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the Workshop on Computational and Financial Econometrics (Geneva, 2007), the seminar of
the European Central Bank (October 2008), and the Macro Brownbag of the University of
Lausanne (April, 2009), Macro Workshop in Toulouse (June 2009). All errors are our own.
Corresponding author: Eric Jondeau, eric.jondeau@unil.ch. This research has been carried out
within the NCCR FINRISK project on “Macro Risk, Systemic Risks and International Finance”.



Abstract

Our paper addresses the correction of the aggregation bias in linear rational expectations models

when there is some unobserved micro-parameter heterogeneity and only macro data are avail-

able. Starting from Lewbel (1994), we propose two new consistent estimators, which rely on a

flexible parametric specification of the cross-sectional parameter distributions and account for

the dependence across coefficients inherent in such models. A Monte-Carlo study reveals that

the finite-sample and asymptotic properties of the proposed estimators correct the aggregation

bias found with the maximum-likelihood and generalized-method-of-moments approaches. As a

by-product, we can also infer the cross-sectional distribution of the parameters. Finally, we re-

assess the empirical evidence about the New Keynesian Phillips curve and explain the apparent

discrepancy between micro- and macro-based estimates of the average persistence of inflation.

JEL Classification Code: C13, C20, E20.

Keywords: Aggregation, Rational expectations models, Heterogeneity.



1 Introduction

From the literature on aggregation, it is well known that ignoring heterogeneity in dy-

namic models results in inconsistent maximum-likelihood (ML) and generalized-method-

of-moments (GMM) estimators. Imposing homogeneity on the aggregate dynamics forces

heterogeneity into the error term. The error term is then unavoidably correlated with

(some of) the regressors, resulting in inconsistent parameter estimates (Pesaran and

Smith, 1995).1

When micro data are available, such an inconsistency can generally be avoided by using

an appropriate estimation technique that accounts for parameter heterogeneity (e.g., the

mean group estimator or the random coefficient estimator).2 However, the problem is

much more acute when only aggregate data are available, as we cannot control for the

heterogeneity at the micro level. This issue is particularly relevant because in many

situations disaggregate data are simply unavailable or only available over short periods

of time. For instance, measures of consumption expenditure or investment reported in

National Accounts are, in reality, the aggregation of the consumption or investment de-

cisions made by a large number of micro-units (households or firms). Since such data are

observed down to a certain level of disaggregation only, the extent of the heterogeneity of

decision rules across micro-units is often only partially observed or measured.3 Therefore

it is critical to have an estimation technique, based on macro data only, that provides

consistent estimates of the aggregate dynamics.

Only a few papers have concentrated on the reliability of macro information in circum-

1For a review of the aggregation literature, see Barker and Pesaran (1990), Stoker (1993), and Blundell
and Stoker (2005).

2A flurry of papers has investigated how estimates of micro-parameters can be used to improve the
estimation of macro-parameters and the prediction of aggregate macro-economic time series (Pesaran,
Pierse, and Lee, 1994; Pesaran and Smith, 1995; Pesaran, Smith, and Im, 1996; Van Garderen, Lee, and
Pesaran, 2000; Pesaran, 2003).

3The availability of surveys may partially overcome this problem. However, they are far from covering
all of the economic fields.
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venting the aggregation bias in the presence of unobserved micro heterogeneity (Lewbel,

1992, 1994; Pesaran, 2003). Our paper proposes some solutions to this problem in the

general class of linear dynamic rational expectations models, when both the time series

dimension (T ) and the cross-sectional dimension (N) are large. More specifically, we

provide two new consistent estimators that fully exploit both the heterogeneity-based

specification of the aggregate dynamics and the cross-sectional dependence of the coeffi-

cients of interest. They both allow for the recovery of reliable information regarding the

distribution of micro-parameters.

We consider the so-called aggregate “hybrid” (or second-order) linear rational expec-

tations model, in which the only source of misspecification results from the aggregation

of heterogeneous individual dynamics (e.g., households or firms):

Yt = ω̄ Yt−1 + (1− ω̄)Et Yt+1 + λ̄ Xt + ε̄t, (1)

Xt = ρ̄ Xt−1 + v̄t, (2)

where Yt and Xt denote respectively the cross-section mean of the dependent and forcing

variables at date t (t = 1, · · · , T ) and Et denotes the expectation conditional on the

information available at date t. This model provides a convenient framework for repre-

senting many macroeconomic behaviors, such as the dynamics of price or wage inflation,

consumption, investment, or inventories (see, among others, Smets and Wouters, 2007).

We first show that the estimation of Eqs. (1) and (2) by standard econometric tech-

niques, such as ML and GMM, leads to substantial biases in the parameters of interest in

the presence of unobserved micro heterogeneity. This arises from the correlation of the

error terms ε̄t and v̄t with the regressors due to some unobserved heterogeneity in the

individual realizations of the random parameters ω, λ, and ρ. Then we argue that, once

the genuine structure of the error terms is properly taken into account, the aggregate
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variables, Yt and Xt, do not share the same estimable hybrid dynamics as the individual

variables. In particular, Yt has an infinite autoregressive distributed lags (ARDL) repre-

sentation and Xt has an infinite autoregressive representation. The intuition is that the

addition of lags removes any correlation between the error terms and the regressors, so

that the error terms are whitened as N →∞.

Armed with these aggregate specifications, we describe two consistent estimation tech-

niques based on a flexible parameterization of the cross-sectional parameter distribu-

tions, following a long tradition in the aggregation literature (Granger, 1980). The first

method, called the parametric estimator, is based on a regression approach, while the

second method exploits the auto- and cross-covariance properties of the aggregate pro-

cesses through a minimum distance (MD) estimation. As a by-product, both proposed

estimators also provide reliable information on the cross-sectional distributions of the

micro-parameters, even when only macro data are available. The intuition is that the

moments of the cross-sectional distribution of the individual parameters can be backed

out from the parameter estimates.

Our paper is related to a set of contributions that investigate the dynamics of aggregate

processes resulting from heterogenous micro-units. Robinson (1978), Granger (1980), and

Gonçalves and Gouriéroux (1988), among others, explored the contemporaneous aggrega-

tion of autoregressive processes. Zaffaroni (2004) provided additional asymptotic results

in the case of a general ARMA process when the number of micro-units is infinite. Forni

and Lippi (1997) and Canova (2007) reviewed the relevance of this issue across a wide

range of empirical applications in macroeconomics. These contributions do not consider

the estimation issue when only macro data are available. In contrast, Lewbel (1994)

aimed at correcting the aggregation bias in a linear dynamic model using only macro

data. He showed that aggregation results in an infinite autoregressive form when ran-

dom parameters are independent from each other. Pesaran (2003) used a forecast-based
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approach and provided some extensions to Lewbel’s result when the random parameters

are not independent of each other and the forcing variable dynamics are exogenously

given. While these two papers are complementary to ours, they also differ in a number

of important ways. First, contrary to Lewbel’s (1994) and Pesaran’s (2003) approaches,

the dynamics of the forcing variable is specified in our framework, so that the model

can be solved recursively forward. The micro-parameters in the resulting reduced form

are not distributed independently from each other and the forcing variable coefficient is

correlated with the forcing variable. Second, we provide general conditions that ensure

an infinite order autoregressive distributed lag representation and show that a truncated

dynamics can be consistently estimated. Moreover, our consistent estimation methods

fully account for the set of non-linear restrictions that drives the aggregate parameters.

Using Monte Carlo simulations, we show that the bias implied by unobserved hetero-

geneity in standard ML and GMM estimators is substantial. For realistic calibrations,

we show that the bias in the persistence parameter estimate of Yt can be as high as 0.2.

In addition, the proposed estimation procedures perform very well in two dimensions.

First, they result in essentially unbiased parameter estimates. Second, they also provide

consistent estimates of the moments of the cross-sectional distribution of the random

parameters.

Finally, we use our estimation techniques for the estimation of a New Keynesian Phillips

curve. In this context, we show that the aggregation of heterogeneous behaviors likely

explains some puzzles encountered in the literature, such as the discrepancy between

micro- and macro-based evidence of the average inflation persistence. The aggregate

specifications given here may be used to enhance the efficiency of aggregate models by

incorporating relevant information that may be known about the distribution of simple

dynamic behavior across individuals. Alternatively, restrictions on the distribution of in-

dividual parameters may be tested with aggregate data. The proposed methods might be
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used to assess whether a forecast of the aggregate variable using heterogeneity-correcting

estimates may produce an improved prediction mean squared error over a forecast of the

aggregate variable using ML or GMM estimation of structural or time-series models.

The rest of the paper is structured as follows. In Section 2, we describe our framework

and discuss the main assumptions as well as their implications. In Section 3, we show

how to derive the exact aggregate dynamics that account for the presence of unobserved

micro heterogeneity. Then, we describe the two proposed estimators, starting from an ex-

tension of the regression-based approach developed by Lewbel (1994). Section 4 provides

Monte Carlo simulations of the finite-sample properties of the proposed estimators in the

context of rational expectations models. We compare them to the aggregate ML and the

GMM estimators. Section 5 presents an empirical application based on the French New

Keynesian Phillips curve. Some concluding remarks are provided in Section 6.

