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1 Introduction

Asset processes driven by non-normal Lévy processes have become popular in the last few
years. To be mentioned are models, where the asset processes are pure Lévy processes. Such
models date back to the work of Mandelbrot (1967). But also more complex models as for
example the stochastic volatility model of Barndorff-Nielsen and Shephard (2001) have been
developed. This class of models, hereafter termed BN-S models, is constructed via a mean
reverting, stationary process of the Ornstein Uhlenbeck type driven by a subordinator, a Lévy
process with no Gaussian component and positive increments. In detail, such a model can look
the following way:

ds

S_t = {p+BV2}dt +V,_dB; + (e’ —1)dYy
t—

dV? = —AV2dt+dYy,

where the parameters p, 5, A, p are real constants with A > 0 and p < 0. B is a Brownian
motion while the process Y = (Y;;) is a subordinator. This model allows to deal with the so
called leverage type problem, i.e. for equities a fall in the price is associated with an increase in
future volatility. The Brownian Motion B and the subordinator Y are independent.

The main reason for the use of Lévy process-driven asset models is the flexibility when fitting
a model to observed asset prices. One drawback is the incompleteness of the corresponding
financial market, which results in the existence of multiple equivalent martingale measures.
A standard approach is to identify an optimal martingale measure on the basis of the utility
function of the investor (see e.g. Kallsen (2001) for reference). In this paper, we pick the
exponential utility function, which corresponds, as shown by Delbaen et al. (2002), to the
minimal entropy martingale measure (MEMM).

The MEMM in case of pure Lévy processes has been analyzed by several authors (e.g. Chan
(1999), Miyahara (2001), Fujiwara and Miyahara (2003) with increasing complexity). For more
complex asset models as for example the BN-S model, the paper of Nicolato and Venardos (2002),
where they analyzed the class of all equivalent martingale measures as well as the subclass of
structure preserving martingale measures, is to be mentioned. Their paper adresses the whole
range of possible martingales. The purpose of this paper is to investigate one specific measure



for the class of complex Lévy models. We are not aware of any other paper addressing and
solving this problem.

The main contribution of this paper is the determination of the MEMM in case of Lévy
Process-driven stochastic volatility models in form of the solution of a boundary problem. Under
appropriate conditions, existence of the solution is ensured. We further present the MEMM for
a couple of such models and we show a new approach how to identify the MEMM in case of an
additive asset process.

The paper is structured as follows. Section 2 introduces our setup and develops the conditions
for the structure of the MEMM in case of any Lévy process-driven asset model. These conditions
are very useful, as will be seen in section 3, where we apply them to the additive process case. It
will be shown that the identified approach represents an elegant way to determine the MEMM
in case of deterministic volatility models. Section 4 handles the case of stochastic volatility
models. There, we get our main result of this paper, the determination of the MEMM via a
partial differential equation. We conclude this paper in section 5 with a couple of examples.
Its main goal is to show the complexity of the MEMM even in very simple stochastic volatility
models.

Our approach has been influenced by Rheinlinder (2003) as well as Hobson (2002) who
analysed the minimal entropy martingale measures for different stochastic volatility models as
for example the Stein-Stein and the Heston model. However, their analyses have been performed
on models of pure Brownian motion type, i.e. without having any jumps. The appearance of
jumps asks for other technics. Becherer’s (2001) way to handle interacting systems of semi-linear
PDE’s helped us to solve these issues.

Financial Support by NCCR Financial Valuation and Risk Management is gratefully ac-
knowledged.

2 Preliminaries

We start with some general assumptions, which are valid throughout the paper unless otherwise
specified.

Let (92, F,F,P) be a filtered probability space, where the filtration F = (F;)o<¢<7 fulfills the
usual conditions and is generated by a Lévy process Y with Y¢, uy and vy (dz,dt) = v(dz)dt
being its continuous martingale part, the jump measure and its compensator respectively. For
the sake of simplicity, we assume that (Y¢); = t. We refer to Jacod and Shiryaev (1987) with
respect to the notation used in this paper.

Remark 2.1 The advantage of restricting the model to o filtration generated by a Lévy process
is the so-called weak property of predictable representation:

Let X be a semimartingale with X¢ and px being its continuous martingale part
and the jump measure respectively. If the class of all continuous local martingales
is equal to L(X€) and the class of all discontinous, local martingales is equal to the
space {W (x)* (ux —vx) | W € G(ux)}!, then we say that X has the weak property
of predictable representation.

It is a well-known result that if X is a Lévy process and the filtration is generated by X, then
the weak representation property is fulfilled (see e.g. He et. al. (1992), theorem 13.49).

'G(ux) is a class of functions ensuring that W * pux is well-defined (see Jacod and Shiryaev (1987), definition
11.1.27)



Let F = Fr, where T € (0, 00) is some finite fixed time horizon. We denote by S an F-adapted,
locally bounded semimartingale, which has the following canonical decomposition:

St:SO+Mt+At

with M being a locally bounded local martingale, and A being a predictable process with finite
variation. Taking advantage of the weak property of predictable representation, we represent
the local martingale M as

M; = Mf+ M
t
= [ oy + W) s Gy —vy)
with M¢ and M? being the continuous and the discontinuous part of the local martingale M.

Besides local boundedness of the asset process, we assume that the asset price process S satisfies
the following structure condition:

Assumptions 2.1 (Structure Condition) There ezists a predictable process X satisfying

t
A = / Asd(M),,
0
whereas
T
Krp:= / AN2d(M)g < oo P-a.s. (1)
0

Remark 2.2 Similar to Ansel and Stricker (1992), one can show that the structure condition
is a direct consequence of the no arbitrage property under the consideration of a reasonable set
of potential strategies, provided that the semimartingale is special. Hence, this condition is very
natural in an economics framework.

Let us now introduce the notion of martingale measures:
Definition 2.1

1.V is the linear subspace of L>°(Q, F,IP), spanned by the elementary stochastic integrals of
the form f = h(St, — Sty), whereas 0 < T7 < Ty, < T are stopping times such that the
stopped process ST* is bounded and h is a bounded Fr,-measurable random variable.

2. A signed martingale measure is a signed measure Q < P with E[%] =1 and E[%f] =0
forall f V.

We denote by M(P) those martingale measures with nonnegative density and by M*(IP) the
subset of M(P) consisting of probability measures which are equivalent to P. Here and in the
sequel, we identify measures with their densities. Note that, as S is locally bounded, a probability
measure Q absolutely continuous to P is in M(PP) if and only if S is a local Q-martingale.

Let us recall the concept of relative entropy which is also known as Kullback-Leibler information.

Definition 2.2



1. The relative entropy 1(Q,R) of the probability measure Q with respect to the probability
measure R is defined as

dQ dQ .
iom < | Pa[BlsB] vo<r
+00, otherwise.

It is well known that I(Q,R) > 0 and that I(Q,R) = 0 if and only if Q = R.

2. The minimal entropy martingale measure, in the following also abbreviated as MEMM, Q¥

18 the solution of
min [ P).
QE./\il(IF) (Q7 )

Theorems 1,2 and Remark 1 of Frittelli (2000) as well as the fact that V C L°°(P) yield the
following.

Theorem 2.1 If there exists Q € M®(P) such that I(Q,P) < oo, then the minimal entropy
martingale measure exists, is unique and moreover is equivalent to P,

A criterion for a martingale measure to coincide with the MEMM has been introduced by
Grandits and Rheinlédnder (2002):

Theorem 2.2 Assume there ezists Q € M(P) with I(Q,P) < oco. Then, Q is the minimal
entropy martingale measure if and only if the following hold:

Cfﬂ% = €xp (CT + /OT ¢sdss) (2)

for a constant ¢ and an S-integrable predictable process ¢.

o E@[fOT $1dSy] = 0 for all equivalent martingale measures with finite relative entropy I(Q,P).

