bj = —B(Tj, Ty)™"
g;
40;
l/] = 0_—]2
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PRrROOF: We prove the proposition by induction.
Let k£ = j. Then (6) becomes

B(r(Tj1), Ti—1,T;) = Aj(Tj-1, T;) exp{=B;(Tj-1, T;)r(T;1)}

which is the original CIR formula for the price of a zero coupon bond, valid since we have
a constant parameter CIR process on [Tj_1,T;]. Now consider some k > j. If (6) is valid
over (n — 1) segments then (6) determines all zero coupon bond prices

B(r(T;),T;,Ty) Vk—j<n.

If there are n segments there remains one bond price not determined by (6). Since under the
time Ty forward measure all assets valued with respect to the zero coupon bond maturing
in T} are martingales, we can write this remaining bond price as

(7) B(r(To), To, T.) = B(r(Ty),To, T)E™ [B(T(Tl),Tl,Tn)]7

B(r(Ty), Ty, T1)

where the bond price in T} is given by (6) with a suitable shift of indices. Setting 7(7T}) :=
bir(T1) we can then employ the result in Jamshidian (1987) that 7(7}) conditioned on
r(Ty) is noncentral chi-square distributed under the 7} forward measure, with vy degrees
of freedom and non—centrality parameter n;7(7p). Thus (7) becomes

B(T(T0>’T0’Tn> = B(T(TO)aTO,Tl)'

(8) /000 Ciexp{=D1, r(T1) } g2 ((byr(Th), v1,mr(To))d(byr(Th)).

Applying lemma B.1.1 in the appendix to (8) we get

D1 b Ehe
B(T‘(To),To,Tn) = B(T(To),To,Tl)an exXp {—_b + ;’D —T]IT(TO)} (76 + 21D )
1 1,n 1 1,n

by
by + 2D,

=1

by 2 D, .,
= To, T1)Cin | o — [ B(To, Th) + ——2— T,
Ai(To, Th)Cr, (bl+2DLn> eXp{ (B( 0 T1) + bl+2791,n7“> ( 0)}
= Conexp{—Do,r(To)}.

./0°° g2 ((51 +2Dy,)r(Th), 1, w(%)) d((b1 +2D1,)r(Th))
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Given proposition 2.2.1, we can fit the model to initial zero coupon bond prices B(r(7y), To, T})
by choosing the drift parameters 6; on the segments [7;_1, T;] accordingly:

B(r(Ty),To, T;) = Co,jexp{—Do; r(To)}

j—1 20, _;
b: . 2
T Tiy) (22 ) ) exp Do, (T,
gA] (Tj-i-1,T; )<bj—i+2pj_i,j> exp{—Dy; r(To)}
1 1 -1
54 Hj = 50']2 <2(C] + a])(T T] 1) -|—1I12c]w (Tj—l,Tj)>

-<ln B(r(Ty), To, T;) + Do ; r(To) —

1-9 b .

J— J—?
E +InA;_; i1, 15— )
— o <1i+2DFM> il ))

=1

Starting with j = 1 we can thus successively calculate all §; for j € {I;...; N}. Note,
however, that strongly downward sloping initial forward rate curves can lead to negative
f;, and thus this model shares the disadvantage of the extended CIR model with a time
dependent drift coefficient in that it cannot fit all possible initial term structures.

2.3. Initial Volatility Term Structures. The problem of calibrating a model to ob-
served volatility structures has two dimensions, of which the term structure of volatilities
for forward rates or zero coupon bonds of different maturities is most often cited. Be-
sides this maturity dimension, however, there is the temporal dimension of how volatilities
evolve. Historical estimates of deterministic volatility coefficients usually assume that these
coefficients do not change over time. When calibrating a model to implied volatilities, the
first dimension is given by for example prices of options on zero coupon bonds of different
maturities, and the temporal dimension of the volatility structure is determined by prices
of options on zero coupon bonds with the same time to maturity, but different option
expiries.

In the “simple class of square root models” of Jamshidian (1995), the maturity dimension
is covered by choosing the (time—dependent) speed of mean reversion to match input
volatilities for forward rates. Instantaneous forward rates are given by

ro(r(t),t,T) = _@iT In B(r(t),t,T)

By It6’s Lemma, initial forward rate volatilities in our model are therefore o14/r(Tp)
and we can state

aTk DO,k

2.3.1. Proposition. Initial forward rate volatilities in the segmented square root model

are o14/7(To) kaDQk, with

9 o .\ @
—Doy = bi(b; 4+ 2D; 1) 72 Ti 1, T,
9) a7, Dok (gn (b; + 2D; 1) ) a7, o Bi(Th—1, T})
and D, n, b and B defined as in proposition 2.2.1.

Note that forward rate curves in our model are continuous (see proposition 3.2.1).
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PROOF: By induction, we show the validity of the more general version of (9)

5 k-1 | AW
(10) ﬁpj,k = (221]11 nibi(b; + 2D; 1) ) ﬁBk(Tk—th)
For k — 5 =1, (10) becomes
0 0
a—Tij,k = a—TkBk(Tk—laTk)

which is obviously true since D; ;11 = Bjt1(Tj, Tix1). Now let (10) be valid for some
k —j > 1. Then for k + 1 (or by a simple change of notation j — 1) we have

0 P _ ]
aT—k_}_le’k'i-l = aT—k_}_l(B]-i-l(Tj’ Tj+1) + T]j+1(bj+1,Dj—|}1,k+1 + 2) 1)

_ IR _ 0
= Ni+1(bj1 D g +2) 25j+1pjf1,k+1aT—k+lpj+1,k+1
0
0T 41

k
= Njs1bip1 (b1 + 2D e41) 7 < IT miba(bi + QDi,kH)_Q) Biy1(Tk, Tiy1)

1=7+2

k
0
= (H nibi(bi+2pi,k+1)_2) 57 Bit1(Th; Tht1)
P k1

O

For given oy, we can thus use (9) to inductively calculate the speed of mean reversion
parameters a; to match initial forward rate volatilities for the maturities Ty to T,,. Alter-
natively, one could calculate the o} for given parameters ay.

Calibrating the models to an initial volatility structure along the maturity dimension, we
therefore still retain a degree of freedom that is already taken in the “simple class”. Thus
our model differs from the simple class in how the temporal dimension of the volatility
structure is specified: In the simple class, the way initial forward rates are interpolated
determines how volatilities evolve over time, while in the segmented model the factor
volatility, be it the short rate or some yield of forward rate?, determines the endogenous
interpolation.

3. PRrICING AND HEDGING

3.1. Contingent Claim Valuation. Having calibrated the model, we can now proceed to
price other assets relative to the initial term structure, given the assumptions of the model.
We will consider contingent claims whose payoffs can be expressed as linear combinations of
European (exchange) options on securities whose terminal function is a simple exponential
in r, thus allowing us to apply lemma B.1.1. Consider the value V;(t) of such a security
at time £:

(11) Vilt,r(8)) = fi(t) exp{—g;(t)r(t)},
where f; and g; are deterministic functions of ¢. The payoff C(t,,) at expiry ¢,, of a
European exchange option on two such securities is defined as

(12) C(tmsr(tm)) = [Va (b (b)) = Va (b, m(t))]" -

4Note that affine models can be reparameterized in any yield or forward rate instead of the short rate

(see Duffie and Kan (1992, 1996)).
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Note that for fy(t,,) = K and gs(t,,) = 0 we have a European call option on V;. Alterna-
tively, setting fi(¢,,) = K and ¢1(t,,) = 0 yields a European put option on V3. Let

(13) k= max{ne€ {0;...;N}| T, <tn}.

On [Ty; Tr41] we have a constant parameter CIR process, and following Jamshidian (1987)
we know that #(t,,) := b - r(t,,) conditioned on r(T%) is noncentral chi-square distributed
under the ¢,, forward measure, with vgy; degrees of freedom and noncentrality parameter
- r(Tg), where

?) = Bk+1(Tk, )
Thi1
P 16wy 41 (Th, tm)? €y exp{crra(tn — Tr)}
. 041 Brgr (T, L)

with B, ¢ and w defined as in proposition 2.2.1. Therefore

C(Ti; (1)) =B(r(Te), Ty t) E™ [[Vi (b, 7(tm)) = Valtums vt )] | Fr, ]
(14)

=500 Teto) ([ ) expl=antn)ritn )} (o) man. () dir(e,)
- /Z Foltm) exp{=gatn)r(tn) e (br(tn), vics, ir(T)) d(ér(tm))>
with

Z i ={r(tn) > 0| Vi(tm,r(tn)) > Valtm, r(tn))}.

Given the functional form of V; and V;,, we have either Z=]0;r*[ or Z=]r*; o[ for some
deterministic r* > 0. We consider Z=]0; r*[; the calculations for Z=]r*; co[ are analogous.
Applying lemma B.1.1, (14) becomes

C(Tk, T‘(Tk))

_ __oiltn) o b )
=B(r(Ty), Ty, t) fl(tm)exp{ b+ 2g1(tm) g (Tk)} (?)4—291(757,1))

(54291 (tm))r* N ’ b ) -
/0 G ((b +2p{tn)rtn): Bitts 5 r(Tm) 4 ((b+291(t))r (1))

| M - L SVE+1
—f2(tm)eXP{_é+292(tm) g (Tk)} (5+292(tm))

(4292 (tm))r* - b i -
/0 0 ((b +2pltn)r(tn), Ve, g r(zm) a((b+ zgzum))r(tm)))
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which we can write as

bl’/‘*

15)  Cer(T) = Frexpl-ar(T0) [ o (birttn) s (1) d(bir(t,)
0
R I;g’/‘* N n
~ Frexp{=gur(T0) [ (bar(tn). s (1) d(bur(t)
0
with
b TR+
o= At (T to) i (t) | ———
fi k1 (Tt ) f1( )<b+291(tm))
é V41
fy i= A1 (Tos t) fo2 () | —————
1= A (Ti ) o ><b+292(tm))
N gl(tm)ﬁ
= Biy1(Th, ) + =
g1 k+1( k ) b-|-291(tm)
N 92(tm)77
2 1= Brpa (T ty) + =2l
92 k+1( k ) b+292(tm)
Z;l = E—|— 291(tm)
62 = Z~)+ 292(tm)
X b
=
L b4 200 (t)
. b
N2 1=
T b4 205(t)
and

A

EJT* . R ‘
| e (bt v () d (br(tn)) = Xy ()

the value of the noncentral chi-square distribution function. (15) is the formula for pricing
the exchange option defined by (12) and (11) in a constant parameter CIR model. Given
this price at Tj, the next lower segment boundary to option expiry ¢,,, in analogy to

proposition 2.2.1 we now state the pricing formula for the earlier segment boundaries 7},
n < k:

3.1.1. Proposition. In the segmented square root model with time segments [T,_1;T,],
n € {1;...; N}, consider an exchange option defined by (12) and (11), k defined by (13).