2 The Dynamics of Micro-units

In this section, we introduce a general class of linear dynamic rational expectations models

to describe the individual dynamics.4 We consider the following structural model for the

variable of interest, yi,t:

yi,t = ωi yi,t−1 + (1− ωi)Et yi,t+1 + λi xi,t + εi,t, (3)

where i indexes micro-units (i = 1, · · · , N) and t indexes time periods (t = 1, · · · , T ).

The functional form is the same across micro-units, but parameters ωi and λi may vary

across micro-units. For the sake of simplicity, the forcing variable, xi,t, is defined as an

4Linearity is a key assumption for implementing the proposed methods. As stressed by Kelajian (1980)
and Stoker (1993), individual linear (dynamic) models are the only models that allow for recoverability
of the distribution of the individual parameters, so that estimation of the behavioral parameters can be
based on aggregate data. An implication is that we can infer individual reduced-form parameter behavior
from aggregate reduced-form parameters, while this is almost unfeasible for structural parameters. Our
results also apply to the estimation of ad hoc reduced-form time series models (i.e., which are not derived
from a structural model).
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AR(1) process:

xi,t = ρi xi,t−1 + vi,t, (4)

where parameter ρi can also vary across micro-units.5

As shown in Appendix 1, solving Eqs. (3) and (4) recursively forward yields the fol-

lowing reduced form:

yi,t = φi yi,t−1 + βi xi,t + ui,t, (5)

with ui,t = εi,t/ (1− ωi) = εi,t (1 + φi), φi = ωi/ (1− ωi), and βi = λi (1 + φi) / (1− ρi).

Consequently, the aggregation of linear dynamic rational expectations models is only fea-

sible at the expense of relaxing the assumption of independence of parameters, common

in the aggregation literature. In our case, (1) micro-parameters are not distributed in-

dependently from each other since φi and βi are correlated with each other, and (2) βi

and xi,t are correlated since βi depends on ρi. More specifically, we make the following

assumption regarding the micro-parameters.

Assumption 1 (Micro-parameters) (1) Micro-parameters φi and φj are i.i.d. real-

izations of the random parameter φ for any i 6= j, with 0 ≤ φ < 1. (2) Micro-parameters

ρi and ρj are i.i.d. realizations of the random parameter ρ for any i 6= j, with |ρ| < 1.

(3) Micro-parameters λi satisfy |λi| < +∞ for any i. (4) φ, λ, and ρ are mutually inde-

pendent. (5) (φi, λi, ρi) are distributed independently from εi,t and vi,t.

The stationarity conditions in (A1.1) and (A1.2) ensure that central and noncentral in-

dividual moments exist so that the cross-sectional distribution of each random coefficient

is well defined.6 Given the bijective relation between ω and φ, we mainly focus on φ,

since it drives the intrinsic persistence properties of yi,t. Assumptions (A1.4) and (A1.5)

are standard in the aggregation literature.

5In the technical report available upon request, we discuss the analytical expression of the aggregate
process when xi,t is an AR(p) process or when the complete model is driven by a VAR(p) process.

6Assumption (1.2) also guarantees that there is no individual unit root parameter, which would
dominate at the aggregate level and would generate long-memory features (see Abadir and Talmain,
2002; Zaffaroni, 2004).
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We now describe our assumptions regarding the innovations εi,t and vi,t. Following a

standard specification in the aggregation and panel literature (Forni and Lippi, 1997;

Pesaran, 2003), we allow the innovations to be decomposed into a common component

and an idiosyncratic (individual-specific) component:

εi,t = κi εt + ηi,t, (6)

vi,t = κ̃i ε̃t + η̃i,t, (7)

where εt and ε̃t denote the common innovations, ηi,t and η̃i,t the idiosyncratic innovations,

and κi and κ̃i some micro-parameters. Equations (6) and (7) satisfy Assumption 2.

Assumption 2 (Error terms) (1) εt and ε̃t are white noise processes with mean zero

and variance σ2
ε and σ2

ε̃ respectively. (2) ηi,t and η̃i,t are white noise processes with mean

zero and variance σ2
η and σ2

η̃ respectively. (3) εt, ε̃t, ηi,t, and η̃j,t are orthogonal at any

lag and lead. (4) Micro-parameters (κi, κ̃i) and (κj, κ̃j) are independent draws from the

distribution of the random parameters (κ, κ̃) for any i 6= j. (5) κ and κ̃ are mutually

independent. (6) (κ, κ̃) and (φ, λ, ρ) are mutually independent. (7) E (κ) = E (κ̃) = 1.

The white noise assumption in (A2.1) and (A2.2) may be relaxed at the cost of specify-

ing the corresponding dynamics. This is also the case for the independence assumption

in (A2.5) and (A2.6). Assumption (A2.7) is an identification condition. Assumptions

1 and 2 imply that the xi,s terms have finite second-order moments and are distributed

independently of εi,t for all i, t and s ≤ t. This implication is required for consistent

estimation of the aggregate dynamics.

When the number of micro-units, N , is infinite (e.g., households or firms), idiosyncratic

components cancel out in the aggregate due to the law of large numbers, while the com-

mon component, even when negligible at the micro level, completely predominates at
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the macro level (Granger, 1980, 1987).7 In contrast, when the population is naturally

segmented into a finite number of groups (Blundell and Stoker, 2005), some intermediate-

level data may be available (e.g., sectors for firms or classes for households). In this case,

the idiosyncratic components do not necessarily cancel out at the aggregate level and

thus may coexist with a common shock.

3 Aggregation and Correction for Heterogeneity

In this section, we first describe the aggregate dynamics of both structural and reduced-

form models, which imply that GMM and ML estimators are unavoidably biased in this

context. Then, we argue that the aggregation bias can be corrected once we acknowledge

that the aggregate dynamics do not share the same estimable hybrid representation of

the individual models. Lastly, we propose consistent estimation methods.

3.1 Aggregate dynamics

Throughout the paper, we adopt the following notation. Let wi denote the individual

weight such that
∑N

i=1 wi = 1 and wi > 0.8 The weights are independent of the pa-

rameters of interest. The cross-sectional mean of the individual variable zi,t is denoted

Zw,t =
∑N

i=1 wi zi,t. The cross-sectional mean of the individual random parameter ϑi is

denoted E(ϑ) =
∑N

i=1 wi ϑi, with ϑ̃i ≡ ϑi − E (ϑ).

7For an interesting discussion, see Forni and Lippi (1997, Chapter 4, pp. 53–63), and Barker and
Pesaran (1990), especially the contribution of Granger (1990) therein. In fact, in the case of an infinite
autoregressive distributed lag model, Pesaran (2003) showed that the contribution of the idiosyncratic
shocks to the aggregate function will depend on the rate at which the distributed lagged coefficients of
the forcing variables decay as N → ∞. Zaffaroni (2004) pointed out that, in the case of autoregressive
processes, when the autoregressive coefficients are heterogenous and close to non-stationarity, the aver-
age of the idiosyncratic components might not disappear, so that the limit of the aggregate of purely
idiosyncratic units can have a non-degenerate distribution. In the sequel, we will exclude the possibility
of non-stationary individual processes.

8These weights may be determined in different ways. In the case of firms, the weights may be based
on the relative value added. For countries or goods, one may follow Pesaran, Schuermann, and Weiner
(2004) and use output shares or trade weights. In the case of a large N , one may assume equal weights,
wi = 1/N.
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The aggregate dynamics of the structural equation (3) is obtained by averaging over

the micro-units:

N∑
i=1

wi yi,t =
N∑
i=1

wi ωi yi,t−1 +
N∑
i=1

wi (1− ωi) Et yi,t+1 +
N∑
i=1

wi λi xi,t +
N∑
i=1

wi εi,t.

This expression can be rewritten as:

Yw,t = E (ω)Yw,t−1 + (1− E (ω))Et Yw,t+1 + E (λ)Xw,t + ε̄w,t, (8)

where the error term,

ε̄w,t = εw,t +
N∑
i=1

wi ω̃i (yi,t−1 − Et yi,t+1) +
N∑
i=1

wi λ̃i xi,t,

combines the aggregate shock, εw,t, and the effect of parameter heterogeneity on the ag-

gregate variables.

Accordingly, the reduced-form equation is given by:

Yw,t = E (φ)Yw,t−1 + E (β)Xw,t + ūw,t, (9)

with:

ūw,t = uw,t +
N∑
i=1

wi φ̃i yi,t−1 +
N∑
i=1

wi β̃i xi,t.

From Eq. (4), the cross-aggregation of the forcing variable dynamics yields:

Xw,t = E (ρ)Xw,t−1 + v̄w,t, (10)

with:

v̄w,t = vw,t +
N∑
i=1

wi ρ̃i xi,t−1.
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We observe that imposing homogeneity on the aggregate parameters forces heterogeneity

into the residual terms, so that the error terms in Eqs. (8), (9), and (10) are unavoidably

correlated with the dependent variables. In a technical appendix available upon request,

we show that the standard GMM and ML estimation techniques fail to account for the

residual properties in this framework and therefore yield biased estimates (see Pesaran and

Smith, 1995; Imbs, Jondeau, and Pelgrin, 2007). In particular, the persistence parameters

driving the dynamics of Yw,t and Xw,t are typically overestimated. For instance, this

result is consistent with empirical evidence regarding inflation dynamics, which reveals a

discrepancy between micro- and macro-based estimates of the average persistence of the

inflation rate (Imbs, Jondeau, and Pelgrin, 2007; Altissimo, Mojon, and Zaffaroni, 2009).