Remark 2.3 Due to the above results, the proposed strategy to find the MEMM is the following:
e Find some candidate martingale measure which can be represented as in (2).
e Check the following elements:

1. exp (c+ fOT (ﬁtdSt) is integrable with

Blew (e + [ guas)] =1,

i.e. via ‘Zl% = exp (c + fOT gbtdSt), a true measure Q is defined.
2. I(Q*,P) < co.
3. Jo $edSy is a true Q-martingale for all Q € M with finite relative entropy.

We conclude this section with a condition for the candidate process ¢;:



Theorem 2.3 The optimal strategy ¢, must fulfill
T
or + /0 508 = A0)? + gedi(0]")? + pude /R (WM (w))?v (dz))] dt
T M
= [ (ot = @+ Mot )axs
+(WE (@) = (@ + VWM (@) * (uy — )
—|—(log(1 — AWM () + WE(z)) + AWM (3) — WL(x)) * Ly (3)
with o and W (z) are defined in such a way that
t
/ oMolds + WM (2)Wh(z) * uy (4)
0

s a local martingale.

Proof: Let us consider the density Zp = (Zl%' We may write the density process Z = (Z;) as a
stochastic exponential of the form

Z, = &(- / MM + L),

with L as well as [L, M] being local P-martingales. This representation is due to the Girsanov
theorem, just remember that S is a local Q-martingale if, and only if, S + Z%[S, Z] is a local
P-martingale. However, this is here the case since

S+ %d[S, 7] = /Ad(M) +M—/>\d[M] +[L, M].

Let us characterize, due to the weak representation property, the local martingale L the following
way:

t
L= /0 oldYE + WE(z) * (ny — vy).

In combination with the strict orthogonality of L and M, one directly gets condition (4).
Let us now consider log Z by applying the [t6 lemma:

toq 1/t 1 1
log 7, = 47, — = 7e log Z, —log Z,_ — —AZ
0g 4t /0 A _d s 2 /0 Z;Z, d< >s + ;( 0g 4 0og 7. s)
t 1t - t 1
_ _/ AdM, + L, — —/ Asd(MC>s+/ A d(ME, LEYs — = (L),
0 2 Jo 0 2
Z S
1 * + A [ MM — AL,
+2_(log 7=+ /0 )

t .1t
= /0 (cF — X;oM)dye — 5/0 (AsoM — ol)2ds
+(WL(.’E) - )\WM(x)) x (py — vy)
+(1og(1 — AWM () + Wh(z)) + \WM (z) — WL(ac)> % Ly



On the other hand, due to the theorem 2.2, we may write

T

logZr = cr+ / PedSy
0
T
= cr +/ ¢rop dYE + WM (z) * (py — vy)
0
g M2 M, \\2
+ [ (0@ + re [ (92 (@) Po(de) )t

We get equation (3) by combining the two equations introduced above.

q.e.d.

Rheinlédnder (2003) used a similar approach in the case of continuous processes and got an
equation of the form

1 T 1
EKT =cr+ /0 (th + )\t)dSt + Lt + §<L>T.

As it is obvious by a direct comparison of the two equations, the discontinuous process case
is quite different, such that methods used in the continuous case are not applicable in our
situation. However, even though equation (3) looks complexe, interesting results can be directly
determined by it as we will see in the following section.

Remark 2.4 An approach to handle the equation (3) is to consider the problem under the
assumption that the purely discontinuous local martingales M and L* belong to the class of
processes with finite variation as well as L is locally bounded. This helps reducing the complexity
of the problem, since then, the processes M¢, L% as well as [M, L] belong to the class of processes
with locally integrable variation Ajoe. The advantage of this is that one may write

WM (z) * (ny —vy) = WM ()« py — WM (z) % vy
as well as the predictable bracket process (M, L) exists, which, since [M, L] being a local mar-

tingale, must be zero. Therefore, under these simplifications, the conditions (3) and (4) reduce
to

cr + /OT [%(UtL = Noh)? + ¢t>\t(0iM)2}dt
T
[ W@ = 6+ MW @)+ g @))?) ()

T
= [ (o = i+ )l )ave
+(log(1 = AWM (@) + W (@) = g (2)) * oy (5)
and

oMol 4 /R WM (2)WE ()v(dz) = 0. (6)



3 The Deterministic Volatility Case

The purpose of this section is to present the usefulness of equation (3) with respect to the
identification of the MEMM. We will present this at hand of a special case which has attracted
some attention in the last few years, namely the determination of the MEMM in case of a pure
Lévy process. Several approaches have been presented to identify. However, we believe that the
approach presented in this paper is, differently to the others, more powerful and takes better
into consideration the wellknown properties of the MEMM.

Let us specify our asset process

t
Sy = SO—i—At—i—/ oMaye + WM () « (uy —vy)
0

the following way:
Assumptions 3.1

o There is a strictly positive, adapted cadlag process V', such that

WtM(x) = Vi_fil=),

M
Ot = Vi_oy,

t
At = VsJ?sdsa
0

with fi, oy and 1y being deterministic, bounded functions.
e 0, >0,>0 forallte[0,T].

As discussed in remark 2.4, we will heuristically identify the solution under simplified con-
ditions. The justification of the solution will then be performed on the basis of the model as
determined by assumptions 3.1. Let us therefore rewrite equation (5) using the above notation:

T
cr + /0 (%(UtL — Vi hoy)? + Vﬁgbt)\taf)dt
T
+ /0 /R (WtL(w) — Vie (e + Ao fir(@) + V2 s ff(x))y(dx)dt

-/ " (oF Vi (64 e )y

+(log(1 = V-Af(2) + WE(z) = V_¢f (2)) * py (7)
Because of
A = Ul
Vi (07 + Jg fi(2)v(dz))’
Xt = Vi_\; is a deterministic function. It is obvious that ¢y is constant, if ggt = Vi_d¢y, atL

and W/} () are deterministic functions as well as both terms with random elements have zero
weights, i.e.

of = (gt + S\t)Ut, (8)

Wik(@) = Afi(z) =1+ exp(¢ufi(w)). 9)



Replacing o and W (z) in equation (6), we immediately get the following condition for ¢;:
0 = ofG+ A+ X [ FH@wldn) + [ fi@)(expldifi(@)} — L)v(da)
= it otdi+ [ fi@)(expldifila)} - 1)v(do)

Hence, a strategy ¢ as identified by above equation is a potential candidate. In the following, we
will present that this candidate not only fulfills all necessary conditions but also is valid without
the restrictive conditions of Remark 2.4:

Theorem 3.1 Suppose that there exists a deterministic function <$: [0,7] — R, such that for
any t € [0,T]

[ 1)l exp{dufila)} = 1v(da) < x. (10)
m+ ot + [ fi(a) (exp{Befila)} - 1)widn) =0, (1)

then the MEMM Q* exists and is defined as

dQ*
dP = exp CT+/ det

cr is the normalizing constant.

Proof: Condition (10) is necessary such that the integral in equation (11) is well-defined. Due
to assumptions 3.1, the process ¢, is uniformly bounded:

maxo<s<T |75

o3

> Mt
|| < ‘—2‘ <
Oy
Even if WM () x py and WE(x) * py are not in Ay, the following statements are still correct:

o (W) = (¢ + WM (@)« py = (exp{f ()} =1 = §f(2)) * py € Auge:

Local boundedness is obvious, further

|exp{¢f (@)} — 1= $f ()] * 1y < o0
since R R R
($f(@))* > |exp{df(2)} — 1 - §f ()]
in a neighborhood of the origin z = 0.
b [Ma L] € Aloc:

Finite variation is ensured by definition of the quadratic variation; local boundedness is
ensured by the structure of L as well as boundedness of ¢.

Therefore, the identified solution defined by (8), (9) and (11) is also a solution to theorem 2.3.
In the following, we show that Q* is an equivalent probability measure, that I(Q*,P) < oo and

that fOT %dSt is a true Q-martingale for all Q € M*® with finite relative entropy:

1. Q" is an equivalent probability measure:

Let us consider the following lemma:



Lemma 3.1 Let N be a locally bounded local P-martingale. Let Q be a measure defined

by
dQ

dP t 8( )ta

Fi

where AN > —1. Set

U; = %(N% +> {1 + AN,)log(1 + AN,) — AN,}

s<t

and assume U € Ajpe as well as Up < oo P-a.s. Then, Q is an equivalent probability
measure.