A TRACTABLE TERM STRUCTURE MODEL 11

Forn <k, the time T,, price of the option is given by

(16)  C(Tur(T) = Cexp {=DUr(T)} P (80)4r(tn) < 27,)
—C®)exp {=DUr(T) } P (82, r(t0) < 2
if Viltm,r(tm)) > Va(tm,r(tm)) for r(tm) €]0;r"[ and
17 C(Twr(T) = ci%zexp{—D£%Lr<Tn>}(1—P(bilz+1r<tm>sz;))
; )

{-D8rm)} (1 - ( (i) <22,))
(t

i Villm,r(tm)) > %(tm,rtm)) for r(tm) €]r; ocl,

with ij])c and ijgc recursively defined as in proposition 2.2.1, however with C,(C],)C and D,(C],)C
given by (15):

~—~

P (bfzj;gc+lr(tm) < Z;) = /pm(bfjgc_l_lr(tm) = zm) dzp, is the distribution function of a (k —
0

n + 1)—times multiply compound®noncentral x* distributed random variable with degrees of
freedom vnys, s € {1;... 1k —n+ 1}, noncentrality parameters

) (T%) s=k—n+1

)\] = ntsbngs . .

s m%ﬂz_}_s_l) sed{l;...;k—n}
and transformation coefficients

. ?)j s=k—n+1

o bn_|_5—|—‘2D7(f+)sJC se{l;...;k—=n}

and z s given by
S
m_bigﬂ—l( _g) 11nf2

PROOF: Again, we carry out the proof by induction, showing the first of the two analogous
cases (16) and (17): For n = k, (16) is identical to (15). Let (16) be valid for some
0 < n < k. Then we have for n — 1:

C(Tar(T))
= B(r(Tye1), ot Th) / (T3 1(T3)) @2 (bur (T, v, (Tot)) (b (T3))
= An(Too1, Ty) exp { =B (T- & To)r(To1)}
(c“ exp{— D) (T }/ b0) zm)dzquz(bnr(Tn),yn,nnr(Tn_l))d(bnr(Tn))

C}f})ﬁ/ exp{— ’fo r( }/ b, k+1 zm) Az qy2 (b7 (T, Vs M (Thet)) d(bnT(Tn))> .

5see appendix B.3
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By interchanging the order of integration and applying lemma B.1.1, we get
An(Tn—ly Tn) exXp {_Bn(Tn—h Tn)r(Tn—l)}

.CY) / exp{~DI\r(T,)} / P (B 17 (t) = 2 ) A (ur (T, v, (T )l (T))
0 0

= An(Tn—ly Tn) exXp {_Bn(Tn—h Tn)r(Tn—l)}

zk poo (1) 2
-ij,)c/ m/p (bfﬂﬂr(tm) = zm> exp —Lk.r]nr(Tn_l) bin
“Jo Jo ' b, + QDS}C b, + 2pV)

n,k

s o) b 9Py .
o ((bn +2DU(T), s 1 Zpﬂm_o) 4 (b, +2DY)) - #(1,)) dzi,

= szjzuc exp {_Dy(ﬁl,k T(Tn—l)} /p (bfzj—)l,k+1 r(tm) = Zm) dzpm.
0
O

3.1.2. Remark. Note that the Cff,)c eXp{—fo;Lr(Tn)} are simply the time T, values of the
underlying assets, so (16) can also be written as

C(T, 7(T,)) = Va(T, /(T )P (87 (t) < 27,) = Val(T /() P (824 7(t) < 27,

3.1.3. Remark. We can use proposition 3.1.1 to calculate the option price at any time t
as a function of r(t) by first setting

n:=max{t € {0;...; N}t > T;}
and then T, :=1t.

Proposition 3.1.1 allows us to price a wide class of contingent claims. For one, all claims
which can be represented as portfolios of (European) options on zero coupon bonds are
covered. This includes caps and floors, and also swaptions and options on coupon bonds,
since in the one-factor model considered here bond prices are monotonic in the short rate,
thus the argument of Jamshidian (1989) is applicable.

Spread options on forward LIBOR can also be priced. More generally, consider a spread
option on two forward rates with actuarial compounding. Such a time T" forward rate with
compounding period « is given at time ¢ by

L1 BT
ra(t, ) = (B(r(t),t,T Ta) 1)

and thus the payoff on an option on the spread between two such rates is

1[ B(r(ty),tw, Th) B(r(tm), tm, Ts) ]*
B )

Ctm,r(tm)) := —

«

(r(tm)ytm, T1 + @)  B(r(tm),tm, To + «

Since the quotients of zero coupon bond prices are simple exponentials of (%, ), proposition

3.1.1 applies. Similarly, futures on simple exponentials of r remain simple exponentials in
the segmented square root model, as they do in the original CIR, so proposition 3.1.1 can
also be used to price options on futures on zero coupon bonds. Finally, proposition 3.1.1
can easily be extended to options on linear combinations of simple exponentials of r, in
order to valuate options on actuarial yield spreads, for example.

The pricing formulae (16) and (17) call for the evaluation of multiply compound noncen-
tral x? distribution functions, which at first glance appears to be a task of high numerical
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FIGURE 1. Interpolated term structures

complexity. However, as discussed in appendix B.3, the number of operations needed to
calculate the value of an n-times multiply compound noncentral y? distribution function
only grows linearly in n. Furthermore, note that this n is determined by the number of
time segments up to the expiry of the option only, since the value of the underlyings at
option expiry is known explicitly as a function of r.

3.2. Term Structure Interpolation. Proposition 3.1.1 also provides interpolated zero
coupon bond prices: If one sets fi(t,,) = 1 and ¢1(t) = ¢2(t) = faltm) = 0, then
C(T,,r(T,)) = CS,)C exp{—szl,,)cr(Tn)} is the time T), price of a zero coupon bond maturing
n t,,.

3.2.1. Proposition. Interpolated forward rate curves in the segmented square root model
are continuous.

PROOF: At any future point in time ¢, we can without loss of generality set 7} := ¢, where
T;4+1 is the earliest segment boundary greater than ¢ in the original segmentation. We have

0
(18) re(r(T5), Ty, tm) = —371110](,1;3 exp{—D})r(T;)}

Since Cj(lk) and 'D;lk) are smooth functions of ¢,, for ¢,, €]Ty; Txt1[, we only need to show

continuity of (18) on the segment boundaries, i.e. for
0 0
(19) re(r(T5), Ty Te) = — - n G+ 1(T5) 5Dk

with C; and D, defined as in proposition 2.2.1. It is sufficient to show the continuity of
the two terms in (19) separately. %Dﬂc is already given in (10). Consider

0
—Bi(Tp-1,Ty) = —2wip(Tp-1,Ti)*(ck + ag)erexp{er(Ty — Ti—1)}exp{ex(Ty — Trer)} — 1)

Iy
+2wi(Tio—1, Ti)cx exp{ex(Th — Tez1)}
= 2'wk(Tk_1, Tk)Q((Ck + ak)ck exp{ck(Tk — Tk_l)}(l — exp{ck(Tk — Tk—l)})
+epexp{er(Th — Tho1)} ((cr + ar) exp{ex(Th — Tho1)} + 1 — ax))
= 4czwk(Tk_1, Tk)2 exp{ck(Tk — Tk—l)} = T]kblzl
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Inserting this into (10), we get

k—1

= H :b;(b; + 2D; 1) 2

Tp=Tr_4 i=j+1

k-2
= ( H n:b;(b; + QDZ',IC)_Q) me—1b7,

i=5+1
J
= % D,
8Tk_1 7,k—1

thus showing the continuity of the second term on the segment boundary. The first term
is

0 0 A 0
20 ———InC; i = ——1 T._1.T (b, + 2D; I_—_Dp,
(20) T, né; T, n A (Th-1. k)—l—i:%quy( + k) T, K
where
9 1 1 !
——InAp(Tho1.Tk) = —zvi | 2chwi(Thor, Ti) exp § =(cr + ar) (T — Thv)
Ty, 2 2

1 1
' <2ck2(0k + ag)wi(Tr—1, Tk) exp {Z(Ck + ag)(Ty — Tk—l)}
—2cpwi(Tp_1, Tr)? (e + ar)er exp{er(Ty — Tp_1)}
1
exp {Z(Ck + ap)(Ty — Tk—l)})

1 1
= —5u <§(ck + ax) — cxwr(Thoy, T) (e + ar) exp{cr(Ty — Tk—l)}>

_ iykwm_l,n)(% + ar)(er — ar)(exp{ee(Ty — Thor)} — 1)