3.2 Rewriting the aggregate dynamics

We now rewrite Eqs. (9) and (10) in order to obtain consistent estimators of the aggregate

linear dynamic model. For this purpose, we need to remove any correlation between the

micro-variables and the corresponding random reduced-form parameter in the error term.

This is done by introducing additional lags in Eqs. (9) and (10), where the parameters

reflect the cross-sectional moments of the random parameters. This methodology, which

was originally described by Lewbel (1994), leads to specify the dynamics of Yw,t as an

infinite ARDL model in Yw,t and Xw,t, and the dynamics of Xw,t as an infinite AR process.

These results are stated in Proposition 1.

Proposition 1 Assume that each micro-unit is described by the linear rational expecta-

tions model (3) and (4) and that the individual processes have been initialized to zero at

time t → −∞. Then, under Assumptions 1 and 2, as N → ∞, the aggregate variables

Yw,t and Xw,t are specified as:

Yw,t =
∞∑
s=1

As Yw,t−s +
∞∑
s=0

Bs Xw,t−s + Uw,t, (11)

Xw,t =
∞∑
s=1

Cs Xw,t−s + Vw,t, (12)
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where Uw,t = (1 + A1)εt and Vw,t = ε̃t. The parameters are given by As = E(as),

Cs = E(cs), ∀s ≥ 1, Bs = E(bs), ∀s ≥ 0, and:

a1 = φ as+1 = (as − As)φ,

b0 = β bs+1 = (as+1 − As+1) β + (bs −Bs) ρ,

c1 = ρ cs+1 = (cs − Cs) ρ,

with
∞∑
s=0

|As| < +∞,
∞∑
s=0

|Cs| < +∞, A0 = 1, and C0 = 1.

Proof: See Appendix 2.

Several points are worth commenting. First, if we fully account for the unobserved

parameter heterogeneity of the individual data generating processes, an exact finite order

autoregressive distributed lag representation for Yw,t and Xw,t does not exist (Lewbel,

1994; Pesaran, 2003). This statement remains true even if we specify some parametric

distributions for the random parameters (φ, ρ, λ). This result has an important implica-

tion regarding the correct estimable aggregate dynamics of Yw,t and Xw,t. If the individual

dynamics are well described by the heterogeneous equations that we postulate, then the

estimation of the aggregate dynamics with the same form as the underlying individual

dynamics yields inconsistent parameter estimates. On the one hand, if we acknowledge

the presence of parameter heterogeneity and if micro data are available, the standard

mean group and random coefficient estimators are consistent, since they correspond to

the average of the cross-sectional parameters (see the expressions for A1, B0, and C1).

However, they are plugged into a mis-specified dynamics and therefore do not allow for

a recovery of the genuine aggregate dynamics. On the other hand, the GMM and ML
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estimators are based on the empirical counterparts of Eqs. (8), (9), and (10), i.e.,

Yw,t = ω̄ Yw,t−1 + (1− ω̄)Et Yw,t+1 + λ̄ Xw,t + ε̄w,t, (13)

Yw,t = φ̄ Yw,t−1 + β̄ Xw,t + ūw,t, (14)

Xw,t = ρ̄ Xw,t−1 + v̄w,t. (15)

The resulting parameter estimates therefore correspond to the aggregate dynamics in the

hypothetical model with homogenous micro-units. This result explains why GMM and

ML estimates of the aggregate dynamics based on Eqs. (13)–(15) are difficult to align

with disaggregate evidence (as for instance, the inflation dynamics). This difficulty comes

from trying to generate plausible aggregate dynamics with models that do not feature

heterogeneity.

Second, Proposition 1 clearly shows that the aggregate dynamics depend on the distribu-

tion of the random parameters and that some of the non-central cross-sectional moments

can be recovered from the aggregate parameters. Indeed, the parameters As and Cs are

nonlinear transformations of the non-central moments of φ and ρ. It is straightforward

to show that:

As+1 = E(as+1) = E
(
φs+1

)
−

s∑
r=1

Ar E
(
φs−r+1

)
.

In particular, the first four moments of the distribution of φ are given by:9

E(φ) = A1,

V (φ) = A2,

sk(φ) = (A3 − A1A2) / (A2)3/2 ,

ku(φ) =
(
A4 − 2A1A3 + A2

1A2 + A2
2

)
/ (A2)2 .

9If 0 ≤ φi < 1, then one has 0 ≤ A1 < 1 and 0 ≤ As ≤ (1−A1)A1 ≤ 1/4 for s = 2, 3. The same
result applies for ρi, provided that the distribution of ρ is defined over [0, 1[. See Appendix 2.
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Since parameters As and Cs are functions of the moments of the distributions of φ and

ρ, respectively, some necessary conditions must hold for the aggregate behavior to be

derived from disaggregate behavior. In particular, it is well known that the non-central

moments ms(ϑ) = E(ϑs) of any (non-degenerate) random variables ϑ, defined on [0, 1[,

satisfy

1 > m1(ϑ) ≥ · · · ≥ ms(ϑ) ≥ 0, ∀s ≥ 1,

and that ms(ϑ) → 0 as s → ∞ (see Stuart and Ord, 1994). Moreover, since {As} and

{Cs} are absolute summable, it implies that As and Cs tend toward zero as s goes to

infinity. In other words, for a sufficiently large number of lags (say s > K0), the infinite

sums in Eqs. (11) and (12) can be truncated.

Third, no attribute of the univariate distribution of β other than the cross-sectional

mean can be inferred from aggregate data. Given the expression of β, the following

lemma shows that the Bs terms can be expressed as a function of the non-central mo-

ments of ρ and φ, as well as the cross-sectional mean of λ.

Lemma 1 Assume that each micro-unit is described by the linear rational expectations

model (3) and (4). Then, under Assumption 1, as N →∞, the aggregate parameters Bs,

∀s ≥ 0, are defined by:

B0 = E(β) = λ0 (1 + E(φ))E

(
1

1− ρ

)
,

Bs = λ0

s∑
j=0

j∑
k=0

Ãk
[
E(φj−k) + E(φj−k+1)

]
E

(
ρs−j

1− ρ

)
−

s−1∑
j=0

Bj E(ρs−j) for s ≥ 1,

with λ0 = E(λ), Ã0 = 1, and Ãs = −As, ∀s ≥ 1. If {E(φs)} and {E(ρs)} are absolute

summable, then {Bs} is absolute summable and thus Bs →
s→∞

0.

Proof: See Appendix 3.
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Since only the first moment of λ intervenes in the aggregate coefficients Bs, we can-

not recover all of the characteristics of the distribution of λ or β. The intuition is that,

once the aggregate dynamics of Yw,t is correctly specified, the dispersion of λ (as well as

other higher moments of λ) across micro-units does not play any specific role.

Fourth, another useful representation of the aggregate processes Yw,t and Xw,t is the

infinite moving average representation. Indeed, it is straightforward to show that:

yi,t = βi

∞∑
s=0

Θi,s vi,t−s +
∞∑
s=0

φsi ui,t−s,

xi,t =
∞∑
s=0

ρsi vi,t−s,

where Θi,s =
∑s

r=0 ρ
r
i φ

s−r
i . Since yi,t and xi,t are stationary processes (Assumption 1),

we assume an infinite past for mathematical convenience. The corresponding aggregate

processes are (as T →∞):

Yw,t =
∞∑
s=0

N∑
i=1

wi βi Θi,s vi,t−s +
∞∑
s=0

N∑
i=1

wi φ
s
i ui,t−s, (16)

Xw,t =
∞∑
s=0

N∑
i=1

wi ρ
s
i vi,t−s. (17)

Therefore, Eqs. (16) and (17) can be rewritten asymptotically as follows.

Proposition 2 Assume that each micro-unit is described by the linear rational expecta-

tions model (3) and (4) and that the individual processes have been initialized to zero at

the infinite past. If {E(φs)} and {E(ρs)} are absolute summable and Assumptions 1 and

2 hold, then the aggregate variables Yw,t and Xw,t have the following representation as
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N →∞:

Yw,t =
∞∑
s=0

δs ε̃w,t−s +
∞∑
s=0

ψs εw,t−s, (18)

Xw,t =
∞∑
s=0

γs ε̃w,t−s, (19)

where δ0 = E(β), ψ0 = 1 + E(φ), γ0 = 1, and δs = E(β Θs), ψs = E(φs) + E(φs+1),

γs = E(ρs), with
∑∞

s=0 |δs| <∞,
∑∞

s=0 |ψs| <∞, and
∑∞

s=0 |γs| <∞.

Proof: See Appendix 4.