Proof: Z7 > 0 by assumption, hence P ~ Q. Since (1 + AN)log(1 + AN) ANz

and N is locally bounded with localizing sequence T},, U’ is bounded. Let Q(") be the
measure with density
Zj(wn) = ZT/\Tn-

By Lepingle and Mémin (1979), Theorem III.1, it is a probability measure. By assumption,

E[Z{ 1, <1y

n

= ElZn, {1, <n)]

n—,o

= Eg(T, <T)"=%0.

Q"(T, < T)

Then,
Hence,

n—o

1> E[ZT] > E[ZTl{Tn:T}] — 1.
q.e.d.

Let us now consider the local martingale N* defined as
t
N} = —/ AsdM + Ly
0

= [ Gosas + (exp{df @) — 1) » (my ). (12)
0

Since g;ﬁ\ and f are bounded, N} is locally bounded and AN} > —1. We must further show
that

U= 5 [ Botds + (1) expB7 (@)} - exp P70} +1) 5 oy € A
Since U is obviously locally bounded, it is sufficient to prove that
(67 (@) exp{f (2)} — exp{f (z)} +1) * py
has finite variation. For this purpose, let us analyze
g(z) =2 —zexpz+expz — L.

It can be easily shown that g(z) >0 for all z < 1:



g reaches zero for z; = 0 and zo = 1. Further, ¢’(z) = 2z — zexp z and we have
therefore two local extrema z; = 0 and 22 = In2. Analysing the convexity at the
extrema, we get ¢”(21) > 0 and ¢”(22) < 0. Therefore, g(z) > 0 for all z < 1.

In addition, zexpz —expz + 1 > 0. Hence,
65 (@) exp (B (@)} — exp{df (@)} +1] < (7 (@))?

in a neighborhood of f(z) = 0, and therefore, U has finite variation. Another consequence
of the above result is that Ur < oo P-a.s. The conditions of lemma 3.1 are fulfilled and
we have that QQ is an equivalent martingale measure.

Q% P) <
The densfcy AR may be written as exp(c + fo ¢¢dSy). Hence,

[(Q"P) = Egler+ / 2t 4s,]
Vi

— By CT+/ B (medt + 0dY) + §F () * (uy — vy ).

We prove via the following lemma:

Lemma 3.2 Let us introduce 1/8* = exp{gf( )} xvy. Then, f(x)* (py — 1/8) as well as
[ osdYE — [ ¢pso2ds are true Q*-martingales.

Proof: We get the result by a direct application of Girsanov’s theorem. Obviously,
mi i= f(x) * (py —vy),
my = /Ot o,dYS
are local P-martingales (even true P-martingales). Hence,
- [zt = ) - o)
+ / [ (= 2@ exp{Bus(@)} + £o(a) ) v(do)ds

= flo)xpy — /0 | Fo(a) exp{B.1. (o) w(da)ds

t 1 t ¢
—/ d{Z,m)s = / USdYSC—/ bso’ds
0 Zs— 0 0

are both local Q*-martingales. They are also true martingales since f, o and q/b\ are
bounded.

q.e.d.

We know from above that ¢f(z) * (uy — I/g) is a true Q"-martingale. Further, since
of (x) * (I/g —vy) < 00, we may write

Eg-[pf(2) + by —wv)| = f(@)* W —vy)
= [ [ [ o) exptuntan) — vt

= / <l5t( ﬁt—0t¢t)dt

10



On the other hand,
T _ TA2 2
EQ*[/O ProdY ] = /0 provdt.
Therefore,
E@*/ ¢tdst]—E@* / Gu(mdt + 01dYE) + o f () * (Y—”Y)]:O'

Hence, we have proven that I(Q*,P) is finite.
3. j’—dSt is a true Q-martingale for all Q € M® with finite relative entropy:

/\

Since V_ is locally bounded away from zero, V— is locally bounded and therefore, f[; V—dSt
is a local Q-martingale. Let us mention a very useful result by Rheinldnder (2003):

Lemma 3.3 Let Q be an equivalent martingale measure with finite relative entropy. Let
J dSy be a local Q-martingale. Then [ 1dS; is a true Q-martingale if, for some 3 > 0

small enough, exp {ﬂ fOT 1/)?(1[5’],5} is P-integrable.

This is due to the inequality

pia[ [ wrais)] < 1@+ 8o {p [ wraish} +1] < oo
and Q-integrability of the quadratic variation ensures that [ 1,dS; is a true Q-martingale.

Let us again consider the process f o ~dS;:

/ (/)td = EQ/ protdt + ¢*(f(z))? *uy]

IN

K2(H(Q,]P’) —i—EE’[exp{/[]Tagdt—l—(f(.ﬁv))2 *,uy} —1—1])

with K = 20<e<r |l oy oh that |¢¢| < K. Further, exp{f, o2dt} is deterministic and

o2
finite and

B[ exp{(f(2))? * py'}] // (@) — 1) p(de)dt < oo, (13)

see e.g. He et al. (1992), lemma 14.39.1. Hence, we get
T
E[exp {/ oldt + (f(x))? * ,uy}] < 0o
0

and f 7-dS; is therefore a true Q-martingale for all Q € M® with finite relative entropy.

We conclude that N
dQ* Ty
i exp {CT + /0 thSt}

fulfills all necessary conditions for being the MEMM QF .

Q.E.D.

11



Remark 3.1

1. It has to be noted that conditions (10) and (11) correspond to well known conditions for the
MEMM in case of Lévy processes (e.g. condition (C) in Fujiwara and Miyahara (2003), or
condition (4.4) in theorem B in Esche and Schweizer (2003)). Differently to these papers,
we assumed local boundedness of the asset process, which, from an economical standpoint,
we consider as a natural condition. On the other hand and differently to other papers, we
presented the MEMM not only for Lévy processes. The class of additive processes is also
covered in the assumptions 3.1.

2. The restriction of a nonvanishing continuous martingale part has been used to ensure that
¢ is uniformly bounded. However, this condition can be weakened without difficulties. It
15 sufficient to assume that

of + [ fH@wd)

is bounded away from zero.

4 Models with Stochastic Volatility

Before we start with a detailed analysis, we restrict the Lévy process Y to the case where
v(R) < oo with bounded supp(v), i.e. Y@ represents a compound Poisson process with bounded
jumps. Let us now consider the class of so-called stochastic volatility models, which consists of
asset price models of the following type:

ds,

o = 0t Vi)dt + oM (1, Vi )dYy + dW M (1, Vie, )+ (py — vy) (14)
t—

v, = V(& Vi )dt+ 0" (t, Ve )Y +dWY (Vi z) % py (15)

with V being defined in a domain £ C R. We will often abbreviate the processes in such a way
that we write 7y, o, and Wy(z) instead of n(t,V;—), o(t, Vi) and W (t, V,—, x) respectively.

Remark 4.1 One could also allow a model where the volatility process Vi is dependent on Sy,
provided that the dependency is restricted to the jump component WV (t,x). It is then simple
to show that we are capable to transform our problem into a probability space (Q,P'), where the
compensator vy, of pl = WY (z) * py is independent of S;_. The density transformation may
then be written as follows:

dp

= 5((6Z — 1) % (pv — V(/))

with Z = ZZY , such that V under (P, F) has the characteristic triplet as introduced in (15). On
\4

the other hand, Y¢ will not be influenced by this transformation. Therefore, we want to directly

work in a model, where V is independent of S;_.

Other constraints are:
Assumptions 4.1

1. supp(v) is connected and contains an open set.

v

2. The coefficients 0¥ (t,y) and o" (t,y) are Lipschitz-continuous. Further, ¢ must be uni-

formly bounded in [0,T] x E.

12



3. The coefficients n(t,y), oM (t,y) and WM (t,y,z) are Lipschitz-continuous. Further, WM (z)
is continuous and in (—1,0] for all x € supp(v) as well as oM is uniformly bounded away

from zero on [0,T] x E.