1
= ZVkUsz(Tk—laTk) = l/kblzl

Inserting this into (20), by the continuity of the aaTkDivk we get

0 k= 9
— —1InC; = (b + 2Di ) ' =D
aTk Lk Tszk—1 ; k aTk ]C
k—2 8
= ( Z z(bz + QIDNC_l)_laT—lei’k_l) + Vk—lb];il
i=5+1 —
— 1 .
0Tk_1 ch,k 1

a

Figure (1) shows examples of how the segmented square root model interpolates initial
term structures, as compared to loglinear interpolation of zero coupon bond prices and the
“maximum smoothness” approach of Adams and van Deventer (1994).
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3.3. Hedging. Since (16) and (17) were determined using the no-arbitrage condition,
there remain two conditions which a self-financing portfolio strategy duplicating the option
must satisfy: The value of the portfolio must equal the value of the option at all times and
the martingale part of the portfolio process must match the martingale part of the option
process. For (16), the former yields®

)
21) 61= P (Bhpar(tn) < 23, - o ,,;r<Tn>} (P (40har(tm) < 23,) + 62)
k

Let (X)M denote the (uniquely determined) martingale part of a continuous semimartin-
gale X. By [t6’s Lemma

d(C(Tn, r(Tu)))M =

|
2
=
=
=
=
=
s
i

with

*

)

0 (D) o) ) ()
¢ _ EREY 7)ol i J
(23 7 C(Tr(Th) = > (=17 (PO exp {~DIr(T) } P (8)417(tm) < 25,

_ ol ) 9 ) o .-
Cn,k eXp{ Dn,kr(Tn>} aT‘(Tn)P (bn,k+1r(tm> — Zm))

Similarly, the martingale parts of the processes of the underlyings are

(23)  d (O exp {~DUr(m)})" = ~DUACH) exp {~DIr(T) } dlr(T.)M

Note that in square root interest rate models, in contrast to the case of options on lognormal
assets (such as in the Black and Scholes (1973) model), the derivatives of the distribution
function do not cancel out.

By (22) and (23), in order to match the martingale parts of the portfolio and the option
processes, we must have

=— D)) exp {~DUn(T) | — 2D exp {~DEr(T,) |

In order not to complicate the notation further, we apply remark 3.1.3 in what follows in this section.
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and inserting (21)

CS,)C exp {—DSI)CT(TH)} , 0 P (b 1;C+1r(tm) <z

+ DSI)CQ(ZZ,)C exp {—D 2,)Cr(Tn } P(b QLHT(tm) <z
0

_ C(Ql)C exp {—Dg,)cr(Tn)

=DC?) exp {~DEr (1)} P (2] 41r(tn) < 25.) + 6a(D), - DEICH exp { ~DEn(T,) |

Solving for ¢,

¢ =P (ble,;cﬂr(tm) < zﬁ,) B (Dnll)c - Dn?f)c)_l

and similarly

The derivative of the multiply compound noncentral x? distribution function with respect
to r(7T,) is given in lemma B.3.4.

Of course, the duplicating portfolio can also be constructed using two instruments dif-
ferent from the underlying securities, either directly as above or by first duplicating the
underlyings: To duplicate the option using some zero coupon bond B(r(T,),T,,T.) and
the savings account, we use the equations (j = 1;2):

W exp {~DUr(T)} = ) + 69 B(r(T,). T, T.)

)

—¢WD, ,B(r(T,),T,, T,)

n,

—DY\cl) exp {~DI\r(T,)}

and thus
o _ Deicexe { DT}
T D, B(r(T,), Ty, T,)
. . . pb)
) = elle{-plinr} (1- 52 )
Therefore

601+ 6Py of B(r(Ty), T, To)
and ¢él)¢1 + ¢>é2)<b2 in the savings account

duplicate the option.
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4. MARKET EXAMPLE

As an example, we fit the segmented square root model to prices of futures and options
on futures on three—-month Euromark deposits traded at the LIFFE, taking the Frankfurt
DEM overnight rate as a proxy for the short rate. Calibrating the model to observed option
prices serves to illustrate its flexibility in also fitting a term structure of implied volatility.
As discussed in section 2.3, the “term structure of volatility” has several dimensions,
of which the volatility of zero coupon bonds of different maturities is only one, though
one on which most of the literature focuses”. However, one may want a model to have
the capability to fit either type of volatility input, with implied volatilities particularly
relevant when pricing derivatives relative to a liquid market such as the LIFFE.

4.1. Futures Valuation. Consider a futures contract maturing in 7' on some asset V'
with mark—to—market occuring at times ¢, k € {1;... ;n — 1}, ¢, = T. Cox, Ingersoll jr.
and Ross (1981) show that the futures price H(to, T, W) equals the time 5 value of an
asset which pays

n—1
T) [ BOr(ta), tes tega) ™!
k=0
at time T'. We have
n—1 n—1
(24) V(D) [ Br(t) trstegn)™ = V(T)exp {Z(tk-H - tk)y(tkatkﬂ)} :
k=0 k=0

where y(t, tx41) is the continuously compounded yield at time ¢, for a riskless investment
up to time tz4q1. Letting the mark—to—market go to the continuous limit with n — oo, (24)

becomes
n—1

lim V(T) kl;[OB(r(tk),tk,tkH)‘l = V(T)exp {/:r(s)ds} :

n—oo

Thus the futures price becomes

H(to,T,V) = E [exp{—/tTr(s)ds}V(T)exp{/tTr(s)dsHFto]
(25) = BIV(T)| A, °

i.e. the futures price is the expected value at delivery of the underlying asset under the
risk neutral measure.

In order to calculate the expectation in (25), we need the distribution of the short rate
under the risk neutral measure, given in lemma B.2.1 in the appendix. Again, consider an
asset whose value at time 7' is a simple exponential in r(T):

V(T) = f(T) exp{—g(T)r(T)}.
On a constant parameter segment [Tj_l; T;] in our model we have

H(T;_,,T;,V) = 1)) |Fr,_,

(26) / F(T3) exp {=g(T5)r(T5)} gy (b5r(T5), v, mir(Tj1)) d (bjr(T5))

“see for example Jamshidian (1995).
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with
da; —aj(T;=Tj-1)\~
b] 0_2](1 (1= ))
J
40]-
l/] 0_—]2
da; , or_T —1
nj = — (e B7h) 1)

Thus by lemma B.1.1

o T tV) = e { =L@} ()

Using the martingale property of the futures price process under the risk neutral measure
we can carry out an induction analogous to the proof of proposition 2.2.1, yielding

4.1.1. Proposition. In the segmented square root model with time segments [T;_1,Tj],
J€{1;...; N}, the time T;_y futures price of an asset with value V(Ty) = f(T%) exp{—g(T)r(T%)}
at contract maturity Ty, 7 < k < N, is given by

(28) H(T;1,Tx,V) = Gioapexp{—H—1xr(Ti-1)}

with G;_1 1, and H;_1 , recursively defined as

b; 2
Gimik = ik (bj + 'ZHj,k)

H]"k

where G = f(Ty) and Hy := g(Tk), b; and n; defined as in (26) above.

4.2. Futures—Style American Options and Futures. The options on futures traded
at the LIFFE may be exercised prematurely (American style options). The option price is
not paid at the time of purchase, but at exercise or expiry, whichever comes first. Option
positions are marked-to-market in the same manner as futures positions®. For both puts
and calls, we can ignore the American feature:

4.2.1. Lemma. [t is never rational to exercise futures—style American options on futures
prematurely.

PROOF: Consider a futures—style European put with strike K on a futures contract
H(T,T,V). Its value at time ¢ is the (conditional) expectation of the payoff at option
expiry under the risk neutral measure,

E[[K - H(T,T,V)|*| 7]
> E[K-H(T,T,V)|F]=K-H@tT,V)
with the last equality due to the martingale property of the futures price process. Early ex-
ercise results in the assignment of a short position in the futures contract at the strike price.
This position is immediately marked—to—market, resulting in the payoff K — H(¢,T,V).
Since this is always less than the value of the European option, early exercise is never

rational and the early exercise premium is zero. Analogously, this is also true for a call
option.

8For a detailed contract description, see for example Inglis-Taylor (1995).
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Thus we only need a pricing formula for futures—style European options. By conducting
the calculations under the risk neutral instead of the forward measure and dropping the
discounting by the zero coupon bond price B(r(7,-1), Tn—1,T,) on each segment, we can
restate proposition 3.1.1 for futures—style options.

4.2.2. Proposition. In the segmented square root model with time segments [T,_1,T,],
n € {l;...; N}, consider a futures—style exchange option on assets whose values at option
expiry t, are simple exponentials in r(ty,):

Viltm) = fi(tm) exp{=g;(tm)r(tm)}
with payoff
Oty () = Vi (s () = Vallns ()]
and let
k:=max{n € {0;...; N} |T, <t.}.
Forn < k, the time T,, price of the option is given by
(29) (T, 1(T,)) = H(Ty, T, Vi) P (bgc+1r(tm) < z;;)

n,k—}-lr
if Viltm, r(tm)) > Valty, r(tn)) for r(t,) €]0;7*], and
(30) C(Tor(T) = H(To T, V) (1= P (0L0r(tn) < 23,) )
— H(T,, Ty, Va) (1 _p <bfj;€+1r(tm) < z;)) ,

VAl 1(tm)) > Valtm, r(tm)) forr(tm) €]r*;00[. The (k—n+1)—times multiply compound
noncentral x* distributions have degrees of freedom vy ys := 40,50, 7,, s € {1;... ;k—n+
1}, noncentrality parameters

— H(T,, T\, V)P (5(2) (tn) < z;) ,

)\(]) — bn—l—snn—}‘—s
bn+5 + 2H£’LJ-|)—S,]C+1

T(Tn+s—1 )

and transformation coefficients
bfz];ZL-I—s = bn+8 + 2H7(zj-|)-s,k+1
with byys and n,ys defined as in (26) and ')‘[(]‘)s,k+1 given in proposition 4.1.1,

n+

= Wl ) 2

4.3. Fitting the Model to LIFFE Data. On the LIFFE, options on futures on three-

month Euromark deposits are quoted with times to expiry of up to twelve months; the

longest futures contract matures in up to four years. For the first year, we want to si-

multaneously match futures prices and at-the-money call options. The Frankfurt DEM
overnight rate will be our proxy for the short rate.