In this set-up, we can also recover the non-central cross-sectional moments of ρ and

φ by using the ψs and γs terms.10 In contrast, only the first moment of β (or λ) can be

backed out from the aggregate parameter δ0. For s > 0, the δs terms provide information

regarding the co-moments of β with φ and ρ. When the random coefficients φ, λ, and

ρ are i.i.d. and mutually uncorrelated, the computation of these co-moments is given in

the following lemma.

Lemma 2 Assume that each micro-unit is described by the linear rational expectations

model (3) and (4). Then, under Assumption 1, as N →∞, the aggregate parameters δs,

∀s ≥ 0, are defined by:

δs = λ0

s∑
k=0

[
E(φs−k) + E(φs−k+1)

]
E

(
ρk

1− ρ

)
s ≥ 0,

with λ0 = E(λ).

Proof: See Appendix 5.

In summary, the aggregate processes are rewritten in order to exploit the genuine struc-

ture of the error terms. Moreover, consistent estimation of the aggregate parameters may

10Conditions required on the parameters γs for an infinite moving average representation to be derived
from the aggregation of an AR(1) have been given by Gonçalves and Gouriéroux (1988).
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yield substantial information regarding the cross-sectional distribution of the random pa-

rameters. We are now in a position to propose two consistent estimators. Our starting

point is a straightforward extension of the regression-based approach developed by Lew-

bel (1994). We then rely on a parametric specification for the distributions of ρ and φ.

The first method is based on estimating the ARDL specification given in Proposition

1. The second method is based on a minimum distance estimation, which exploits the

theoretical covariance properties of Yw,t and Xw,t given in Proposition 2.

3.3 The unrestricted approach

The approach originally proposed by Lewbel (1994) consists of truncating the infinite

sums in Proposition 1 and estimating the resulting dynamic.11 In the context of linear

dynamic rational expectations models, we generalize Lewbel’s estimator as follows.

Definition 1 The unrestricted estimator of the aggregate linear dynamic rational expec-

tations model (11) and (12) with truncation lags (Kφ, Kβ, Kρ) is the ML estimator of

the parameter set ζUnr = (A1, · · · , AKφ, B0, · · · , BKβ , C1, · · · , CKρ)′ in the model:

Yw,t =

Kφ∑
s=1

As Yw,t−s +

Kβ∑
s=0

Bs Xw,t−s + (1 + A1)εt, (20)

Xw,t =

Kρ∑
s=1

Cs Xw,t−s + ε̃t. (21)

In doing so, the first Kφ moments (respectively, Kρ moments) of the distribution func-

tion of φ (respectively, ρ) are obtained from estimates of A1, · · · , AKφ (respectively,

C1, · · · , CKρ) after estimating the unconstrained truncated model defined above.

From Definition 1, three issues are of particular concern in the unrestricted estimation

11An alternative approach consists of truncating the infinite sums of the infinite moving average rep-
resentation (Proposition 2) and estimating the corresponding dynamic. To some extent, this is the
approach proposed by Pesaran (2003). However, it turns out that the aggregate dynamics is much more
difficult to estimate with this approach and our simulation results tend to favor the regression-based
approach.
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of the aggregate model (20) and (21). First, the estimates of {As}, {Bs}, and {Cs} are

directly related to the characteristics of the cross-sectional distributions of φ, β, and ρ.

In the unrestricted estimation, these relationships are not explicitly taken into account.

In particular, all non-central moments of ρ and φ must be nonnegative. This involves

a set of non-linear inequality restrictions on the parameter set, which are essentially in-

tractable for large Kφ or Kρ when the parameter distributions are not specified. At best,

this implies a loss of efficiency in the estimation of the aggregate parameters. Second,

the problem of the truncation remainder may be critical in small samples.12 The unre-

stricted approach does not allow for the introduction of a large number of lags because

any additional lag requires the estimation of one more parameter. This, in turn, means

that the remainder of the truncated sums may contribute to the aggregation bias.13 Last,

one may argue that Eqs. (20) and (21) are observationally equivalent to a model in which

homogenous individual (reduced-form) dynamics are driven by an ARDL(Kφ, Kβ) for yi,t

and an AR(Kρ) for xi,t. Since individual data are not observable, we cannot disentangle

the two equivalent specifications from a statistical point of view.

3.4 The parametric estimator

A natural way to circumvent the issues raised by the unrestricted approach is to adopt

a parametric representation of the cross-sectional distributions, so that the parameters

defining these distributions can be estimated from the aggregate equations. Following

Granger (1980) and Gonçalves and Gouriéroux (1988), we assume that random parame-

ters (say ϑ) are independently drawn from a Beta distribution:

f(ϑ) =
ϑp−1 (1− ϑ)q−1

B(p, q)
,

12In principle, the truncation remainder may significantly contribute to the aggregation bias. The
problem of the truncation remainder was addressed long ago in the case of geometric distributed lag
models. It can be resolved, for example, along the lines suggested by Dhrymes (1971) or Pesaran (1973).

13In his empirical illustration, Lewbel (1994) estimated a model with three lags corresponding to the
first three moments of the distribution. The estimation of the cross-sectional skewness of φ turns out
to be very sensitive to the specification of the model. This result is confirmed by the Monte Carlo
experiments reported in Section 4.
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where p, q ∈ (0,∞) and B(p, q) is the beta function.

This parametric distribution is of great interest for several reasons. First, it naturally

covers the range of values [0, 1], in which empirical investigators are typically interested.

Second, the non-central moments of a Beta distribution can be very easily computed

(given p and q) with:

mj(ϑ) ≡ E
(
ϑj
)

=
B (p+ j, q)

B(p, q)
=

Γ (p+ q) Γ (p+ j)

Γ (p+ q + j) Γ (p)
.

Third, the Beta distribution is able to reproduce a wide range of distribution shapes.

For p = q = 1, we have a uniform distribution. For 0 < p < 1 < q, the distribution

is continuously decreasing, while for 0 < q < 1 < p, it is continuously increasing. For

0 < p, q < 1, the distribution is U-shaped. For 1 < p < q, the distribution is rightward

asymmetric bell-shaped, while for 1 < q < p, the asymmetry is leftward. However, it

is worth noting that {mj} is absolute summable provided that q > 1. In the sequel,

we impose that qρ > 1 and qφ > 1. These conditions insure that {Bs} and {δs} are

absolute summable, i.e., the corresponding sums can be truncated. These conditions are

not necessary to ensure the convergence of {As} and {Cs}.

As shown by Lemma 1 and 2, the sequence of parameters in {Bs} and {δs} are affected by

the properties of λ only through the cross-sectional mean λ0 = E(λ). Accordingly, spec-

ifying the distribution of λ does not convey more information. Therefore the unknown

parameters are those of the distribution of ρ, (pρ and qρ), and φ, (pφ and qφ), as well as

λ0 = E(λ). These parameters can then be estimated as follows.

Definition 2 The restricted parametric estimator of the aggregate linear rational expecta-

tions model (11) and (12) is the ML estimator of the parameter set ζPar = (pφ, qφ, pρ, qρ, λ0)′
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in the model:

Yw,t =

Kφ∑
s=1

As Yw,t−s +

Kβ∑
s=0

Bs Xw,t−s + (1 + A1)εw,t, (22)

Xw,t =

Kρ∑
s=1

Cs Xw,t−s + ε̃w,t, (23)

where:

As = E (φs)−
s−1∑
r=1

Ar E
(
φs−r

)
and Cs = E (ρs)−

s−1∑
r=1

Cr E
(
ρs−r

)
,

with:

E (φs) =
B (pφ + s, qφ)

B (pφ, qφ)
and E (ρs) =

B (pρ + s, qρ)

B (pρ, qρ)
.

The Bs terms are given in Lemma 1.

An obvious advantage of the parametric estimator is that it greatly reduces the number of

unknown parameters that must be estimated. In particular, the parameters of the Beta

distributions are consistently estimated if we can capture the shape of each distribution

with a finite number of lags.

3.5 The minimum distance estimator

Using the infinite moving average representation of the aggregate processes (Proposition

2), we also define a minimum distance estimator that aims at minimizing the distance

between the theoretical moments and co-moments of Yw,t and Xw,t and their empirical

counterparts. Provided that φ, ρ, and λ are mutually independent (Assumption A1.4),

one can define the non-central moments of φ and ρ from the Beta distribution and obtain

the implied theoretical variances and covariances of Yw,t and Xw,t. For this purpose,

we first need the following result that gives the theoretical autocovariance and cross-

covariance functions of the aggregate processes.
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Lemma 3 Under Assumptions 1 and 2, the autocovariance and cross-covariance func-

tions of the aggregate processes Yw,t and Xw,t are, as N →∞:

Cov (Yw,t, Yw,t−h) = σ2
ε̃

∞∑
s=0

δs δs+h + σ2
ε

∞∑
s=0

ψs ψs+h, ∀h ≥ 0,

Cov (Xw,t, Xw,t−h) = σ2
ε̃

∞∑
s=0

γs γs+h, ∀h ≥ 0,

Cov (Yw,t, Xw,t−h) = σ2
ε̃

∞∑
s=0

δs+h γs, ∀h ≥ 0,

Cov (Yw,t, Xw,t+h) = σ2
ε̃

∞∑
s=0

δs γs+h, ∀h ≥ 0,

where δs = E (β Θs) is defined in Lemma 2, ψs = E(φs) + E(φs+1), and γs = E(ρs).