4. WM and WV are in G(u), whereas W € G(u) means that W is predictable, [ |Wi(z)|v(dz) <

oo and \/>°72, WT% Lr,<t € Ajoe with 7; are the jump times and
W, = /RWt(x),u({t},dx) - /RWt(x)V(dx).
Further, we assume that we may write
WY (t,Vi,z) = w'(t, Vi)Y (t,)

with w" being a Lipschitz-continuous functions in Vi_.

~

5 A= is positive and uniformly bounded on [0,T] x E.

Nt
(@)2+ [ (WM (2))2v(dx)

Remark 4.2 Due to Protter (1990), Theorem V.38, Assumptions 4.1.2 and 4.1.4 ensure that
there exists a unique solution

t t
Vi = Vo +/ nY ds +/ ol dYE+ WV (z) * py,
0 0

which does not explode in [0,T]. In addition, the same argument and Assumption 4.1.5 ensures
on [0,T] the existence of a solution

t t
Sy = Sy -I—/ nsds + / oMdyf + WM (z) « (uy — vy).
0 0

Due to ¥(R) < oo and supp(v) is bounded, we turn our attention to equation (5). The jump times
may, because of the finite Lévy measure v, be counted in increasing order 0 =: 79 < 71 < -+,
such that we may write

[log (1 — AWM (z) + WL(.'JU)) - QEWM(x)} * [by

= 3" [log (1= AW (2) + WE(@,)) = oW )| L
=1

Let us consider an auxiliary process u which is defined as follows:
Aupx, (z) = ult, X + Wi (2)) — ult, X;-)
= log (1 - AWM (@) + Wh(z)) — WM (@) (16)

where X; is an F} -adapted stochastic process. The structure of X; is not obvious, since W
and ¢ are not known. However, we use in the following the

important conjecture X;=1V;.

An indication for the appropriateness of this conjecture is the case when W,” (x) = 0. Then, u
will not be affected and therefore Aw;y, (x) = 0. But this is consistent with the deterministic
volatility case in section 3, especially condition (9). Obviously, this is not a stringent evidence
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of our conjecture. Its correctness is only shown by the fact that using this conjecture, we will
be able to identify the MEMM.

Considering again equation (5), one immediately sees that a jump of Y¢ at time T should not
have any impact. Therefore, we must have Aupy, () = 0 respectively u(7, . ) has to be
constant. Since we are free to choose this constant, we set

u(T, .)=0. (17)
Applying 1t6’s lemma and taking in account that there are no jumps in (7;, 741), we get

W(Tit1, Vi —) — u(Ti, Ve + WY (21,))

Ti+1
- / du(t, Vi)
(o &

Ti+l 1 O v o

Tit1 0 .
+/T UtVWU(ta Vi-)dY;

i

Ti+l 1 O Tidl . 9
:/n [Eu(t’ V)t—)-i-(ﬁ,:U)(Vt_)]dt—i-/n oy Wu(t’ Vi-)dY;

with the second-order differential operator

(07)? 0

(Lef)ly) = "ta Flty) +—5 6—y2f(t,y)-

Obviously, we may therefore rewrite equation (5) as
er + u(0, Vp)

— [T+ L M\2 | X (M2
- _Z/ [_(Ut — Aoy )"+ dediloy )T+ o
i=0 T NT

+ [ (W) = G+ 2)W (@) + G (W (@))? (o)

— [T g SyMm_ v O c
+Z/AT [oF = @0+ Aol — o) 2 ult, Vi )] ayy. (18)
i=0"Ti

A solution to this problem might be

S oF = X0l + BRulo)? 4 Soult, Vi) + (Lan)(Vi )
+ [ (W@ = G+ 30w @) + G (W (@) Yoldn) = 0 (19)
with (17) in combination with
ol — (G + Aol _atv%u(t,vt_) (20)
Let us introduce
RY(tug) o= 1( Fw) — M@)o ) + s M) (0 () (21)
[ (Wh@w) = () + 5ul)) W (02) + i)l W 5,2 ().
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(19) represents nothing else than a PDE of u of the form

0

Sult,y) + Lauly) + W () = 0 (22)
uw(T,y) = 0 forallye E, (23)

provided that ¢, o and Wi (z) are functions of u;.
By equation (20) in combination with condition (6), we get

1% M L
2 o, 0 Wi (@)W (z)v(de) <
=————u(t,Vi_) — - A 24
which, replaced in equation (16), leads to
al 0 WM()WE(2)v(dz) <~
exp {Auty\/F (x) + [— U—tMWu(t’ Vt—) _ f t ( ()0_]\;)2( ) ( ) . >\t:| WtM(w)}
t t
=1 - WM (z) + Wl(z). (25)

With the help of the following lemma, we can show that under suitable conditions, (Et, O'tL and
Wi (z) may be written as functions of u;.

Lemma 4.1 Let us assume that u is a continuous bounded function in Cy([0,T] x E) with
utv,_ € COL([0,T] x E). Hence, equation (25) is uniquely solved by a function WL (t,V;_,z) €
C(supp(v)).

Proof: We are aware that fixed point theorems are fairly standard. However, since we did
not find the appropriate reference, we present the proof for our specific case for the sake of
completeness.

We denote with K := supp(r) a compact set. Let us assume ¢t < T'. The existence of a function
fi(z) := Wk(z) fulfilling equation (25) can be shown by Schauder’s Fixed Point Theorem. Let
us consider the continuous operator S* : C(K) — C(K) with the Banach spaces (C(K), || - ||oo,
defined as

o) ~ M () f(z)v(dz
(S'f)(z) = exp{Aut,Vt_(x) + [— ﬁ%u(t, Vil) — X — J W ((01]\552) (d )]WtM(x)}

—1 4+ AWM ().
Since WM (z)WM (y) > 0 for any x,y € K, we have for all f € C(K)

[ (@) < S'f(x) < filx) (26)
with
f@) = -1+ AWM ()
oV ~ WM (142w M (2))v(dz)
_ Auy x — 20 (Vi )=A —f ¢ ¢ WM (g ~
ft(x) — . v ( )+[ oM BV ( )=t @M ] i ( )_ 1 +>\tWtM($)

We therefore define the closed, bounded, nonempty convex set

M={feC(K)|f,(2) < flz) < filz)},

for which we have S*(M) C M. We are left with showing that the operator S! is compact. For
this purpose, let us consider a bounded set U € C,}(K ). We have to show that the set

V:={S'f | f e U} CC(K)

is relatively compact, which is, due to the theorem of Arzela-Ascoli, equivalent to prove
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e {g(x); g € V} is relatively compact in R for all z € K.

Due to (26) and the conditions on Augy,  and WM | it is obvious that

—oo < inf f,(2) < g(z) < Sg}gft(z) < o0 (27)

forall z € K.

e For all z € K and every € > 0, there exists an d(e,z) > 0, independent of f, such that

sup |g(z) —g(y)| < e whenever y € K and |z —y| < d(e, z).
gev

Let us write |g(x) — g(y)|:

lg(z) — g(y)]
e ~  [wM)rvdz)
sy 042 oty - L]
= ‘ exp t h
Y ~ WM (2)f(2)v(dz)
Aug,v,_ (y)+ [—? %u(t,%,)_)\t_%} WM (y)

— exp
(W (z) = WM ()|

We know that
b
sup (e [ WM (I0(dz) < [ WM (dz) < —sup oo [ WM (I0(d2).
feu a R feu R

On the other hand, by assumption, Au;y,  is continuous in x, u is continuously differen-
tiable in V and W (.) is continuous. Hence, for all € > 0 there exists a § > 0 such that
for all y € K with |z —y| < ¢,

sup [g(z) — g(y)| <e.
gev

The uniqueness of the solution can be shown as follows:

Let us assume that there are two solutions f; and g;. Hence, we directly see that the
following relation must be fulfilled:

ZE;U; - {VEI\Z()? [_ /WtM(z)[ft(Z) —gt(z)]u(dz)] }

Let us now assume that fi(z) > g;(x). However, we get a contradiction because the
LHS of above equation is > 1 and the RHS is < 1. Therefore, f; and g; must be
equal.