The traditional delivery months for the futures are March, June, September and Decem-

ber. In addition, there are two so-called “serial” futures contracts at the short end, so that

there are always contracts with deliveries in each of the next three months available. The
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FIGURE 2. LIFFE 3-month Euromark instruments for the first 9 months

options also expire in March, June, September and December, and additionally there are
two “serial” expiries so that there are options maturing in each of the next three months.
The “serial” options’ underlyings are not the serial futures, but the futures contract for
the nearest subsequent quarterly delivery. Last trading day for futures and options alike
is two business days before the third Wednesday of the delivery/expiry month; delivery is
one business day after that. So on March 25, 1997, we had the following contracts trading:
Futures delivering in April, May, June and from then on quarterly through March 2001;
options expiring in April, May, June, September, December 1997 and March 1998. The
April and May options were written on the June futures contract and the rest on contracts
with deliveries matching option expiry.

In order to be able to fit the segmented model to futures and at—the-money call prices,
we divide the time line into monthly segments for the first half year and into quarterly
segments from then on (see figure 2). For the first three months, our choice of monthly
segments is stems from the fact that we want to fit option prices by the calibrating the short
volatility parameter o up to option expiry accordingly. The first three futures contracts
are written on three month Euromark deposits, maturing four, five and six months hence,
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respectively. Thus we take three more monthly segments to fit futures prices by adjusting
the drift parameter 6.

The futures valuation formula (28) can be solved explicitly for 6, i.e. we have 6 as a
function of the observed futures price H(Ty, Ty, V'), the mean reversion parameters a; and
the volatility parameters o; for all j > k, as well as all previous 0;, j < k. Substituting
this into the option pricing formula (29), we get the o calibrating the model to an option
price as the solution of a one-dimensional fixed point problem, which can be found by a
grid search. Note, however, that when fitting the model to the price of the April option, all
parameters for the segments up to the maturity of the underlying in September enter the
equation, in particular also the volatility parameter for the May segment, which is to be
used to fit the price of the May option. Due to this overlap, it seems theoretically necessary
to consider all options simultaneously in a multidimensional fixed point problem, which is
not practicable. Instead, for each option we assume constant o for the segments up to the
maturity of the underlying. As we successively fit to options of increasing time to expiry,
these o change and the previous calibrations are no longer exactly valid. However, since
the option price reacts much less to changes in o after option expiry than before — this
being one of the reasons we chose the o before option expiry as the parameter with which
to fit observed option prices — deviations due to these recalibrations as a rule are much
smaller than tick size. In cases where they are not, one can run this calibration process
iteratively, taking the parameters for the longer maturities as given from the previous
iteration when recalibrating the shorter maturities. Again, due the relative sensitivities
of the option prices to changes in parameter values before and after option expiry, this
iterative procedure quickly converges.

5. MULTIFACTOR EXTENSIONS

Our result can also be extended to a multifactor square root model with independent
factors. Asin Chen and Scott (1995), let the short rate be given by the sum of independent

state variables
J

1) =3 50

where the state variable dynamics are of the CIR type
(31) dzi(t) = (09 —aDz(t)) dt + o/ z(1)dBY.

In our segmented version of the multifactor model, we replace (31) with the dynamics given

) ) -0

in equation (2). For each segment [T,_1;T,] we now have parameter vectors 65, ar’, 03’
and the vector valued functions Ag{)(Tn_l; Tn),Bf;)(Tn_l; Tn),m({), ) and ) are defined
element—wise as in the one—factor case. On a constant parameter segment, zero coupon
bond prices are?

B(2e(Tp-1), Tns, T, (HAJ ety T )exp{ Zzs’ﬂ) e, T0)z (Tn_l)}.

() z;(T,) are noncentral x? distributed (conditioned on z;(7,_1))

(7)

under the 7, forward measure, with vy’ degrees of freedom and noncentrality parameter

7]2 )z](Tn_l). Since the factors are independently distributed, we can apply lemma B.1.1

The transformed factors b;;

9See Chen and Scott (1995).
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for each factor separately and carry out the same induction as in the proof of proposition
2.2.1 to yield

5.0.1. Proposition. In the multifactor segmented square root model with time segments
[Th—1;T], n € {1;...; N}, the prices of zero coupon bonds at time T,_; with maturity Ty,
n < k<N are given by

B(ze(Th-1), Tae1, Te) = (ch 1k) exp{ Z n— lkZJ )}

with ijzl’k and ij}l,k recursively defined as

() ._oli) 40) o\
sz)ug =B )( — 1,T)+7](J').+JC

where
C,(C],)C =1 and 'D,(f,)C = 0.

Note that when fitting the model to an initial term structure in the multifactor case,
on has more parameters which can be adjusted. Thus in a two—factor model one could
choose to fit two initial zero coupon bond prices on each segment, reducing the number of
segments.

5.1. Option Pricing. As in section 3, consider a European exchange option on two secu-
rities whose terminal values are exponential affine functions of the factors. Since the factors
are independent, we can write the time T} price of the option analogously to equation (14)

ale

(32)

SN
N
=
~—
o~
3
SN—
— =~
]
>
e}
—N
|
N
—
LY
P
o~
3
SN—
I
.
—~
@;.
\_/
——
2
X
N

o (902t v 19251 ) d (89280

- f2<tm>f[exp{—g5f><tm>z]<t )} o (é“‘)zj(tm),v,iizl,wzj(n))d(é%j(tm)))

::{z.am)em exp{ Zgl z( }>f2( >exp{—zg£”<tm>zj<tm>}}

=1

s 7 ; ; fa(tm)
_ {z.(tm) e R, ; (95 (tw) — ot )(tm)) Zj(tm) > In Fi(tm) } '

10Unless otherwise stated, the notation in this section is defined as in section 3.
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Again we can apply lemma B.1.1 and write (32) as

C(Tk, Z.(Tk)> = B(Z.(Tk>, Tk, tm)

J () 1) %”k+1
9 (tm) () b

filtm ”eXp —— . 'z (T, - .

) 10+ 200 P\ 5 200

J ~ .
S 5 : i) . S :
: /Z (H 02 ((b(]) + gy)(tm)) 2i(tm), 1/,521, R n(])zj(Tk)) d ((b(f) 4 29§J)(tm)> z]-(tm)>)

j=1 + Zgy)(tm)

1,.(9)

J (4) . é(]‘) PR NS
— fa(tn) HeXp{_~ ‘ 92.(%3) ﬁ(])zj(Tk)} <~ (j)(t ))

j=1 bU) + 295" (tm) bli) 4 295
- pld) (9) (4) b (4) d () (4)
. ” 2 + tn)) zi(tn), vy, < : 'z (T +2g5" (t,n) ) z:(tm .
/Z 1 qx ( 9 ( )) ]( ) k+1 i) 295])(%)7] ]( lc) (( b ( )> ]( ))

This is the exchange option formula for a multifactor CIR model with independent factors
and constant parameters. In order to calculate the option price for some arbitrary time 7,
in the segmented model and derive the multifactor version of proposition 3.1.1, we carry
out the same induction steps as in the proof of 3.1.1. Given the option price C(T,, ze(T%))
at the segment boundary T, as a function of the factor realizations z4(7,), the time T,,_4
price of the option can be calculated as the discounted expectation under the time T,
forward measure Q7»:

Ty, 2e(To_r)) = B(2e(Toer), Tor, T) / (T 2a(T0)Q™ (d2(T)).

++

The joint density of the factors z,(7,) is given by the product of the factor densities
because of independence. Noting the multiplicative structure of (32), which is retained in
each induction step, we see that we can carry out the induction for each factor separately,
yielding

5.1.1. Proposition. In the multifactor segmented square root model with time segments
(Th—1;Tn], n € {1;...; N} and J factors z;, consider an exchange option on two assets
whose values at option expiry t,, are exponential affine functions of the factors:

Via(tm, 24(tm)) = fra(tm) exp {— Zg§{%<tm>zj<tm>} -

Define k as

k:=max{n € {0;...; N}T, <tn.}.
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Forn <k, the time T,, price of the option is given by

C(Tn’z. (HC A eXp{ lk)Z](T )})
d j J fl(tm)
Py (;g; (g§)(hn)-g§)(th) 2j(tm) < hlja(nn))

(chk exp { - S;’zj(m})
(Z( ) = 98 (0)) 25(1) < In fﬁj:;)

with Cff,;j) and fo,’cj) recursively defined as in proposition (5.0.1), however with

1

1,09
. . pld) 2Vt
o). — AY) (7 Jm tw) | = :
k,k k-|—1( byt ) fi(tm) i) + 292])(%)

9 (tm)ii9
b) + 2937 (1)
Py (Z <g§ )(tm) — géj)(t )) zi(tm) < In J(%) is the distribution function of a weighted

sum of independent (k —n + 1)—times multiply compound noncentral x* distributed factors

D) :=BY) (Th,tn) +

with degrees of freedom 1/7(zj+)s; s€{l;...;k—n+ 1}, noncentrality parameters
p(5) e
| ey (M) s=k—n+t]
)\ghﬂ) = p9) po)

g#iﬁ%raﬂnkn se{l;...;k—n}

and transformation coefficients

W@._{M>+wﬁ(m s=k—n+1

ks bfw)rs + 2D7(L+s)k se{l;...;k—n}

The distribution function can be evaluated using the technique described by Chen and
Scott (1995); the characteristic function of the multiply compound noncentral x? distri-
bution is given by proposition B.3.5 in the appendix. Note that by representing the value
of the distribution function as an integral of a product of the characteristic functions of
independent factors, this technique reduces the dimension of the numerical integration to
one for any number of factors and any number of segments. Thus for a large number of
segments before option expiry it may be efficient to employ this technique even in the
one—factor case.