Proof: See Appendix 6.

In this respect, the MD estimator, denoted ζMD, is given by:

ζMD ∈ arg min
ζ

(
C (ζ)− Ĉ

)′
Ω̂
(
C (ζ)− Ĉ

)
,

where C (ζ) and Ĉ denote the set of k functions of the parameters of interest and the

empirical counterparts, and Ω̂ is a weighting matrix. Under some standard regularity con-

ditions, ζMD is consistent and asymptotically normally distributed.14 Our MD estimator

is defined as follows.

Definition 3 The MD estimator of the aggregate linear rational expectations model (11)

and (12) is the parameter set ζMD = (pφ, qφ, pρ, qρ, λ0, σ
2
ε , σ

2
ε̃ )
′

that minimizes the distance

(C (ζ)− Ĉ)′Ω̂(C (ζ)− Ĉ) with:

C (ζ) = {Cov (Yt, Yt−h) , Cov (Xt, Xt−h) , Cov (Yt, Xt−h) , Cov (Yt−h+1, Xt)}h≥0 .

14A usual choice for the weighting matrix is an estimate of the inverse of the covariance matrix of Ĉ.
The asymptotic distribution of

√
T (ζ̂MD − ζ0) does not depend upon the form of Ω̂, but only upon its

limiting value Ω, with ζ0 being the true value of the parameter set. The construction of the weighting
matrix is discussed in Section 4 below.
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Moreover, the MD estimator of ζ satisfies the constraints that the sequences {δs}, {ψs},

and {γs} are absolute summable.

The restricted parametric and MD estimators share some common features. First, the

dependence between the structural parameters is explicitly taken into account. Second,

the flexible parametric representation of the random coefficient distribution reduces the

number of unknown parameters and ensures that the autoregressive parameters in the ag-

gregate dynamics are consistent with the theoretical constraints. Therefore, they are less

likely to suffer from finite-sample biases and over-fitting. Yet, these estimators are based

on different time series representations. The parametric estimator relies on an ARDL

representation, while the MD estimator is based on a moving-average representation.

Moreover, the parametric estimator is likelihood-based, whereas the MD estimator is an

M-estimator and may depend, at least in finite samples, on the choice of the weighting

matrix Ω̂.

4 Monte Carlo Simulations

In this section, we perform Monte Carlo simulations to evaluate the finite and large

sample properties of our proposed estimators relative to the (inefficient) unrestricted ap-

proach and the (inconsistent) GMM and ML estimators. More specifically, we focus on

the ability of these estimators to provide an unbiased estimate of the aggregate param-

eters, as well as the ability of a given approach to reproduce the distribution of each

micro-parameter. Indeed, the moments of the cross-sectional distribution of φ and ρ can

be recovered, provided that the forcing variable is driven by an AR(1) dynamics. We as-

sume that the data-generating process is given by Eqs. (3) and (4). Consequently, even

when φi, λi, and ρi are assumed to be mutually uncorrelated for all i, the reduced-form

parameters are correlated with each other through the relation βi = λi (1 + φi) / (1− ρi).

The simulation design is as follows. All results reported below are based on 2, 000 simu-
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lations. We experimented with different values of the time and individual dimensions. In

the sequel, our benchmark is given by T = 200 and N = 100. For each parameter φ, λ,

and ρ, we specify a Beta distribution, B(p, q), where p and q vary across parameters.15

Table 1 reports the distributional assumptions of the cases studied here.

[Insert Table 1 around here]

The parameter values for our benchmark are initially set to reproduce standard estimates

encountered in the dynamic stochastic general equilibrium model literature (e.g., inflation

or real wage dynamics). In particular, it is assumed that ρ is generated by a leftward

asymmetric bell-shaped Beta distribution, with pρ = 36 and qρ = 4. The forcing variable

is thus rather persistent, with an average persistence of E(ρ) = 0.9. The distribution of

φ is symmetric (pφ = qφ = 2), with a mean value of E(φ) = 0.5. Finally, λ is generated

by a rightward asymmetric bell-shaped distribution (pλ = 10, qλ = 90) with a mean

value of E(λ) = 0.1 (corresponding to E(β) = 1.65). In subsequent cases, we change

the distribution of one parameter in turn and test the robustness of the results obtained

in our baseline scenario. Finally, the remaining parameters (including the variances and

covariances of the error terms) are calibrated to fit the characteristics of the French data

described in Section 5.16

We also need to set the lag order in the unrestricted and parametric estimators as well

as the number of autocovariances and the optimal weighting matrix in the MD approach.

The unrestricted regression is carried out by setting (Kφ, Kβ, Kρ) = (4, 0, 4) in Eqs. (20)

15For a given value of p and q, the first four moments of ϑ can then be deduced as

E (ϑ) = p/ (p+ q)

V (ϑ) = pq/
(

(p+ q)2 (p+ q + 1)
)

sk (ϑ) = 2 (q − p)
√

1 + p+ q/ (
√
pq (p+ q + 2))

ku (ϑ) = 3 +
6
[
p3 + p2 (1− 2q) + q2 (1 + q)− 2pq (2 + q)

]
pq (p+ q + 2) (p+ q + 3)

.

16Several additional simulation experiments are available upon request in a technical report. All in
all, our main conclusions remain robust.
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and (21), such that the first four moments of φ and ρ can be identified as well as the mean

value of β or λ.17 In the case of the parametric estimator, we include T/20 lags for the

two autoregressive parameters φ and ρ. We also estimate the first four co-moments of β

with ρ and φ. Last, the MD estimator is evaluated to provide the best fit of the variance

and the first ten autocovariances of Yw,t and Xw,t, using the expressions in Definition 3

and Lemma 3. The weighting matrix is based on linearly decreasing weights, as in Newey

and West (1987). The infinite sums in Lemma 3 are truncated to 100 terms. The results

presented below are robust to higher-order lag truncations.

For each sample, the parameters are estimated using the techniques described in Sec-

tion 3. We then compute the median value of the first four moments of ρ, φ, and the

mean of λ over the 2, 000 samples. For comparative purposes, we also report ML and

GMM estimates of the aggregate hybrid model where heterogeneity is ignored. These

estimators are arguably biased (see Pesaran and Smith, 1995; Imbs, Jondeau, and Pel-

grin, 2007). However, they provide a benchmark from which it is possible to evaluate the

ability of the proposed estimators to overcome the aggregation bias.18

We first discuss the relative performance of the estimators in capturing the persistence

of the forcing variable. Since the conclusions are robust across the different cases and

remain almost unchanged when the time and individual dimensions vary, Table 2 reports

the results for three different values of pρ and qρ, corresponding to medium, low, and high

persistence of the forcing variable.19 The first column corresponds to the theoretical value

of the first four moments of the true distribution of ρ. The second and third columns

17This lag specification corresponds to the estimator defined by Lewbel (1994), i.e., without accounting
for either the dependence between the coefficients or the correlation between β and the forcing variable.
An increase in Kβ has only minimal end effects.

18GMM estimation of Eq. (13) is obtained using four lags of Yw,t and Xw,t as instruments. ML
estimation is obtained by the joint OLS estimation of Eqs. (14) and (15) with ūw,t and v̄w,t assumed to
be uncorrelated.

19Aggregation of AR(1) processes is well known in the aggregation literature (see Robinson, 1978;
Granger, 1980). The proposed estimators are designed to correct the aggregation bias of the dependent
variable Yw,t and do not convey new results in the case of an AR(1) process, with the exception of the
cross-sectional moments of each parameters.
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report the ML and GMM estimates. The subsequent columns describe the results for the

unrestricted, parametric, and MD approaches, for which we provide estimates of the first

four moments of ρ.

[Insert Table 2 around here]

For the three cases, the ML and GMM estimates do not display any sizeable finite-

sample bias. Although theoretical analysis shows that both estimators asymptotically

overestimate the true value of the parameter E(ρ), this result is not surprising, since the

autoregressive parameter is known to be downward biased in finite samples, even in a

correctly specified model (Sawa, 1978). The simulation experiment shows that both ef-

fects compensate for each other. Regarding the procedures that correct for heterogeneity,

it is worth noting that the unrestricted approach performs reasonably well for the first

two moments but provides excessively large estimates of the skewness and kurtosis of the

distribution of ρ. In contrast, the parametric and MD approaches yield almost unbiased

estimates of all of the distribution moments in our benchmark (Panel A) and in the case

of low persistence (Panel B). In the case of a higher persistence (Panel C), the correcting

estimators do not perform as well as in the previous cases because estimation is affected

by the near-unit root behavior of some simulated series.

We now discuss the results of the Monte Carlo simulations for the dynamics of the en-

dogenous variable, reported in Table 3 (N = 100, T = 200). The estimation of the

cross-sectional distribution of φ is clearly the most challenging, because it is very likely

to reflect all the biases due to heterogeneity. We begin with the benchmark (Panel A).As

already discussed in Section 3, the commonly used ML and GMM procedures asymptot-

ically overestimate the true intrinsic persistence, E(φ), in the presence of unaccounted

heterogeneity. As expected, these two estimators are severely biased. The biases are as

large as 0.2 for the ML and GMM estimators. In contrast, the proposed heterogeneity-

correcting estimators are almost unbiased. At the same time, these estimators sharply
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contrast in terms of cross-sectional higher moment estimates. The unrestricted approach

performs rather poorly, especially for the kurtosis. In contrast, the parametric and MD

approaches yield unbiased estimates of these moments.