The case T is similar. We have only to take in account that u(7,.) = 0 and therefore 2-u(T, Vi_) =
0.
q.e.d.

Remark 4.3 In case of 0} =0, u only has to be a continuous bounded function without being
differentiable in the second variable.
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Having introduced the PDE of the form (22) - (23), we will in the following present that there
exists a solution @ to this PDE, which defines a candidate measure. We will then finish this
section by proving the conditions in remark 2.3 ensuring that this measure is the true MEMM.
Let us therefore start with proving the existence of a solution for the above PDE. The following
theorem is a slightly different version of a theorem presented by Becherer (2001):

Theorem 4.1 Let D be a domain in R, i.e. an open connected subset. For (t,z) € [0,T] x D,
consider the following diffusion process

m
Z* =z € D, dZ;=0b(s,Z")ds + Y X;(s, ZL*)dW] (28)
j=1

for continuous functions b : [0,T] x D — R? and ¥;:[0,T] x D — RY, j = 1,...,m, with an
m-dimensional Brownian motion W = (W, .., W™ We write b and each $; as a (1 x d)
columns vector and define the (d x m) matriz-valued function ¥ by X% := (X;)". Let us define

(Af)(z Zbl

flt, )+ = Z %Jf(tx)

1,j=1
with - N
a’ (t,x) = (S(t, 2)5" (t, 2))"

We assume that

a-1 The coefficients b and ¥, j = 1,...,m, are on [0,T] x D locally Lipschitz-continuous in x,
uniformly in t, i.e.

for each compact subset K of D, there is a constant cx such that
|G(t,z)—G(t,y)| < cxlz—y| forall t€[0,T],z,y € K and G € {b,5;,5 =1,...,m}.

a-2 For all (t,x) € [0 T) x D, the solution Z%* neither explodes nor leaves D before T, i.e.
]P’[supse[tﬂ ] =1 andIP’[Z”ED for all s € [t, T]] =1

a-3 Let g : [0,T)xCy(D) — Cy(D) be a Lipschitz-continuous function, uniformly in t, i.e. there
ezists a constant L < oo such that

lg(t,01) = g(t,v2) [0 < Lllvr = v2lloc V2 € [0,T], v1,02 € Cp(D).

a-4 There exists a sequence (Dp)nen of bounded domains with closure D,, C D such that
U D, = D, each D,, has a C*-boundary , and for each n,

a-4.1 the coefficients b and a¥ are uniformly Lipschitz-continuous on [0,T] x Dy,
a-4.2 deta(t,z) # 0 for all (t,x) € [0,T] x Dy,
a-4.3 (t,z,u) — g*(t,u) is uniformly Hélder-continuous on [0,T] x Dy, x Cy(D).

Hence, there is a unique classical solution u € Cy([0,T] x D) with u € C*2([0,T) x D) to the
problem

St 2) + (Aw)(2) + g7 (1) =0, (29
u(T,z) =0 for all z € E. (30)

In addition, the solution is unique.
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Proof: By Theorem V.38 in Protter (1990), the Lipschitz condition a-1 implies that (28) has a
unique strong solution on (2, F,F,P) up to a possibly finite random explosion time. We impose
by a-2, that the solution Z%* neither explodes to infinity nor leaves D before T.

Let us introduce the operator F : Cp([0,T] x D) — Cp([0,T] x D) with

T ..
(Fu) () = (Pu)(t,2) = B / g% (5, u.)ds].
t
We now prove that F' is a contraction on the space Cy([0, 7] x D) with respect to the norm

lullg == sup e T Du(t, z)|
(t,2)€[0,T1xD

for § < oo large enough. It is obvious that this norm is equivalent to the supremums-norm.
Due to a-3, we obtain for v,w € Cy([0,7] x D) and 5 >0

e PID|(Fo)(t, 2) — (Fw)(t, )]

= g [EL (7 (500 - 07 o) ]

— eBT-1)

t,z t,z

1T , I
Sm/t EHQZ“’ (s,0(s)) — g7 (s,w(s))‘e B(T—s) ,B(T )} s

I ! ar—s)
WL“'U —’U)Hﬁ/t € dS

<L —u
— ||V — W
_ﬁ Io]

for all t € [0,T] and z € D. Thus,
[Fv — Fullg < [lo — wl|s

and F is therefore a contraction with respect to the norm || - |3 for § > L. Due to the Banach
Fixed Point theorem, F' has then a unique fixed point 4.

Let w € Cy([0,T] x D) with w € C*%([0,T) x D) and v := Fw. By the definition of F, we
already have u € Cy([0,T] x D). Let us now consider the following partial differential equation:

0

&u(t, z) + (Aw)(2) + ¢°(t,wy) =0, on [0,T) x D (31)
with boundary condition

uw(T,z) =0V z € D.

It is evident from the definition of w and F' that w satisfies the terminal conditions. To prove
the claim, it suffices to show for any £ > 0 that v is in C12([0,7 — ) x D) and satisfies (31) on
[0,T — ¢) x D instead of [0,T") x D. Let us fix an arbitraty ¢ € (0,7) and set T’ := T — e. For
any (t,z) € [0,7"] x D, using the above representation of u(t, z), we may write

u(tz) = (Fw)(t,2)
T t,z
= E[/t g% (s,ws)ds]
= E[ E[/tngg’z(s,ws)ds‘fTrH

= Elu(T' zZ% T b d
- u( ) T’)+ ¢ g (Saws) S
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using the strong Markov property of Z%* for the last equation.

Therefore, via Theorem 1 in Heath and Schweizer (2000), we know that v is in C*2([0,7") x E)
and satisfies the PDE (31) on the set (¢,z) € [0,7") x E, provided we can verify the assumptions
(A1), (A2), and (A3’) for their general Feynman-Kac type result. (Al) and (A2) are exactly
a-1 and a-2. Conditions (A3’) and (A3a’) are exactly a-4 and a-4.1. Condition (A3c’) is
automatically fulfilled. The continuity of 3 in combination with assumption a-4.2 implies the
condition (A3b’) and u € Cp([0,T] x D) implies (A3e’).

In order to verify (A3d’), first note that w is continuously differentiable on [0, T) x D and therefore
Lipschitz-continuous on bounded closed subsets [0, T'] x D,, and via a-4.3, this implies that the
composition

g:(t,z) = g°(t,w) is uniformly Holder-continuous on [0,7"] X D,,.

So, (A3d’) in Heath and Schweizer (2000) holds as well and we can apply their theorem 1 and
obtain that u is in C12([0,T") x D) and satisfies (31) on the set (¢,2) € [0,7") x D. Since ¢ > 0
was arbitrarily chosen, this implies that v = Fw is in C2([0,T) x D) and satisfies the PDE (31)
on [0,7) x D. In particular, we have shown that

F maps C,([0,T) x D) into C,*([0,T) x D)

and conclude from the contraction argument that there exists a fixed point @, which is in
C;’2([O,T) x D) and satisfies the PDE (29) with boundary conditions (30).

q.e.d.

In case of a(t,z) =0 for all (¢,z) € [0,7] x D, we get the following result:
Corollary 4.1 Let D be a domain in R?. For (t,z) € [0,T] x D, consider the function

Zh =2 -I—/ b(r, Zb*)dr,  with b#0
0

which is assumed to stay in D. In addition, we assume the following:
Let g : [0,T] x Cy(D) — Cy(D) be a Lipschitz-continuous function, uniformly in t.
Hence, there exists a unique classical solution u € Cy([0,T] x D) with u € CH1([0,T) x D) to the

problem

Ot 2) + b1, 2) 2 u(t,2) + g7 () = 0
uw(T,z) =0 V z€D.
In addition, the solution is unique.

Proof: The proof is along the argumentation above. The operator F' : Cy([0,7] x D) —
Cy([0,T] x D) with

T t,z
(Fu)*(t) = / g% (5,0,)ds

obviously is a contraction in the corresponding normed space. Further, let w € Cy([0,T] x D)
with w € CH1([0,T) x D), then u = Fw is a solution to the differential equation

0 0 . B
&u(t, z) + b(t,z)au(t, z)+¢°(t,w) =0

u(T,z) =0 V ze€D,
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since
¢ T
(T, Z7) = u(t,z)+/ do(s, 707
t

= u(t,z) + /T [gu(s Zb) +b(s Zt’z)iu(s Zt’z)}ds
’ ¢+ Los 1S L 174 7S

t,z

T
= u(t,z)—/t g% (s,w(s))ds = 0.