6. CONCLUSION

In the present paper we have constructed the one— and the multifactor versions of a
term structure model with non-negative interest rates which fits an initial yield curve while
retaining analytical tractability for fast solutions for derivative pricing and hedging. The



A TRACTABLE TERM STRUCTURE MODEL 25

factor stochastic differential equations are Cox/Ingersoll/Ross (CIR) type “square root”
diffusions with piecewise constant parameters, where the constant parameter segments are
determined by the initial term structure data, i.e. by the maturities for which zero coupon
bond prices are given. Prices of European options on linear combinations of securities
whose value at option expiry is an exponential affine function of the model factors can be
expressed in terms of a “multiply compound” noncentral chi-square distribution function,
i.e. a noncentral chi-square distribution whose noncentrality parameter is again (multiply
compound) chi-square distributed.

In the one-factor case the number of segments n up to option expiry determines the
numerical complexity of the problem of calculating this distribution function; the number of
operations necessary grows only linearly in n. In the multifactor case and for a large number
of segments in the one-factor case, the (explicitly derived) characteristic function can be
used to calculate the value of the multiply compound noncentral chi-square distribution
function by a one-dimensional numerical integration.

Thus we have arguably closed form solutions for a large class of fixed income derivatives,
including caps, floors, yield spreads, options on interest rate futures and, in the one-factor
case, swaptions.

Our approach to fitting an initial term structure does not require that we exogenously
specify zero coupon bond prices for the continuum of maturities. Instead, the model
interpolates endogenously in a manner consistent with the short rate dynamics. However,
exogenous interpolation schemes such as splines can be approximated by a sufficiently large
number of segments should one choose to do so.

APPENDIX A. ON THE NON-EXPLOSION OF SOLUTIONS OF AN SDE

Let ¢ C R? be open. We denote by U:=UuU {A} the Alexandrov—Compactification of

U. Then U is compact and its topology has a countable basis, therefore i is Polish. Let
(2, F,F, P) be a stochastic basis and X = (X;),er, be a continuous F-adapted process

with values in /. We define the explosion time ey of X as follows:
ex :=inf{t € Ry | X; = A}

Then ex is an F—stopping time. If X only assumes values in U, then we have ex > 0 and
furthermore, ex is predictable.

We denote by My, (IR) the set of all d x n matrices with real entries. Let o : Ry x U —
Min(R)and g: Ry xU — R? be two continuous functions; these will be the coefficients

of the SDE we wish to consider. All stochastic bases (2, F,F, P) will fulfill the usual
hypotheses.

A.0.2. Definition. (Solution): Let (Q,F,F, P) be a stochastic basis on which an n-
dimensional, standard Brownian motion B = (By);ecr, is defined. A continuous, -

adapted process X taking values in U is a solution of
(33) dZt = Oé(t, Zt)dBt + lﬁ(t, Zt)dt
iff the following conditions are met:

1. X, only assumes values in U.
2. For P-almost all w € {ex < +o00} we have

Vi > ex(w): Xe(w) = A.

(This condition is obviously fulfilled iff the two processes X and X* are indistin-
guishable.)
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3. If 7 is an F-stopping time with [0,7] C [0,ex[, then for every « € {1,...,d} and
every t € R} we have the following:

T . n t oy tAT
Xt(z) = Xéz) + Z /aij (s, X7) dBY)" 4 / Bi(s,X])ds P-aus.
= Jo 0

The solution X does not explode iff Plex = +oc] = 1.

A.0.3. Lemma. Let (0, F, IF, P) be a stochastic basis carrying a normal n—dimensional

Brownian motion W and let X be a continuous, IF-adapted process in U so that X, only
assumes values in U and the two processes X and XX are indistinguishable. Let (74)remw
be an announcing sequence for ex. Then the following two statements are equivalent:

1. The process X is a solution of
dZt = O[(t, Zt)th -+ lB(t, Zt)dt
2. For eachv € {l,....d}, k€ INand t € Ry we have

r . n 1 T IATE
O X(gz) + Z/ g (8, XY dW ™ —I—/ Bi(s,X*)ds P-a.s.
— Jo 0

PRrROOF: Obviously, we only need to show that 2. implies 1. Let 7 be any stopping time
with [0, 7] C [0,ex][. Fixing ¢ € {1,...,d} and t € Ry we must show:

. IAT
tl —X —I-Z/oz” s, X7) dW() ﬁ (s,X7)ds P-a.s.
By the stopping rules for stochastic integrals and the assumption, we have for every k£ € IN,

NTeNAT ; - inT Tk ATRAT
x0T = x@+§:/ aij (s, X]) AW +/‘ Bi (s, XJ¥) ds
oo 0

IANTATE

IATATE
= + / ;s dW( g + / Bi(s,X])ds P-as.
}: i (s, X]) i (s, XJ)
We can therefore find a null set N in (2, F, P), so that for w € N°¢ the following holds:

() = s (Z T (5, XT) dW;f‘V) ()

t/\T /\’Tk w

+ Bi (s, X; (w)) ds.

TENAT

VEeN: x!

O

Now fix an arbitrary w € N° Since t A T(w) < ex(w), there is a kg € IN fulfilling
tAT(w) < 7h (w). We have
1) Tko AT

X7 (w) =4ﬁ) (w)
tAT AT, oy AT (W) ATRg (w)
= )+ / a;;i (s, X7]) dW( 7) (w) + / Bi (s, X[ (w))ds
0

AT (w)
= )+ ( / a; (s, X]) dW() )( )+/ Bi (s, X (w))ds. O
0
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The result we use in the main body of the paper is the following

A.0.4. Theorem. Suppose that any solution of the SDE determined by o and [ satisfy-
ing a deterministic initial condition does not explode. Then non—explosion also holds for
solutions with random initial conditions.

For the convenience of the reader, we will provide a complete proof of this intuitive
result. Our approach follows that of Yeh (1995), § 18. In particular, we make use of
regular conditional probabilities. To be assured of their existence, we must first transport
our solution onto a suitably nice probability space. This is done in the next section.

A.1. Function Space Representation of Solutions. We first introduce a suitable anal-
ogy of Wiener space. As already mentioned, U is a Polish space, therefore the space
C (]R+,Z:{\ ) of all continuous functions from Ry to U endowed with the topology of uniform
convergence on compacts is Polish (cf. Bauer (1990), Theorem 31.6). We set

~ ~

C(Ry,U) = {w c C(]R+,LA1)‘ w(0) € a} .
Now C'(]R+,Z:{\) is an open subset of C(]R+,?;l\) and therefore also Polish. Finally, we define
W = C(R..U) x C(Ry, R")

and endow W with the product topology, making W into a Polish space also.
For every t € R, we have the canonical projection mappings

P W —>Z;{\, (w,w) — w(t)
g W= TR (ww) e w(t)
If we denote the Borel-c—Algebra of W by 20, we have
2 =0 (ps,qs;5 € Ry).
The canonical filtration W = {20;},cr, on (W,Qﬁ) is given by 20; = o(ps, ¢s; s € [0,1])

for every t € R;. We also have two canonical stochastic processes Y = {Y;},er, and
W = {Wi}tier, on (W,W) given by

Yi(w,w') = pi(w,w') =wu(t)

Wi(w,w'") = qw,w') =w(t)
for every t € Ry. The processes Y and W are obviously continuous and W-adapted, the
explosion time ey of Y is a W—stopping time with ey > 0.

Now let (Q,F,F, P) be a stochastic basis on which we have a normal n—dimensional
Brownian motion B and let X be a solution of the SDE

(34) dZt = CY(t, Zt)dBt + /B(t, Zt)dt
This solution induces a canonical map (X, B) : @ — W defined by
(X, B)(w) := (Xo(w), Ba(w)) -
The mapping (X, B) is F-20-measurable and also F;—20,—measurable for every ¢t € R;.
Let P(,x) denote the image of P under (X, B). We denote by (W, 20, W = {205 Vier, s Prx,B))

the usual augmentation of the stochastic basis (\/7\\7, 20, W, Px,B)). Observe that, as (2, F,IF, P)
fulfills the usual hypotheses by assumption, the mapping (X, B) is in fact F-20-measurable
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and F;-20;-measurable for every t € Ry. It is trivial but useful to note that for every
t € Ry we have

EO(X,B):X“ WtO(X,B):Bt.
In particular, ey o (X, B) = ex, and therefore:
Pix,B) ey = 4o0] = P [(X,B)_l ({ey = —I—OO})] = Plex = +o0o].

A.1.1. Theorem. The process W is a normal, n—dimensional (Px ), W*)-Brownian
motion and the process Y is a solution of

(35) A7, = oft, Z,)dW, + B(t, Z,)dt

PRrROOF: 1. The paths of W are obviously continuous, W is W*—adapted. Let s,f € R,
with s < t. Then we have

(W, — W,) o (X,B) = B, — B,.

Therefore the distribution of W; — W, under P(x,p) is just the distribution of B; — B, under
P. For the same reason we have

Pixp) [Wo = 0] = P[By=0] = 1.

To prove that W is a Brownian motion, it only remains to show that W;—W; is independent
of 20%. We denote the Borel o-algebra of R" by B™. Suppose that C' € B" and A € 207.
Since (X, B)™'(A) € F,, we have

By [AN (W, — W)~ 1(0)]
= P[( B)™Y(A)n (B, = B,)” (C)]
= P[(X,B)""(A)] P[(B:— B,) " (C)]
= Puxp)Al P [(We = W,) 7 (O)].

2. We must now show that the process Y is indeed a solution of (35). By definition of \/7\\7,
Yy assumes only values in . The processes Y and Y*°¥ are continuous and W-adapted,

so that {Y = Y*v} € 20. Furthermore, the following holds:
VteRy: Y o(X,B)=X~x.
Therefore
PxplY =Y"]=P[(X,B)'{Y =Y"})] =P[X = X¥]|=1.