[Insert Table 3 around here]

Regarding the parameter of the forcing variable, two points are worth emphasizing. First,

the unrestricted regression estimator does not perform well, since it does not impose the

restrictions implied by the rational expectations model. Second, the parametric and MD

estimators display no sizeable bias. All in all, these results reveal that, in finite samples,

the parametric and MD approaches significantly reduce the heterogeneity biases incurred

by the ML and GMM estimators. In addition, both heterogeneity-correcting techniques

provide accurate estimates of the moments of the cross-sectional distribution of ρ and φ,

and outperform the unrestricted approach.

We now assess the robustness of our benchmark results by varying the characteristics

of the cross-section distribution of the parameters. First, we reduce the persistence of

the forcing variable, with a mean value E(ρ) decreasing from 0.9 to 0.85 (Case 2). The

results, reported in Panel B, clearly show that the biases in the aggregate estimates are

not significantly altered when the forcing variable is less persistent.20 Second, we reduce

the dispersion of the intrinsic persistence of the endogenous variable, measured by φ,

from 0.224 to 0.167 (Case 3). As reported in Panel C, this results in smaller biases in the

estimation of E(φ). The two proposed heterogeneity-correcting techniques yield almost

unbiased estimate of the cross-sectional moments of φ, while the over-estimation of the

mean value of φ with ML and GMM is still as large as 0.1 and 0.17, respectively. All

the estimation techniques perform better in this case (irrespective of the persistence of

the forcing variable). The intuition is that the reduction in the dispersion of φ rein-

forces the role of the extrinsic persistence. Since the first moment of ρ is well captured

20Reducing (respectively, increasing) the dispersion of the persistence parameter of the forcing variable
(ρ) implies a decrease (respectively, an increase) in the bias of the intrinsic persistence of the endogenous
variable (φ) for all methods.
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by all approaches, this tends to significantly reduce the bias of the lagged endogenous

variable. In contrast, an increase in the dispersion in the intrinsic persistence yields the

opposite effect. Third, we consider the case of a decrease in the intrinsic persistence,

with the mean value of φ decreased to 0.4 (Case 4). As reported in Panel D, there is

no particular change in the bias of the various estimators (irrespective of the forcing

variable persistence). The two proposed heterogeneity-correcting estimators again out-

perform the standard ML and GMM techniques as well as the unrestricted regression

estimator. An increase in the intrinsic persistence yields the same conclusion. As a final

change in the value of the parameter set, we increase the mean value of λ from 0.1 to 0.15

(Case 5, Panel E). This leads to slightly more biased estimates of the intrinsic persistence.

Unsurprisingly, these results suggest that the sources of persistence, intrinsic versus ex-

trinsic, and their distributions are fundamental in explaining the heterogeneity bias in

the estimation of the parameter of the lagged endogenous variable. The level of extrinsic

persistence of the forcing variable (ρ), as well as the level of intrinsic persistence of the

variable of interest (φ), directly affect the magnitude of the ML and GMM biases in

E(φ). The higher the persistence in the dynamics of the micro-units is, the larger the

bias in the standard estimation techniques. It is worth emphasizing that heterogeneity-

correcting estimators are much less sensitive to this problem.

Finally, we assess the robustness of our simulation results for different values of N and

T . Table 4 presents the results obtained with T = 200 and N = 1000. Three points

are worth commenting. First, the two proposed heterogeneity-correcting estimators still

outperform the unrestricted estimator and the standard ML and GMM estimators. In

particular, both estimators reproduce the first four cross-sectional moments of φ more

accurately than the unrestricted estimator. Second, as in Table 3, the parametric and

MD estimators exhibit similar performances: the relative efficiency of both estimators,

measured by the standard errors reported in brackets, is case-dependent. Third, com-
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paring with Table 3, we notice that the median bias of the proposed estimators on the

average value of each parameter reduces with the number of cross-sectional units (N).

In contrast, the median bias of the ML and GMM estimators is not reduced when N is

increased. Finally, Table 5 shows that the conclusions above are robust when both T and

N are large (T = N = 1000).

[Insert Tables 4 and 5 around here]

In summary, these results clearly state that the parametric and MD estimators perform

very well for a wide range of parameters. In all cases, these estimators outperform

the unrestricted estimator as well as the ML and GMM estimators in correcting the

aggregation bias in the presence of unobserved parameter heterogeneity. Moreover, the

parametric and MD estimators provide reliable information regarding the moments of

the cross-sectional distribution. Finally, we also tested the robustness of our results

with respect to the decomposition of the shock (idiosyncratic versus common factor),

the number of lags, the number of moment conditions, and the choice of the weighting

matrices. The results, which are available upon request, show that our conclusions remain

unchanged.

5 Application

In this section, we empirically address the following questions: What can be inferred

about the aggregation bias of the inflation dynamics, especially the New Keynesian

Phillips Curve (NKPC)? What can be inferred about the cross-sectional distribution

of the parameters?

After bursting onto the scene of mainstream monetary economics, the New Keynesian

Phillips curve has been the focus of two important empirical debates. First, to what

extent can a purely forward-looking pricing behavior be reconciled with observed infla-

tion persistence? Second, to what extent do properly measured marginal costs affect
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inflation dynamics? Both issues are crucial and have recently been hotly debated, with

good reason. In that respect, one conclusion drawn from the vast body of evidence is

that price dynamics are heterogeneous and that reported inflation persistence may be an

artifact of aggregation. More specifically, macroeconomic estimates have been criticized

on the ground that the average macro duration of price stickiness and the aggregate in-

trinsic persistence of inflation are inconsistent with micro evidence (see Bils and Klenow,

2005; Angeloni et al., 2006; Dhyne et al., 2007). This apparent contradiction between

micro and macro evidence may be explained by the fact that the aggregate Phillips curve

results from the aggregation of individual price dynamics and that heterogeneity is key

in explaining the discrepancy (Leith and Maley, 2007; Imbs, Jondeau, and Pelgrin, 2007).

In this respect, we analyze the aggregation bias of the NKPC by assuming that it results

from firms or sectoral heterogeneity. Following Gaĺı and Gertler (1999), the cross-sectional

model is given by:

πi,t = ωi πi,t−1 + (1− ωi)Et πi,t+1 + λi mci,t + εi,t,

mci,t = ρi mci,t−1 + vi,t,

where πi,t and mci,t are the inflation rate and the real marginal cost, respectively, and the

parameters (ωi, λi, ρi) are i.i.d. realizations of the random variables (ω, λ, ρ) (Assumption

1). The corresponding reduced form is written as:

πi,t = φi πi,t−1 + βi mci,t + ui,t,

where φi = 1/(1− ωi), βi = λi(1 + φi)/(1− ρi), and ui,t = (1 + φi)εi,t. Ignoring sectoral

heterogeneity leads to the following macro model:

πw,t = φ̄ πw,t−1 + β̄ mcw,t + ūw,t,

mcw,t = ρ̄ mcw,t−1 + v̄w,t,
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where πw,t is the aggregate inflation andmcw,t the aggregate marginal costs, both variables

being defined as the weighted average of the corresponding sectoral variable. The error

terms are defined as ūw,t = uw,t +
∑N

i=1wi φ̃i πi,t−1 +
∑N

i=1wi β̃i mci,t, and v̄w,t =

vw,t +
∑N

i=1wi ρ̃i mci,t−1 respectively. The heterogeneity-correcting estimators detailed

in Section 3 rely on the following truncated dynamics:

πw,t =

Kφ∑
s=1

As πw,t−s +

Kβ∑
s=0

Bs mcw,t−s + Uw,t,

mcw,t =

Kρ∑
s=1

Cs mcw,t−s + Vw,t,

where {As}, {Bs}, and {Cs} are defined in Proposition 1.

To estimate these models, we use French data on prices and marginal costs. Our data

are quarterly from 1978:1 to 2005:3, for a total of 111 observations. Interestingly, the

French Statistical Institute (INSEE) also provides quarterly sectoral information on these

quantities covering all French economic activity, using the same sector definitions.21 Con-

sequently, we can compare our estimates with those of the ML and GMM approaches, as

well as with those of the standard panel estimators, in particular the Mean Group (MG)

and Random Coefficient (RC) estimators, based on sectoral data.22 In addition, we as-

sess the reliability of the cross-sectional moment estimates obtained using heterogeneity-

correcting approaches.

Before going through the details of the results, it is worth describing how we imple-

21The inflation rate is computed as the quarter-on-quarter growth rate of the value-added deflator. In
computing a measure of the real marginal cost, we follow Sbordone (2001) or Gaĺı, Gertler, and Lopez-
Salido (2001) and define mci,t as the (logarithm) deviation of the share labor income in value added
from its sample mean. We have data on output price, wages, and employment for sixteen sectors of the
French economy, comprising all industries. Coverage includes agriculture, manufacturing (six sectors),
and services (nine sectors). It is quite difficult to obtain similar information of homogenous quality for
any country, including the United States.