Hence, there is a fixed point 4 which uniquely solves the problem.
q.e.d.

Let us now apply these results to the case where ¢¥(¢,u;) has the form (21). In this case,
gY(t,us) does not have to be a Lipschitz-continuous function and is generally not well-defined
on the whole set [0, 7] x Cy(E). With the introduction of an auxiliary function g, we then can
show the following result:

Theorem 4.2 We consider all assumptions 4.1. Let us assume that either
a) o' =0andn" #0
or
b) oV (t,y) #0 for all (t,y) €[0,T] x E.
Then, there is a classical solution @ € Cy([0,T] x E) with - for a) - 4 € CHY([0,T) x E) and -
for b) -4 € CY2([0,T) x E) to the PDE

5t ) + (Louly) +¢¥(t,ur) =0 (32)

with boundary condition
u(T,y) = 0. (33)

U satisfies the Feynman-Kac representation

a(t,y) = B[ [ " g% (5, )ds] (34)

with N - %
AV =n" (s, Vi) ds + oV (s, V) dYy

and VY =y.

Proof: We only consider the case nV (t,y) # 0, the other case is proven similarly. Let us consider
an auxiliary function

gg(tv ’U) = gy(t7 Hs(tv ’U)),

defined on [0,7] x E, with, for any € > 0 small enough, the function k%, Lipschitz-continuous
for corresponding norms, transforms the continuous, uniformly bounded v € Cy(E) into a differ-
entiable function o € C}(E), whereas | - |loo and ||| - ||| :== || - [Joo + ||3%||oo are the norms of the

corresponding spaces C(E) and C'(E). In detail, the transformation looks the following:
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e U;(y) := min (max(—(T —t)(C —¢),v(y)), (T —t)(C— 5)) with a suitably chosen constant
C.

e ¥, is transformed into a function ¥ € C!(E), uniformly bounded with |55 (y)| < (T — t)C.
In addition, 95 is constructed in such a way that it converges in the supremumsnorm of
Cy(E) for e — 0 to vy.

Hence, due to the boundary conditions of assumptions 4.1.2 - 4.1.4 as well as (27), for any
v € CH(E), g(t,v) is uniformly bounded. Further, for any fixed (to,y0) € [0,7] x E, it can be
easily shown that ¢¥°(tg,v) is Lipschitz-continuous, uniformly in (%o, %o), on the set

{vec®)vlls < o1} -

Lipschitz-continuity is shown if one can show the Lipschitz-continuity of W’ with
respect to v. However, since v is bounded, the Lipschitz-continuity is obvious with
respect to the term Aw. The Lipschitz-continuity with respect to a%v(y) can be
directly seen by the following simplified example:

f(@) + a = exp{y — Bg(x)}

with a, v being any constants and 8 > 0. x takes the role of (%v(y). One directly

sees that )
< |—/.
‘ | VB |

+
)‘ - ‘ﬁ(wg:— a()x+ 1

g 1(z

As a direct consequence and due to the assumptions 4.1.2-4.1.3, g : [0,T] x C4(E) — Cy(E) is a
Lipschitz-continuous function, uniformly in ¢ as well as (¢,y,u) — ¢¥(t,«) is uniformly Holder-
continuous on [0, T] x E,, x Cy( E) with E,, being any bounded domain with closure E,, C E. Since
all necessary conditions are fulfilled, Theorem 4.2 can be applied to the PDE (32) with g instead
of g, which gives us a unique bounded solution 4° € Cy([0,T] x E) with 4° € C%([0,T) x E).
We will show below that

[ (t,y)| < (T'=1)C (35)

for (t,y) € [0,T] x E. Admitting this result for a moment, let us consider the compact interval
[0,7"] x E, C [0,T) x E with T" < T. Since 4° € C'*([0,7) x E), 4° is in the Banach
space C; 2([0,7"] x E,). Hence, we set ¢ — 0 and we get that 4 converges against a function
Uy € C;’Q([O,T’] x Ey), which in addition is uniformly bounded with |i;(z)| < (T — ¢)C. Since
T' and E,, can be chosen arbitrarily, we get @; € C,([0,7] x E) with 4, € C2([0,T) x E), which
solves the PDE (32) with function g and satisfies (34).

To finish the proof, it remains to establish (35). In the following, any ¢ > 0 may be chosen,
hence we leave beside the index €. Let us fix arbitrary an ¢t € [0,7] and y € E and define the
time 7

7, = inf{s € [t, T] | a(s, V) < (T — s)C} AT

Obviously, (s, VAY) > (T — s)C for all s € [t,7,) and ﬁ(Ty,Vf;y) < (T — 7,)C. Since 4(s,y) >
(T —s)C for all s € [t,7y), we get At pry <0 as well as a%ﬂ(s, V¥) = 0. We therefore get that

~ Wszl />:WMZ v(dz
7/\#[ M)~ 1423 WM (2))w( )]WtM(w)

—1+ AWM (z) <WE(z) < e[ (@) — 1+ AWM ().
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Therefore, g¥ (¢, u;) is uniformly bounded, i.e. there exists a constant Cy such that ¢¥(¢,u;) < Cj.
We may write

T iy
ity) = B[ [ 3% (s )
Ty o~ T .
- E[/ ygvs’f”’(s,as)der/ G (s, i) ds]
t Ty

_ E[/t "G7 (s, 1s)ds] + Ela(ry, Vi)
< ClE[Ty — t] + CE[T — Ty]

due to the strong Markov property of 4.
The lower bound will be shown similarly. Let us define the time

8y := inf{s € [t,T] | a(s,VH¥) > —(T — s)C} A T.
Hence, (s, Vi) < —(T — s)C for all s € [t, dy) and a(éy,Vf;y) > —(T - 6,)C. Symmetrically,
we get At ey > 0 as well as 8%12(3, V) = 0. Let us now show that there is a constant Cy > 0

such that §¥(s,s) > —Cy. Due to (27), Wk, ¢ and o} are bounded from below. In addition,
due to assumption 4.1.3,

oW (@) (= 1+ AWM ()

is also bounded from below. Therefore, one directly sees that g¥ as a whole is uniformly bounded
from below, i.e. a constant Cs exists. The same analysis as above provides

u(t,y) > —CyE[6y —t]— CE[T — &,
Let us now choose C' = C; V Uy and we directly get (35).
q.e.d.

Remark 4.4 The case (6" =0, n¥' =0) is degenerate. Even though the above theorems are
not applicable, one directly sees by the same arguments that one gets a classical solution 4 to
the problem

&U(t, y) + gy(ta U’) =0, U’(Ta y) =0
with, for any fired y € E, 4(.,y) € CL([0,T)).

We conclude this section with the definition and justification of the MEMM in case of stochastic
volatility asset models:

Theorem 4.3 We assume all assumptions 4.1. In addition, we assume that there exists an
a > 0 such that

E[exp {a/OT(U,fV[)th}] < oo (36)

The solution 4 to the PDE (32) with boundary condition (33) defines the Minimal Entropy
Martingale measure via WL (t,V,_, x) in lemma 4.1 and may be written as

dQ*
T —
T="ap

L = E(= [ [t = ahyave + OWH (@) = Wh@) « (v = )],
with
t LW @)W @)v(de)

oy = .
t M
Ot
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Proof: To ensure that Q* defines the MEMM, we know from remark 2.1, that one has to ensure
the following three conditions:

1. Q* is an equivalent probability measure.
2. I(Q*,P) < oo.
3. [, %dS’t is a true Q-martingale for all Q € M€ with finite relative entropy.