Let 7 be a W*—stopping time with [0,7] C [0,ey[, fix z € {l,...,d} and t € R;. We
must show:

ti = —|-Z/ a;; (s, Y]) dW / Bi(s,Y])ds Pixpya.s

We define 7 : @ — Ry by 7 := 70 (X, B). One immediately sees that 7 is an F-stopping
time with [0, 7] C [0, ex[. Since X is a solution of (34), we know that

N7 . 13 _ N5 INT _
36) X = ng)+2/ a;; (s, X7) dBY +/ Bi (s,X])ds P-as.
0
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We define two real random variables ¥ and ® as follows:
n t INT . T
Vo= ) / oy (5, Y7) dWE) + / Bi(s,Y])ds + Yy =y,
; 0 0

"ot - AT ~ i 7
¢ = Z/O ai; (s, X]) dBY) +/0 B (s, X7) ds + X8 — x 19

Now (36) is equivalent to the fact that the distribution of ® is 6o, the Dirac measure at
the origin. It is clearly sufficient to prove that ® and W are identically distributed.
To this end, we choose a sequence (2, ),ew of partitions Z,, : 0 =17 < ... <! =1t of

[0,t], so that |Z,,| — 0. Fixw € W. For every m € IN we define ﬁi(m) : [0,¢] = R by

B = 53 (0, Yo(w ¥{0}+ZB ( L Y (W)) X )

The continuous function mapping [0, ¢] to R by s +— f;(s, Y7 (w)) is the pointwise limit of the
sequence (ﬁzgm))mem. The sequence (ﬁ;m))mem is uniformly bounded by sup,¢jo 4 |3i(s, Y] (w))]
< oo on [0,t]. Therefore, by the dominated convergence theorem we have

t/\T(W)
/ B (s, Y7 (w)) ds
0

= lim ﬂz(m)(s)ds

m— 00 0

km
= Tim 308 (B Vi, (8) (67 A () — 7, A ().
T— 00 =1 :
As w € W was fixed arbitrarily, the following equation holds in the sense of pointwise

——
convergence on W:
km

tAT
B:(s,Y7)ds = i 3( Y ) ATt AT,
/0 (5 )5 'rrl—r};loz —1s ¥y ( T 1 7’)

v=1

By exactly the same reasoning, we obtain

tAF i km ,

/ Bi (s, X1)ds = lim Y ( o X ) (I AF =17 A7)

0 m—00 =1
In this case convergence is pointwise on (2.
We now also fix j € {1,...,n}. Since the process (s,w) — a;;(s, Y. (w)) is in particular
left continuous, we can approximate the stochastic integral by Stieltjes sums. Denoting
stochastic convergence on (W, 20, Px.By) by P(x,py-lim, we have:

¢ km

- NT . . N N
/ (s, Y7) AW = Pix py-lim > ey ( =1 Yym_ ) (Wt(;i) - Wt(g‘)l) :
0 m—00 v

v=1
Analogously, we obtain:

km

t ~ . ,i’— . ,i’—
/ s (s, X])ABY = P-tim >~y (1, X5 ) (BR = BYY).
0 m—00 v v—1

v=1
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For every m € IN, we now define random variables (™) and ®(™) as follows:

n  km km

o = ZZ%(V Vi )(ng;)f—wjg;j:)JrZ,@i(y Vi >(tm/\7-—t AT
7=1 v=1 =
n  km '

o . ZZ%(D 1 X )(Bt(fn - By ) Z@( X )(t;nA%—t;n_lA%).
=1 v=1

From the arguments offered above, it follows that

U = Pipy lim o™

m— 00

® = P-lim o™,

m—00

For m € N, we let pu,, denote the distribution of U™ under Pix,B) and denote the
distribution of ¥ under P(x g) by p. The stochastic convergence of (\Il(m))me]N to W implies
the weak convergence of (i, )men to . From the definition of Y, W and 7 it follows that

VmelN: 0Mo (X B)=2o.

Therefore, for every m € IN the distribution of ®™) under P is just p,,. This shows that
the sequence (fm)meN converges to 6y , the distribution of ® under P. As the limit of a
weakly convergent sequence of probability measures is uniquely determined, we conclude
that p = éo.

O

A.2. Constructing Solutions with Deterministic Initial Conditions from (Y, W).

A.2.1. Definition. (Regular factorized conditional probability): Let (2, F, P) be
a probability space and Z be a random variable with values in a measure space (5,%). A
regular factorized conditional probability for P given Z is a Markov kernel K from (5, ¥)
to (9, F) so that for every A € F we have:

P[A|Z]= K(-,A)o Z P-as.

The following theorem ensures the existence of regular factorized conditional probabili-

ties (cf Bauer (1991)).

A.2.2. Theorem. Let (Q,F, P) be a probability space, so that Q is a Polish space and F
is the Borel o—algebra of Q. Let 7 be a random variable with values in a measure space
(S,%). Then there exists a reqular factorized conditional probability for P given Z.

A.2.3. Remark. 1. Let (2, F, P) be a probability space and 7 a random variable with
values in a measure space (S,%). Suppose a reqular factorized conditional probability for
P given 7 exists, then we denote it by { P },cs, so that { P*},cs 1s a family of probability
measures on (0, F) and the Markov kernel is in fact given by the mapping (x, A) — PZ[A].
Let i denote the distribution of Z under P. For every A € F we have

P[A] = / P[A|Z]dP = / PZW[A] P(dw) = /Pf[A]M(d:c).
Q Q s
In particular, if P[A] =0, there is a null set A in (S, %, ), so that the following is true:
Ve e A PT[A] =0.
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2. If the o—algebra ¥ is countably generated, one can show the existence of a null set A in
(S,%, 1), so that for every x € A° the following holds:

VCeX: P7[ZeC]=xc(x).
In particular, if v € A° and {z} € ¥ we have
Z =z P%as.
We now return to the space W and our solution (Y, W) of the SDE determined by a and 3.

Since (\/7\\7, 20) is a Polish space, we can find a regular factorized conditional probability for
Pix,p) on (W,20) given Yg, which we denote by {P&,B)}xe u. For each x € U, we denote
by (W,Qﬂx,w*’x = {Qﬁr’x}te][u,P(xX’B)) the usual augmentation of (W,Qﬂ, W, P&,B)).
We let 1 denote the distribution of Yy on (U, B(U)) under Px p).

The remainder of this section is devoted to proving the following result:

A.2.4. Theorem. There is a null set A in (U,B(U),p) so that for every x € A° the
process W is a normal, n—dimensional (P& B),W*’I)fBrownian motion and furthermore
the process Y is a solution of

dZt = Ol(t, Zt)th + /B(t, Zt)dt
on the stochastic basis (W,E“’,W*@, P(xXB)) fulfilling the initial condition
Yo=2 Pk p-as.
We first obtain several partial results.

A.2.5. Lemma. There is a null set Ay in (U,B(U),pn), so that for every x € A§ the
process W is a normal, n—dimensional (P(“”X B),W*’“’)mewman motion.

PRrROOF: It suffices to find a null set Ay in (U, B(U), ), so that W is a (P(xXJB), W)-Brownian
motion. Since W is a (P(x ), W)-Brownian motion, we have for every y € R"™ and all
s,t € Ry with s < ¢:

i [6i<y,Wt—Ws)‘ Qﬁs] — e sllullP(t=s) P(x py-a.s.
This implies that for every A € 205 and every C' € B(U) we have:
/ ei(y,Wt—Ws)dP(XB) — e_%”y“Q(t—s)P(XB) [A N YO—I(C)] .
An{Yo€eC}

Using the regular factorized conditional probability {P(xX B)}ze u we can rewrite this equa-
tion as follows:

/ /A ya €O IPE () = e HIPE=9) / Py (A)u(d).
CJW C

Since C was an arbitrary set in B(U), there is a null set A, s, 4 in (U, B(U), 1), so that for
x € Aj ;4 we have:

| xac W ape gy = e pr (A,
%%

The o—algebra 20, possesses a countable generator &, by replacing & with the algebra it
generates, we can assume that W € & and that &; is stable under intersections. We define

Ayisit :: U AyisitiE'

EeE,
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Obviously u(Ays:) = 0. Now fix z € AS

YyS,t *

The system

D::{Aeﬂﬂs

/VV XAei<qut—‘/Vs>dP(]fX,B) — 6_5”?‘”2(75_5)]3&,3)(/1) }
is a Dynkin—system containing &, therefore D = 20;. To recapitulate, we have shown:
Vo€ Ay, VYAEW,: /W xac 0TI ) = AT P (4),

We set

Al = U Ap,u,v-

uﬂ)GQ_‘_ ,u<v

peQ™
Suppose that s,t € R4, s < t, y € R" are given. We choose sequences (uy), (vg) in Q
and (px) in Q", so that (ux) | s, (vg) Tt, (pr) — y and for every k € IN we have uy < vg.

Let z € A] and A € 2, be arbitrary. By the construction of A1, the following equation
holds for every k& € IN:

/w Ve P dPe ) = e8P Py (4),
By the dominated convergence theorem it follows that

/‘7\V XAei(y,T«vt—ngp(an,B) — lim e_%”pk||2(vk—uk)P(l;Y,B)(AA) — 6_%”y||2(t_s)P&’B)(A).

k—oo0

Since A was arbitrary we have shown:
Vee Al Vs,teRy,s<t,yeR": E [ei<y’pvt_P1/S>‘ W,| = e~z llIP(=s) Plx pya.s.

This proves that for every x € Ai’, the process W is a (P(xX B) W)-Brownian motion. Using
remark A.2.3, it is now trivial to enlarge A; slightly so as to ensure that Wy = 0 P&B)fa.s.
O

To prove theorem A.2.4, we will use lemma A.0.3. To this end we need to fix an announcing
sequence for the explosion time ey of Y. A natural choice is the following one. We can
find a sequence (Uy) of open subsets of U with (Uy) T U, and so that for every k € IN, U,
is relatively compact with U C Uy41. We define for every k € IN:

o, ;= inf {t e R,

Yteﬁ\uk}.