22The MG estimator, introduced in Swamy (1970), consists in an arithmetic average of sector-specific
parameter estimates. The RC estimator is defined as a weighted average of the sectoral estimates, with
weights inversely proportional to their covariance matrix. For a discussion, see Hsiao and Pesaran (2004).
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ment the heterogeneity-correcting estimators. As explained before, implementation of

the unrestricted and parametric estimators requires some truncation lags, Kφ, Kρ, and

Kβ, while the MD estimator requires assumptions about the number of auto- and cross-

covariances and the weighting matrix. On the one hand, we investigated several values

for the number of lags and did not find any sizeable difference. We report estimates with

(Kφ, Kβ, Kρ) = (4, 0, 4) for the unrestricted estimator and (Kφ, Kβ, Kρ) = (8, 0, 8) for the

parametric estimator. On the other hand, the MD estimator is evaluated to provide the

best fit of the variance and the first ten auto- and cross-covariances of πw,t and mcw,t.

Finally, the weighting matrix is based on linearly decreasing weights, as in Newey and

West (1987).23

Results are reported in Table 6. The first column reports the cross-sector moments of

the parameters. Although they may be rather poor proxies of the moments of the actual

distribution of parameters across micro-units, they do provide a benchmark for evaluat-

ing the ability of the competing estimators to reproduce the shape of the cross-sectional

distribution of the parameters. The next four columns report the estimation of the stan-

dard aggregate estimation techniques (ML and GMM estimators) and panel estimation

techniques (MG and RC estimators). The last three columns report the unrestricted,

parametric, and MD estimates. They include the estimate of the mean parameter as well

as the next three moments.

[Insert Table 6 around here]

Several points are worth commenting. First, the ML and GMM estimates of the intrin-

sic persistence (φ̄) sharply contrast with those of the proposed estimators and the panel

estimators. Indeed, the heterogeneity-correcting (and panel) estimators tend to favor

less persistent inflation dynamics and thus a more forward-looking specification of the

23We also experimented with more lags (for the unrestricted and parametric approaches), and with
more moment conditions, more lags of the autocovariance functions, and alternative weighing matrices
(for the MD approach), with minimal end effects. These results are not reported to save space, but are
available upon request.
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NKPC. These results are consistent with the simulations reported in Section 4, which

show that standard aggregate estimates of E(φ) are asymptotically upward biased. In

addition, with the exception of the MD estimator, the proposed heterogeneity-correcting

methods reinforce the role of the forcing variable as a key determinant of the inflation

dynamics. In particular, the parametric estimate of E(λ) is substantially larger than

those of the GMM and ML, and broadly consistent with the panel estimators. Therefore,

the inflation dynamics inherit more extrinsic persistence through the real marginal cost

when unobserved sectoral heterogeneity is taken into account.

Second, the heterogeneity-correcting estimates are close to those obtained from panel

techniques on sectoral data.24 The parametric and MD estimators provide parameter

estimates of the three parameters that are very close to the MG and RC estimates (based

on sectoral averages). Our results suggest that these estimation techniques are able to

correct the heterogeneity bias.

Third, if we compare the heterogeneity-correcting estimation techniques, we notice that

the unrestricted estimation approach only partially offsets the aggregation bias. It tends

to overestimate the mean value of φ and underestimate the mean value of λ. In addition, it

provides very imprecise estimates of the other moments of the cross-sectional distribution

of the parameters. If one considers the distribution of ρ, the table provides evidence that

both the standard deviation and the kurtosis of the distribution are too large, whereas

the skewness estimate is too low. Such extreme estimates of the higher moments of the

distribution have been already documented by Lewbel (1994) for the parameters driving

U.S. consumption expenditure dynamics. In contrast, the parametric and MD estimators

provide similar estimates of the higher moments, which turn out to closely reproduce the

moments implied by sectoral estimates.

24The MG and RC estimates are based on sectoral estimates of (ρi, φi, λi). More disaggregate data
are simply not available. Therefore, the proposed estimators can be compared only to the sectoral
characteristics of the inflation dynamics.
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6 Conclusion

In this paper, we addressed the correction of the aggregation bias in rational expectations

models when only macro data are available. We considered general linear (reduced-form)

dynamic models, which encompass linear aggregate rational expectations models, such

as, for instance, the New Keynesian Phillips curve or any Euler equation. Starting from

Lewbel (1994), we proposed two new consistent estimators that account for the depen-

dence across parameters encountered in such models. The first estimator is based on a

flexible parametric specification of the cross-sectional parameter distributions. The sec-

ond estimator exploits the autocovariance properties of the aggregate processes through

an MD estimation. A Monte Carlo study revealed that the finite-sample properties of

the proposed estimators outperform those of the unrestricted approach and that we can

correct the bias of the standard ML and GMM approaches. As a by-product, we can also

infer the cross-sectional distribution of the parameters under certain restrictions.

Finally, we studied the aggregation bias regarding the New Keynesian Phillips curve

based on aggregate French data. Empirical evidence suggests that standard estimation

techniques overestimate the intrinsic persistence (e.g., the contribution of lagged inflation)

and underestimate the role of the forcing variable, the real marginal cost. In contrast,

the proposed estimators suggest that the forward-looking component is predominant and

that the real marginal cost is key in determining the inflation dynamics.
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Appendices

6.1 Appendix 1: Derivation of the reduced form of a linear

rational expectations model

The full model rests on the following system:

yi,t = ωi yi,t−1 + (1− ωi) Et yi,t+1 + λi xi,t + εi,t, (24)

xi,t = ρi xi,t−1 + vi,t. (25)

The characteristic equation with respect to yi,t writes:

(
1− ωi L− (1− ωi) L−1

)
yi,t = λi xi,t + εi,t,

where L denotes the lag operator. Determining the roots of the characteristic equation, δ1i =
ωi/(1− ωi) = φi and δ2i = 1, one obtains:

yi,t = φi yi,t−1 + λi (1 + φi)Et
∞∑
k=0

xi,t+k + ui,t,

where ui,t = (1 + φi) εi,t. Using the dynamics of the forcing variable, one gets:

yi,t = φi yi,t−1 + λi (1 + φi)Et
∞∑
k=0

ρki xi,t + ui,t

= φi yi,t−1 +
λi (1 + φi)

(1− ρi)
xi,t + ui,t.

This can be re-written as:

yi,t = φi yi,t−1 + βi xi,t + ui,t,

xi,t = ρi xi,t−1 + vi,t,

where βi ≡ λi (1 + φi) / (1− ρi).

6.2 Appendix 2: Proof of Proposition 1.

6.2.1 Determination of the aggregate dynamics

The individual dynamic model is given by:

yi,t = φi yi,t−1 + βi xi,t + ui,t

xi,t = ρi xi,t−1 + vi,t.
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The cross-section aggregate model is defined by:

Yw,t = E(φi yi,t−1) + E(βi xi,t) + Uw,t

Xw,t = E(ρi xi,t−1) + Vw,t.

The first equation can be rewritten as follows:

Yw,t = A1 Yw,t−1 +B0 Xw,t +
N∑
i=1

wi(φi −A1)yi,t−1 +
N∑
i=1

wi(βi −B0)xi,t +
N∑
i=1

wi ui,t,

where A1 = E(φ) and B0 = E(β).

Starting from this expression, we can iterate the procedure and obtain:

Yw,t = A1 Yw,t−1 +B0 Xw,t +
N∑
i=1

wi(φi −A1) (φi yi,t−2 + βi xi,t−1 + ui,t−1)

+
N∑
i=1

wi(βi −B0) (ρi xi,t−1 + vi,t) +
N∑
i=1

wi di,0 εi,t

= A1 Yw,t−1 +B0 Xw,t +
N∑
i=1

wi (φi −A1)φi yi,t−2 +
N∑
i=1

wi (φi −A1)βi xi,t−1

+
N∑
i=1

wi (βi −B0) ρi xi,t−1 +
N∑
i=1

wi di,0 εi,t +
N∑
i=1

wi (φi −A1) di,1 εi,t−1

+
N∑
i=1

wi ei,1 vi,t,

where di,0 = 1 + φi, di,1 = (φi −A1) (1 + φi) and ei,1 = βi −B0.

Then, replacing yi,t−2 by φi yi,t−3 + βi xi,t−2 + ui,t−2, and xi,t−1 by ρi xi,t−2 + vi,t−1, we get:

Yw,t = A1 Yw,t−1 +A2 Yw,t−2 +B0 Xw,t +B1 Xw,t

+
N∑
i=1

wi {[(φi −A1)φi −A2]φi −A3} yi,t−3

+
N∑
i=1

wi {[(φi −A1)φi −A2]βi + [(φi −A1) + (βi −B0) ρi −B1] ρi −B2}xi,t−2

+
N∑
i=1

wi di,0 εi,t +
N∑
i=1

wi di,0 (φi −A1) εi,t−1 +
N∑
i=1

wi di,0 [(φi −A1)φi −A2] εi,t−2

+
N∑
i=1

wi ei,1 vi,t +
N∑
i=1

wi [(φi −A1)βi + (βi −B0) ρi −B1] vi,t−1.
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Iterating again yields:

Yw,t =
∞∑
s=1

As Yw,t−s +
∞∑
s=0

Bs Xw,t−s +
∞∑
s=0

N∑
i=1

wi di,s εi,t−s +
∞∑
s=1

N∑
i=1

wi ei,s vi,t−s,

where the sequences of parameters As = E(as) and Bs = E(bs) are defined as:

a1 = φ, as+1 = (as −As)φ, s = 1, · · · ,∞,
b0 = β, bs+1 = (as+1 −As+1)β + (bs −Bs) ρ, s = 0, · · · ,∞,

and
di,0 = 1 + φi di,s = φi di,s−1 −As(1 + φi) s = 0, · · · ,∞,
ei,1 = βi −B0 ei,s = di,s

1+φi
βi + ρi ei,s−1 −Bs s = 1, · · · ,∞.