We know that the density Z7 may be written as
t
Jr = exp cr + / —dSt}

with $t being the strategy defined as in (24). Obviously, the strategy process is uniformly
bounded. The above conditions can be proven in a similar manner as in Theorem 3.1.
With respect to condition 1, it has to be noted that Z; never reaches zero, since

WM (z) + Wh(z) > -1

due to constraint (26). Further, since U of Lemma 3.1 fulfills U € A, as well as Uy < oo P-a.s.,
Q" is an equivalent martingale measure.

Introducing . R
v = AW (@) = W) = 1) < vy,
we get that WM (z) x (uy — 1/9*) as well as [} oMdYe — fO(ASUS — ol)oMds are local Q*-

martingales. Let us apply Lemma 3.3 to ensure that both terms are true Q-martingales, i.e. we
have to show that there is an 3 > 0 such that

Elexp {80V ()" «py}] < oo, (37)
E[exp{ﬂ/ﬂT(ay)2dt}] < oo. (38)

However, we know from equation (13) that

E[exp {,6 /OT(aiM)Zdt}] = /OT/R (e(‘/[/1f]\4("’[”))2 — 1)V(dx)dt
/OT/R(e — Dv(dx)dt < oo

since WM (z) € (—1,0]. Inequality (38) corresponds to assumption (36) for 8 < a. Further,
since

IN

dsS;

o = oildYy — (ol —of)olldt + dW M (@) x (uy — 7))
t—

as well as $t is uniformly bounded, we get E [ Ik ﬂdS’t] =0, i.e. condition 2 is ensured.

Condition 3 can be ensured in a similar way. It is obvious that [ St dS; is a local Q-
martingale. It will be a true Q-martingale if we can show that, for some g > 0,

exp ﬁ/ StdSt]
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is finite. Let us take = § and remind (37) and (38), the Schwarz inequality ensures that

Blexp {8 /OT (%)stt}] — Blexp {5( /OT(%MWH W (@)? ¢y )}] < o0.

Since all three conditions are fulfilled, the assumed solution (19) and (20) to problem (18)
is correct.
q.e.d.

Remark 4.5 The result of this section may be generalized to the case where M and V¢ are
finite variation processes, i.e. the case where we might have v(R) = oo, but

/|Wt D)|v(de) < oo and /|Wt (dz) < oo. (39)
We then know that L% has also finite variation since
o 0 ~ SM()WE(2)v(dz) ~
Wi (z) = exp {Aut,Vt_ ($)+[ﬁwu(t, th)—At—f : (agz)Z ]WtM(x)}—l—i—)\tWtM(x)
and
/ Aupy, (2)o(dz) = / [u(t,Vt_+th(x))—u(t,%_)]u(dx)
Vi +WY (
= [ 5t
< u*/Wt (:Jc)u(dx < 00
with

ul ;= max gu(t,vt_—i—WtV(x)).
zesupp(v) oY

Therefore, equation (5) is still applicable.
In the general case of v(R) = oo, the jumping times of Y are countable. We enumerate them as
t1,to,.... Let us write

n

V() =Y (V=Y ) Lou(t)) for 0<t< oo
j=1

We know that Ynd converges uniformly on any bounded inveral of t to Y;d as n — oo. Let us
perform on'Y,, = YS+Y,4(t) the same argument as above. Via a limes argument, one can easily
show that the resulting strategy still is bounded and therefore all conditions of remark 2.3 are
fulfilled, i.e. ensuring the MEMDM.

5 Examples

5.1 The Orthogonal Volatility Process
Let us consider the asset process

a5
S,
AV = V(i )dt+ 0V (1, Vi )Y +dWY (8, Vi, @) x py,

= nt, Vi )dt + oM (8, Vi )dYE + dW ™M (t, Vi, @) * (ny —vy)
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fulfilling the assumptions 4.1, (36) as well as the additional condition

oM ! +/Wt (2)v(dz) = 0.

This condition ensures that the volatility process is strongly orthogonal to the asset process. In
this general case, this model restriction does not easen the problem. But let us consider the
special case (WM (z) =0, o) =0). Then, we get the following result:

Corollary 5.1 The optimal strategy is
Q/b\t = _Xta (40)
and the density process of the MEMM 1is defined via

Wi, vi_,z) = exp{u(t,Vi. + WY (x)) —u(t,V;_)} —
ol (t,Vio) = 0,

whereas u is the classical solution of the PDE

ultoy) + ) goutt.) + [ = 3R+ [WhE Vi aian)] = o,
uw(T,y) = 0.

9
ot

Proof: (40), which is a direct consequence of equation (24), leads via (25) and (6) directly to
the above structures of W% and o”. The rest is a direct consequence of theorem 4.3.

q.e.d.

Remark 5.1

1. The form (40) of the optimal strategy in this specific case has already been identified by
Grandits and Rheinlander (2002). However, while the density of the MEMM at o fized
time T can be described very nicely, the corresponding density process turns out to be quite
complex and not intuitiv at all. A solution may be found only with numerical methods.

2. Becherer used a model of this type in his PhD thesis. In his case, the process V jumps
within m different states:

d
= Vit + 0™ (1, Vi)Y
t
m
Vi = Y 1,(Vio)dN,
k:

where  and o™ are functions of class C' with respect to t € [0,T], 1y denotes the indicator
function on {k} and N = (N¥)) is a multivariate adapted point process. This model
represents the degenerate case (0 = 0, n¥ = 0). In this case, we have the following
differential equation to solve:

o .

St k) - (Atat +21J¢ku (eubD)—ulbk) _ 1y = 0,
7=1

u(T, k) =

where p* represents the jump density of a jump from state k to state j.
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5.2 The Barndorff-Nielsen Shephard Model

In Barndorff-Nielsen and Shephard (2001), a price process of the stock S = (St)co,7) is defined
by the exponential exp(X;) with X = (X;), satisfying

dX; = (p+ Boj )dt + oy_dY + dpz * fiy,
do} = —MXoj_dt+dz* fiy,

where the parameters u, 3, p, A are real constants with A > 0 and p < 0, iy has compensator
Py := Avy. In addition, Y¢ is assumed to be a subordinator, i.e. with positive increments only.
Vb is assumed to be strictly positive.

It can be easily shown that the process S; may then be written as

?j - (M + >\/(eﬂI — v(de) + o7 (B + 5))dt + o dYE +d(e" — 1) % (jiy — i)

We apply the results of section 4 and get the following result:

Corollary 5.2 We assume v(R) < oo with bounded supp(v). Let us assume p + X [(eP* —
Vv(dz) > 0 and —I—% > 0. Hence, the MEMM in case of the Barndorff-Nielsen Shephard
Model is determined as follows:

Let us define

1 - .
g (t,ug) = i(UtL — AV + didey

o [ [Whtw.2) = G+ 3 = 1) + Gidiler” - 17]wlda)

with WE(t,y, ) to solve

~ M (e = 1)}

[_ A [(er? = 1)WE(t,y, z)v(dz)

exp {Aut,vt_ () + "

=1- Xt(epfl? - 1) + WL(t,y,.’E),

and
" )\f(epm’ - I)WL(tayax)V(dx) 3
¢t = - y - >‘t7
L S A€ — )Wt y, x)v(dz)
0' = —_— .
t VY
Hence, the classical solution @ of the PDE
0 0
—u(t,y) — Ay=—ul(t v(t =0
atu( 7y) yayU( ay) +g ( 7ut) )

u(Tyy) = 0V yeRy
defines the MEMM via WE and o

dQ*
-
LT P

= E( [ (R4 h)aVe + (<A@ = 1)+ W) + Gy — ),
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Proof: Let us denote V; := o7 and

nv(tv y) =y,
Wv(t,y, x) = «x
T 2 1
Mty = p4 ) [ = Dwlds) +of (B4 ),
Mit,y) = vy,
WM(t y,x) = el —1.

To apply theorem 4.3, we have to check whether all assumptions 4.1 as well as (36) are fulfilled:

1. Since Y is a subordinator, supp(v) = R.

v

2. 1V (t,y) obviously is Lipschitz-continuous. o is set equal to zero.