Since Y is continuous and W-adapted, and Z:{\\Z/Ik is a closed subset of the metric space
U, o is a W-stopping time for each & € IN. One easily checks that (U’C)ke]N is indeed
an announcing sequence for ey. Since o is a W—stopping time, it is automatically a

W —stopping time for every = € U.
A.2.6. Lemma. Fiz i € {1,...,d}, j € {1,... ,n} and k € IN. Let I = (I;)cr, be a

fized version of the stochastic integral (fot ozij(s,lﬁgk)dng)ak )ie R, , where the stochastic in-
tegral refers to the stochastic basis (W,E, W, Pix,B)). For each x € AS let I = (I] )R,
be a fized version of the same integral, now taken with respect to the stochastic basis
(W,Ex,w**r,P&B)). Then there exists a null set Ay in (U,B(U),pn), so that for every
x € (A1 UAy)° the two processes I and 17 are P(GUXB)fmdistmguishable.
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PROOF: Since we are dealing with continuous processes, it suffices to show that for every
t € Ry there exists a null set Ay in (U, B(U), i), so that the following holds:

Ya € (Al U AQJ)C . It = Itz P&Bra.s.

We fix t € Ry and choose a sequence (2, )ne of partitions Z,, : 0 =15 < ... <{]' =1
of [0,¢] with |Z,,| — 0. For each m € IN we define

m

m o )k )k
@ = 3 e (1, v ) (W - W)
v=1
The sequence (®,, ),,cv converges Px gy-stochastically to Iy, this is just the approximation

of the stochastic integral by Stieltjes sums. Choosing a subsequence if necessary, we can
assume that the sequence (®,,),,eN converges Pix py-a.s. to I;. In particular, there is a

set N € 20 with Px g)[N] =0, so that
Ywoe N L(w)= T}l_rgo P, (w).
Again by remark A.2.3, there is a null set As; in (U, B(U), 1), so that
Ve €Ay, Pl plN]=0.

This shows that for z € AS; the sequence (®,,) converges P(zX B)falmost surely to I, but
for x € A we already know that it converges P& B)fstochastically to I7. Therefore we

have
Vee (AfUAy,) : L=17 P&,B)fa.s.
O
Proof of Theorem A.2.4: By remark A.2.3, there is a p—null set Ag, so that for x €
Ag the two processes Y and Y are Py gy-indistinguishable and Yo = z Pl pj-a.s.

For i € {1,....d}, j € {I,...,n} and k € N, let 103k = (It(i’j’k))te]R+ be a fixed
Visig of the stochastic integral (fot ozij(s,Y”k)dWs(])cK)tE]R+ computed with respect to
(W, 20, W*, Px B)). For each z € Af, let T0:7k2) he a fixed version of the same integral
computed with respect to (W,Ef,w*@, P&,B)). As Y is a solution of

dZt = O{(t, K)th
on (W,E, W=, Px,B)), there is a Px gynull set N € 20, so that for every i € {1,... ,d},
k€ N and ¢ € R} we have:

o . noo tAok(w)
Vwe N: YO (w) = v (w) + 3 1 w) + / B (s, Y7 (w)) ds.
i=1 0

There is a g—null set Az, so that
We therefore have

Vee A Vie{l,... ,d},keN,t € R, :

o . n . tAok
Yt(z) g YO(Z) + Z ]t(m’k) + / Bi(s,Y7*)ds Pix py—a-s.
j=1 0



34 ERIK SCHLOGL AND LUTZ SCHLOGL

By Lemma A.2.6, there is a p—null set K?, so that for € (Ay U :\\2)0 and any choice of
i€ {1,...,d}, 5 € {l,...,n}, k € N the two processes I(:7%) and 1(-3%*) are indistin-
guishable. This implies

Vi € (A1UKQUA3>C Vie{l,...,d},keN,teR, :

0

. ) n o 't/\o'k
1/t(l) k _ 1/0(1) + Z It(m,k,m) + / ,Bz' (S, Ysa'k) ds P(ij,B)*a.S
j=1

Setting A := AgUA; UKQUA3 and using Lemma A.0.3, we see that for x € A° the process Y
is a solution of dZ; = a(t, Z;)dW;+ B(t, Z;)dt on the stochastic basis (W, 25", W**, (xX7B))

with the deterministic initial condition Yy = = P(IX B) @8-

a

A.3. Concluding Proof of Theorem A.0.4: We return to our original solution (X, B)
on the stochastic basis (2, F,IF, P). As we have already shown

P[GX < —I-OO] = P(X,B) [6y < +OO]

Therefore we need only show that Pixp)ley < +oc] = 0. By theorem A.2.4 there exists
a p—null set A, so that for x € A° the process W is a standard n—dimensional Brownian

motion on (W,Ex,w*’x,lj& B)) and Y is a solution of our SDE with Yy = = P(x p)-a.s.
By assumption, solutions with a deterministic initial condition do not explode, therefore

Ve e A" Pl pley <+oo] =0.
Now we have
Pix,pyley < +o0] = / Pix By [ey < +oo] u(dx) = 0.
u

With this, the desired result is finally proved. a

APPENDIX B. LEMMATA FOR ASSET PRICING IN THE SEGMENTED SQUARE RooT
MODEL

B.1. Simple Exponentials of Non-Central Chi-Square Distributed Random Vari-
ables. Following Jamshidian (1987) we can state the following

B.1.1. Lemma. Denote the density function of a noncentral chi—square distribution with
v degrees of freedom and noncentrality parameter X by q.2(-,v,X). Then for b,r > 0 and
an arbitrary constant L the following holds:

L b
Ly o (b A) = - A
gt <o ()

N

v—1
Ab
2 [ (b+ 2L
9y (( + >T’V’b+2L>
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PROOF: Substituting for ¢,z its infinite sum expression (see Johnson and Kotz (1970b),
Chapter 28, eq. 3), we get

¢2(br v, )
)2 svHi—1)i

— T‘LZ SV — (b )\ (
exp ( r+ ZF (T +7)25]1

7=

| Ab 1/ b R

— 2% b+ 2L A

exp{ 2<( +20) b+2 L>}ep{ <b+2L >}<b+2L>

i b+2L> JEvHT (k)
= l/+j)22]_].

1/ M bzt Ab

- - A (b4 2L
eXp{2<b+2L )}<b+2L) Ix <( + )T’V’b—|—2L>
O

B.1.2. Remark. If one interprets q,2 not as a density, but as a function with complex
arqguments, then it is easy to see that lemma B.1.1 is also valid for complex L.

B.2. Distribution of the Short Rate in a Constant Parameter CIR Model.

B.2.1. Lemma. Let the short rate dynamics be given by

dr(t) = (0 —ar(t))dt + o+/r(t)dW(t

and let

b . 4(1 (1 . (T—t))_l .

o?

Then under the risk neutral measure the random variable br(T) conditioned on r(t) is
noncentral x* distributed with v := 4002 degrees of freedom and noncentrality parameter

A\ :=4dac™? (e“(T_t) — 1)_1 r(t).

PRrROOF: Following Jamshidian (1987), consider the moment generating function for the
distribution of r(7T'),
Fr(t), 4 k) = E [ D] 7]

Then f is the solution of the Kolmogorov backward equation of r,

o1
(37) ft + 50’27"](7’7" + (9 - a/?’.)fqﬂ = 0
subject to the terminal condition f(r(7T),T,k) = exp{kr(T)}.
Setting

f(r(t), 1, k) = exp{g(t,T) + (L, T)r(t)}
we get

fr = hf frr = h2f ft = (gt + htr(t))f
Inserting this into (37),

1
gt + hO + (hy + 502}12 —ah)r(t) =0.
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Since this must be valid for all 7(¢) € [0; 00), we must have

(38) ge+h0 = 0
1.

(39) h: + §th2 —ah = 0,

and the terminal conditions for these differential equations are g(7,T') = 0 and A(T,T) = k.
Setting y := h™! and dividing by k%, we can write (39) as a linear differential equation:

ys + ai — ! 2
Yy T ay = 20'
1.
o eatyt + aeaty — 5O_Zeat
t.. 1 1 2 at
& [e*y] = o
1 T
& ey = ——02/ e du + ¢
2 Ji
o? :
& y = 5 (1 — e“(T_t)) + ce™
Using the terminal condition
R(T,T) =k
& c = Tk!

we get

2 -1

h(t)T) = <;_ (1 . ea(T—t)) + ea(T—t)k—l)

<

a

Equation (38) can then be written as

T 2 -1
g(t,T) = 9/ <;’— (1—ea(T_“)_)-|—e“(T_“)k_1> du + d
i

a

T 1 -1
— 20_29/ e~ uT-u) (— (e_“(T_“) — 1) + 20_2k_1) du + d
¢

a

. 1. . )
= 207%0 (ln 2072kt —In (— (e_a(T_t) — 1) + 20_2k_1>> + d

a

o? 2a

= —ﬁ In (ia2k (e_a(T_t) — 1) + 1) +  d.

Using the terminal condition ¢(7,7T') = 0 we get d = 0. Therefore
flr@),t k) = exp{g(t,T)+ h(t,T)r(t)}

o? \ _i_g o’ ‘ -
= (Frr 1) Tend (4 - em) et .

Defining b and v as above, this can be written as

) e—a(T=1)p=1
(40) Fr(),t,k) = (I—Qb_lk)_?’exp{ubr(t)}.
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Comparing (40) with the formula for the moment generating function of the noncentral y?

distribution!!, we can verify the assertion of the lemma.

a

B.3. Multiply Compound y? Distribution. Let b,r be x? distributed with v, degrees
of freedom and noncentrality parameter n,z, with b,z x? distributed with v, degrees of
freedom and noncentrality parameter A. The joint distribution of b,r and b,z is given by
the probability density function

p(byr = zp, bpx = zz) = p(byr = 2z, | bpx = 2z;) - p(brx = 2;).

We are interested in the marginal distribution of b,r, which is given by integrating over z,:
p(byr = z,) = / p(byr = zp|brx = z;)p(brx = z;)dz,.
0

Both p(b,r = z.|b,x = z,) and p(bx = z,) are noncentral y* density functions. Writing
these as a mixture of central y? probability density functions, we have

00 o0 1 -1 J
(_T]sz Zl‘) 1 —
pr=ay = [(E S it )

J=0 j!
. (Z (QJ’) exp {_E/\} pxzrﬁj (Zr)> de
7=0 '
® o (3ueb) (3 1
“ - [TEE e )

Applying lemma B.1.1 to (41) and interchanging integration and addition, we get

oo 00 l Tb_l' 7 l)\ k |
(ZT] xr ) (2 ) exp{—%)\}pxz 42 (Z’I’)
7=0 k=0 T

T
/°° i b 20428 o (bt N (bt
o “\botu Do \ 73, 7 b )

The integral (42) can be expressed in terms of the j-th moment about zero of a central x>
distribution with v, + 2k degrees of freedom'?:

( b, >5ux+k+j o L(3(ve + 2K) —I—j).

(42) p(byr=2) =

by + 1r I'(3(ve 4 2K))
B.3.1. Definition. Let strictly positive random variables ry,... .7, as well as strictly
positive constants rg, by,... by, M1,... y0n, V1,...,V, be given. Suppose that for each
7 € {1;... ;n} the random variable (b;r;) conditioned on r;_; is noncentral x* distributed

with v; degrees of freedom and noncentrality parameter n;r;_1. Then we call r,, n times
multiply compound noncentral x* distributed with transformation coefficients b;.

11See Johnson and Kotz (1970b), chapter 28, equation (11).
12Gee Johnson and Kotz (1970a), ch. 17, p. 168.



38 ERIK SCHLOGL AND LUTZ SCHLOGL

B.3.2. Lemma. The probability density function p(b,-r, = z,) of the multiply compound
noncentral x?* distributed random variable (b ) is

1

1
pinera=) = 333 e e (b o

71=0 j2=0 Jn—O

(43) H (57716[.71;—1) ( bp—1

i Jk! br—1 + nk

U'(5(Vk=1 + 27k-1) + J&)

L (vko1425k—1)+ik ‘ 1
) 2k 2
T(5(Vre1 + 2j3-1))

PROOF: We prove the lemma by induction: For n = 2 we get (42). Now let (43) be valid
for some n. For n + 1 we have

p(bn-l-l Tp41 = Zn-}-l)

= / p(bn+1 *Tnt+l = Zn41 | bnrn = Zn)p(bnrn = Zn)dzn
0

"o 00 1 -1 Jnt1
- Z (g1t =) exp —177 10, 2 6 P2 (2n41)
0 Jngp1=0 Jnt1! R (L RPNET PR e

(ZZ Z WO exp{_%nlro}l)xzn%(%)

71=0 72=0 ]n_o

H <§nkb];_1) ( bk_l )%(uk—1+2jk—l)+jk 23k F( (Vk 1+ ij 1) —I'.]k)) d=

1
2
S 11 be—1 + 1k I'(L (vt + 255-1))

and analogously to ((41) & (42)) we get (43) for n + 1.
O

B.3.3. Remark. Since only the values of the central x* densities in (43) depend on z,,
we can interchange addition and integration and write the multiply compound noncentral
x? distribution function as

o0

00 00 1 \J1 1
P(bn oy < Zn Z Z Z M exp {—57]17'0} sz 2m (Zn)

i1=0j,=0  ja=0 T

ﬁ %T] — )]k ( bk—l )5(uk_1+2jk—1)+jk ij F( (Vk 1+2_]k 1)+]k).

1
44 .
(44) be_1 + 1 T(3(vh-1+ 2Jk-1))

Due to the nested infinite sums, calculating (44) appears to be of exponential complexity in
n. Fortunately, this is not the case. In fact, were it not for the term F( Vi—1 + Jk—1+ Jk),
it would be possible to separate the terms and calculate (44) as a product of n one-
dimensional sums, obviously a problem of linear complexity in n. As it is, the number of
operations necessary to determine P(b, - r, < z,) still only increases linearly in n.

We start by calculating the terms

1 n
ST 1
) B e (<o}

for all j; € Jy := {j1;...;71}. Note that (45) is unimodal in j;, therefore j; and j; can be
chosen in such a manner that (45) is smaller than ¢ > 0 for any j; &€ J;. For each j; € J4
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we then calculate

(46) <%T]2bl—1)j2 ( by )%(V1+2j1)+j2 2j2 F(%(Z/l + 2_]1) + ]2)
ja! by + 12 L(3(n +241))

for all jo € Jy := {ja;... ;j2}, where (46) is again unimodal in j,. We multiply (46) with
(45) for each (ji;j2) € Ji1 x Jy and then sum over j; for each j3, reducing the index
dimension to 1 again. Substituting the result for (45) and defining (46) analogously for
(725 73), we iterate until we reach j,, yielding a value for each j, € .J,, which we multiply

with the respective value of P2 o (z,) and sum one last time to get P(b, - r, < z,).
Vn In

B.3.4. Lemma. The derivative of (44) with respect to rq is

0
(47) a—rOP(b nTn < Zp) = (H n;b; ) (bprn = 25)

where p(b,r, = z,) is defined as p(by,r, = z,), however with v; :==v; +2V 1 < j < n, all
other coefficients identical.

PROOF: For n = 1, we have

0 0 0
a—ro’ (bnT'n = Zn) :a—roqxz(z, 1/1,7]17'0) =M 8(7]1r0) qxz(z, 1/1,7]17'0)

which is equal to'?

0
=— Th@q)f(za vy + 2,1m170)

Now let

(48) airo (bpry = 2,,) = (H n;b; ) P(bpry = z,)

for some n. Then for n + 1

0 0 o0
a—rop(bn-klrn-kl = Zny1) = 5—7“0/0 CJx2(Zn+17 Vng1s Mng17n)P(bnTn = 2n)d2y

:/ qx2(2n+1,l/n+1,77n+1b,;12n ( Nn (H 77] B ) —p b nT'n = Zn)) dZn
0

3gee Jamshidian (1995), p. 69
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and doing integration by parts:

n—1
o (H Th‘bf_l) [ =@ (Znt1s Vg1, o1 by 20 )P (b = 22)]
i=1

=0

[o%e] 8 .
+/ (a—QX2(2n+1v Vni1, Tln+15512n)> p(bprn = Zn)d2n>
0 Zn

n—1
- °° - d _ _ .
Mn (H ;6] 1) / — g0y (az—qx2(2n+la Vnt1 + Z?T]n+1bnlzn>> P(burn = 2n)dzy,
i=1 0

n+1

a 0
= —In 'b‘_l —D bn n = <n
Mn+1 <j|:|1 n;9; ) aanP( F1Tnt1 = Znt1)

We have thus shown (48) for all n by induction, and integrating with respect to z, yields
(47).
O

In order to implement the multifactor version of the segmented square root model along
the lines of Chen and Scott (1995), we need the following

B.3.5. Proposition. The characteristic function of the (k —n) times multiply compound
noncentral x* distribution is given by

k
_1,. ﬁn 1 ]C(.I') }
49 v, r) = 14+2L:4(x)) 2" | ex {— 1 nt1Tn
(19)  Woala) (H( +l2) ) oot
with L;p(x) recursively defined as
Lip(x)n;b; .

aplx) = S d T) 1= —u

(50) Li_1x(x) T4 2L (1) an Lir(x) i

PRrROOF: For £k —n = 1 we have
Uy k() = (1 — 2z)" 7% exp {iznpre—i (1 — 2iz)™"}

which is the characteristic function of the noncentral y? distribution with v degrees of
freedom and noncentrality parameter ngri_1!%. TLet (49) be valid for some 0 < n < k.
Then we have for n — 1:

U, x(z) =F [exp {ixbyry }]

:/ ei“’“pn_l(bkrk = zp)dzy,
0
— " 1Tz " b — b—l dz. d
€ pn( LTk Zk |\ Mn+10, Zn)QXQ(ZnaVnaT]nrn—l) Zndzy
0 0

interchanging the order of integration yields

=/ Uogi g (200410, 20 ) 032 (20, Vo, Nt )d2,
0

14Gee for example Johnson and Kotz (1970b).



A TRACTABLE TERM STRUCTURE MODEL 41
and inserting (49)

:< II @ +2ﬁj,k(fﬂ))_5_”)

7=n+1

= £n+l k(fC) -
) - 7 n b ! n ny Yoy lint n— d n
/0 exp { 1 + 2£n+1,k($)’r] +1Y, Z QXQ(Z v T] r 1) 2

and applying (50) and remark B.1.2

= (H (1+ Q'Cj,k(fﬂ))_%%) exp {_%nnrn—l}

i=n

A
-(1+2zn,k(:c))/ aeo | (14 2L00(2)) 20 0m, (Lt 280 (2)) it | dn.
0

=:£(z)

Now if £(z) = 1 for all z, then the proposition is proven. Inserting for ¢,z its infinite sum

expression!®

E(x) =(1 + 2L (2)) / Y %)p (14 2L i(2)) 20) =,

i=0

S (%)‘)j -1y , ~ , ,
:Z 7 €2 (1+2£n,k($))/0 P s, (L + 2L, k(2)) 2n) dzy.

This equals 1 if (1 4 2L, x(x)) fooo 2 (1 4+ 2L, k() 2n)dz, =1 V5 € IN. We have
(14 2L00e)) [ g, (4 2Lnal0) 2) ds,
0
> 1 . 1 -t 1 :
=(1+ 2£n7k(:c))/ 272 <§z/n +j> (14 2L, 1(2)) 2,) 27!
0
- exp {—%(1 + 2,Cn,k(x))zn} dz,

1 ) -1 1 %Vn‘}']‘ g i1 1
=I <§Vn+.]> (5(1 +2ﬁn,k($))> / 23 exp{—§(1 +2£n,k($))zn}d2n
0

which by formula 6.1.1 in Abramowitz and Stegun (1964) equals

1 A

15Note that qy> and p,> must now be interpreted as function with complex arguments, not densities.
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