3. It is clear that V; is positive and on [0,7] uniformly bounded away from zero. Hence,
there is an € > 0 such that V; € (¢,00) := E. It is obvious that 77,5, oM and WM ()
are Lipschitz-continuous in (¢,y) € [0,T] x E. The continuity of W (z) is as obvious
as WM (supp(v)) = (—1,0]. Since V; € (¢,00), oM € (\/e,00) and therefore uniformly
bounded from zero.

4. It can be easily shown that W™ and WV are in G(u). Further, w" (t,V;_) = 1 and is
therefore Lipschitz-continuous.

5 N — ptA [(er® —1)u(de)+ Vi (B+1)
) b V;t—+/\ f(eﬂlfl)2y(dw)

> (0 and is uniformly bounded by

pAA [ = Dv(de)
AJ(er? —1)?v(dz)

max

,5)

6. E[exp { fOT(a,fV[)th}] < oo due to a result of Benth et al. (2002), lemma 3.1.
Corollary 5.2 therefore follows directly from theorem 4.3.
q.e.d.

Remark 5.2 The restrictions p + A [(e’* — 1)v(dz) > 0 and B+ 3 > 0 are natural. They
express that independent of the value oy, the drift is always positive. Positive risk premiums are
to be expected in a financial market when the investors are risk-averse.

5.3 The Single Jump Asset Model

As a third example, let us consider a very simplified asset model of the following type:

dsS;

t
G = (U L)t o (L4 Lec)dY o+ (L — /0 (1= 1,cid2) (41)

with g := v(R) and a € (—1,0]. We consider this model to show the complexity of the MEMM
in case of even such a simple stochastic volatility model. This model is also covered by the class
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of stochastic volatility models described by (14) and (15) and restricted by assumptions 4.1. It
might be written as

as
i = nt, Vi )dt + oM (t,V,)dYF + daWM (¢, Vi, z) * (uy — vy')
d‘/t = dWV(t,%_,x)*uy,
with Vp =0,
Vv L 1 Vt_:O
w (ta‘/t—ax) T {0 ‘/t,:l
Nt Vo) = (1+Vi)?
M M a Vi-=0
o (t, Vi) = 1+V,, and WY (t,V,_,z) =
0 Vii=1

It can be easily shown that all assumptions 4.1 are fulfilled. As in the Becherer model case,
this model is in the degenerate model class since (" = 0,0 = 0). Similarly as in the other
examples, we get the following characterisation for the identification of the MEMM:

Corollary 5.3 Let us define

2,2 3,2
0 _ OH N2 2, QM 1 1 2
g (taut) - 2 (wt) + |:M+a 12 1 _*_aQM:th D) (1 —|-042,U,)2(1 + 2 M)
gl(taut) = _27

with

T 1+a?u

{ exp{2(t —T) —u(t,0) + a[—awly — 1]} =1 @ tw  if Vi =0
! - ‘
wh =0 ifVi =1

Hence, the classical solution 4(.,0) of this ordinary differential equation

2u(t, 0) 4+ ¢°(t,us) with u(T,1) =0

ot
defines the MEMM. {b} and o are of the form
$ _ —opw — H(llgu if Vi =0
! -1 ifVio=1"

—apwt  if Vi =0
0 ifVio=1"~

L _
O—t —_—

Proof: It is obvious that g'(¢,u;) = —2 and therefore, u(t,1) = —2(T — t) and we may write

)2t —-T) —u(t,0) fVie=0
Ay (@) = { 0 itV =1
¢; and ol are due to equation (20).
q.e.d.

For this specific case, the following theorem presents the MEMM in a slightly different form.
This result helps to visualize the complexity of the solution even in case of a such a simple
process as the single-jump asset process:
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Theorem 5.1 The MEMM may be written as

4@ = exp {cT + /OT ﬁdSt}

dP S
with
$ B _aLut_Fé_l-i-au for te€ 0,7 ANT]
t = -1 fOT‘ tE(T/\T,T]

and u; fulfills the initial value problem

up = (fu+ feu?) (e —1) (42)
i = (g1 e e) (@
with
ho= 5o
f2 = 24—@#—&22”2—#—%{2-

Proof: Using equations (42) and (42), we write w! and oF as functions of ¢;. It is easy show
that equation (5) may then be written the following way:

AT __ 1 1 7T 1
cT-I-/ <]5t(1—a,u——)dt+—/ g/b\%dt——r/\T—2(T—T/\T)
0 Q 2 Jo Q@

_ 1+ (E’r i
= (log (1~ s ) = agr ) Lecr. (44)
Let us now consider a function k;, which is defined by the equality

[0]

1+k
_ t = exp ( — (—Oékt + 0[1{]—1: - cT—t)) - 17

ap

where
max(T—t,0) __

c[Tnlt = —log E[exp/0 drdSy]

with n = 0 and n = 1 meaning that the jump did not yet appear and did appear, respectively.
Obviously, k; is a differentiable function with

1+kp
ap

= exp(akr) — 1. (45)

However, $t =k for t € [0,7 AT], as can be seen from the following:

Let us consider the density process prior and after the jump:
T
Z— = Blexpler+ [ 4dS)IF,]
0
T— T
= expcr exp/ <;5tdStE[exp/ Ged St Fr ]
0 T
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.
= expcrexp / ¢idSy exp —cgg]_T.
0

T
Z. = Elexp(er —i—/o ¢dSt)|F;]
r— R T
= exchexp{/O gbtdSt—i-(bTa}E[exp/ DedSy| Fr]
= expcrexp { / ) ¢ed St + (gTa} exp —cg}_T
0

Hence, the relative jump of the density process Z at time 7 is

AZ,
7,

= exp{ — (—ag/b} + C[%LT — C%QLT)} —1.

On the other hand,

AZ ~ P+ A
T = —MAM,+AL;, = —a\, — r + Ar
Z; o
oAt
= o

Since 7 is not predictable, we must have

N+ 1
ap

—xp { — (o i, — )L 1

for all t € [0,7 AT].

Hence, we may write equation (44) as follows:

AT 1 1 [7A\T 1
cT+/ kt(l—a,u——)dt—i-—/ E2dt — —1 AT —2(T —7 AT)
0 « 2 Jo «

= [1og (1- ) = a | 1<

14k,

«
The equation is correct for any value of 7, therefore one may differentiate it at any point ¢ = 7.
Since the equation is constant for ¢ > T', we restrict the analysis to ¢ < T, for which we get the
following differential equation:

1K

B2 42=—— L
t 1_1;—515 o

1y 1 1
) — ok (46)

kel —au——)——+=
t( “H « « + 2
In addition, with equation (45), we have a boundary condition for the above differential equation,

hence a classical initial value problem. The initial value problem (42), (43) can be achieved by
1

standard transformations, replacing k; by u; = Ry e "

Boundedness of the strategy gg has been already ensured by corollary 5.3 and therefore, the
identified measure Q* is truely the MEMM.
q.e.d.

Remark 5.3
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1. Even in this simple case, we do not have an explicit representation for u;. However, the

solution uy is defined by the relationship

g dy o
/ut (y — D(f1 + fay?) ret

Let us rewrite

/“T dy B /“Tl dz
w W=D(1+ 9% Ju-1 2Q(2)
with Q(z) = fo2? + 2faz + f1 + fo. This integral may be explicitly solved:

/ dz o 1 In 2’2

2Q(z)  2(fi+f2) Qz)

Patan,[£(z +1) Jor f2>0,

L) Fatanh — \JFE A1) for fo <0 and 241 < \[FE, (47

fi+f2
_ [l LDV il =i
7 In )i T for fao <0 and z+1 > 7

However, for fo <0, it can be easily shown that z +1 < \/—%, since ur < Uy 1= w/—%.
Therefore, we will never have the third case in the one-jump asset model.

The compensator of 1.« under the minimal entropy martingale measure is

Xt‘*‘(;t).

p(1 =2 = 1) = (1 + 1) ”

Since ggt is not constant for t € [0, 7], the price process under Q* may not be written by a
model of type (41). Similarly, in case of a BN-S model, the asset process under the MEMM
Q" will in general not belong anymore to the class of BN-S models. Hence, the MEMM
does not belong to the class of structure preserving martingale measures.
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