Similarly, it is straightforward to show that the aggregation of the forcing variable dynamics:

Xw,t =
∞∑
s=1

Cs Xw,t−s +
∞∑
s=0

N∑
i=1

wi fi,s vi,t−s,

where the sequence of parameters Cs = E(cs) is related to the moments of the distribution of
ρ as follows:

c1 = ρ, cs+1 = (cs − Cs) ρ, s = 1, · · · ,∞,

and

fi,0 = 1 fi,s = ρi fi,s−1 − Cs s = 0, · · · ,∞.

Now, as N →∞, we have:

∞∑
s=0

N∑
i=1

wi di,s εi,t−s
p→ (1 + E(φ)) εt,

∞∑
s=1

N∑
i=1

wi ei,s vi,t−s
p→ 0,

∞∑
s=0

N∑
i=1

wi fi,s vi,t−s
p→ ε̃t.

Therefore, the dynamics of the aggregate variables Yw,t and Xw,t when N →∞ are given by:

Yw,t =
∞∑
s=1

As Yw,t−s +
∞∑
s=0

Bs Xw,t−s + Uw,t,

Xw,t =
∞∑
s=1

Cs Xw,t−s + Vw,t,

with Uw,t = (1 + E(φ))εt and Vw,t = ε̃t.

In particular, it can be shown without further restrictions that the first three coefficients of
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As and Cs are positive. Indeed, A1 = m1 = E(φ) > 0, A2 = m2 − m2
1 = V (φ) > 0, with

m2 = E(φ2). In the case of A3, we have:

A3 = m3 −A1m2 −A2m1 = m3 − 2m1m2 +m3
1,

with m3 = E(φ3). Using a Gauss decomposition, we obtain:

A3 = m1

(
m1 −

m2

m1

)2

+m3 −
m2

2

m1
.

Using the Cauchy-Schwarz inequality, it is straightforward to show that m2
2 ≤ m1m3. Therefore,

A3 (and C3) is positive. Finally, A2 and A3 are bounded above by 1/4. The proof is given in
Lewbel (1994). Note that the positiveness of all coefficients As and Cs can be stated for specific
distributions, as for instance the Beta or the uniform distribution.
2

6.2.2 Convergence of {As} and {Cs}

We show the result for the As terms. The proof is the same for the Cs terms. Let ms = E(φs)
denote the non-central moment of order s of the cross-section distribution of φ. As shown, for
instance, in Stuart and Ord (1994), the non-central moments ms of a random variable defined
over (0, 1) satisfy

1 ≥ m1 ≥ · · · ≥ ms ≥ 0, ∀s ≥ 1,

and ms →
s→∞

0. Then, we have:

As+1 = E(as+1) = E
(
φs+1

)
−

s∑
r=1

Ar E
(
φs−r+1

)
= ms+1 −

s∑
r=1

Ar ms−r+1,

so that: 
1 0 · · · 0

m1 1
. . .

...
...

. . . . . . 0
ms · · · m1 1




A1

A2

...
As+1

 =


m1

m2

...
ms+1

 .

It is worth noting that the solution A = (A1, A2, · · · )′ of the previous linear system is given by
the sequence of coefficients of the series A(z) =

∑∞
i=1Ai+1z

i that satisfies:

(1 + zM(z))A(z) = M(z), (26)

where M(z) denotes the series
∑∞

j=0mj+1 z
j , with the mj terms are the non-central moments

E(Xj) of a non degenerate real random variable defined on [0, 1], and ϕ(z) = 1 + zM(z) is the
moment generating function of X. In order to prove that assertion, we must show that the As
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terms are the solution of the initial recurrent system. After expanding Eq. (26), we get:

(1 + zM(z))A(z) =
∞∑
k=0

(
k+1∑
i=1

Ai mk+1−i

)
zk =

∞∑
k=0

mk+1 z
k,

with m0 = 1 (by convention). Using Eq. (26), we obtain:

mk+1 =
k+1∑
i=1

Ai mk+1−i = A1 mk +A2 mk−1 + · · ·+Ak m1 +Ak+1,

for all k ≥ 0, and:

Ak+1 = mk+1 −
k∑
i=1

Ai mk+1−i

= mk+1 − (A1 mk +A2 mk−1 + · · ·+Ak m1) ,

for all k ≥ 0. Finally, the radius of convergence of M(z) is at least one, since the sequence {mj}
is bounded. Therefore, the series M(z) is an analytical function of the real variable z ∈]− 1; 1[
(and of the complex variable z in the open disk D(0, 1)).

Starting from this rewriting, we can now use a Tauberian theorem in order to show that the
series A(1) =

∑∞
i=0Ai+1 is absolute summable (i.e., As → 0 as s → ∞). For instance, we can

use the following result. If a function z 7→ u(z), z ∈ [0, 1[, defined by a series
∑

k≥0 uk zk with
a radius of convergence larger than or equal to one, has positive coefficients and if it admits
a limit ` as z → 1−, then the series u(1) =

∑
k≥0 uk is absolute summable and it converges

to `.25 Assuming that the coefficients As are positive, which is the case if we specify a Beta
distribution (among others), we must show that (i) A(z) has a limit when z → 1− and (ii) the
series A(z) has a radius of convergence larger than or equal to one. First, we write:

A(z) =
M(z)

1 + zM(z)
.

Since the coefficients of the series M(z) are positive, it turns out that the function z 7→ M(z)
is increasing over [0, 1[. Therefore, there exists a limit, which can be infinite, λ ∈ R ∪ {∞}.
This implies that A(z) converges to ` = λ/(λ + 1) ∈ R or ` = 1 as z → 1−. Second, regarding
the radius of convergence, it is worth noting that the series A(z) is the ratio of two series
with a radius of convergence at least equal to one. Therefore, we only need to show that the
denominator ϕ(z) = 1 + zM(z) has no zero on the open disk D(0, 1). In doing so, we can use
the following lemma.

25The condition regarding the positiveness of the As terms can be relaxed by showing that k uk is
bounded among others.
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Lemma 4 Assume that X is a non degenerate random variable with support [0, 1] and that
mj = E(Xj) is the non-central moment of order j. The integral form of ϕ(z) is given by:

ϕ(z) =
∫ 1

0

dµ(x)
1− z x

,

where µ(x) represents the corresponding probability measure associated to X. Moreover, if X is
characterized by a probability density function, then:

ϕ(z) =
∫ 1

0

f(x)
1− z x

dx.

2

Using the previous lemma, we obtain:

ϕ(z) =
∫ 1

0

1− z̄ x
|1− z x|2

dµ(x).

Therefore ϕ(z) = 0 is equivalent to:

z̄ =

∫ 1
0

dµ(x)
|1−x z|2∫ 1

0
x dµ(x)
|1−x z|2

> 1.

This implies that ϕ(z) = 0 if and only if z > 1 and ϕ(z) = 1 + zM(z) has no zero on the open
disk D(0, 1). The result follows. 2

Proof of Lemma 4: Using the definition of the moment generating function, we have:

ϕ(z) =
∞∑
k=0

zk E(Xk) = E

( ∞∑
k=0

zk Xk

)
,

where the second right-hand side equality is a consequence of the theorem of dominated con-
vergence. Indeed, for a given z in the open disk D(0, 1), one has 0 ≤ |z| X(ω) < 1, which
implies that the sequence

(∑n
k=0 |z|k X(ω)k

)
n≥0

converges for all ω ∈ Ω and has a limit
g(ω) = 1

1−|z| X(ω) . Consequently, the sequence of partial sums sn(ω) =
∑n

k=0 z
k X(ω)k con-

verges for all ω and is majored (in modulus) by the function g(ω). In addition,

E(g) =
∫

Ω

1
1− |z| X(ω)

dP (ω) =
∫ 1

0

dµ(x)
1− |z| x

<∞.

Therefore, using the theorem of dominated convergence, we get:

ϕ(z) = lim
n→∞

E(sn) = E
(

lim
n→∞

sn

)
,
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which implies:

ϕ(z) = E

( ∞∑
k=0

zk Xk

)
= E

(
1

1− z X

)
,

and:

ϕ(z) =
∫ 1

0

dµ(x)
1− z x

.

2

6.3 Appendix 3: Proof of Lemma 1

From Proposition 1, we get:

B0 = E(b0) = E(β) = E

(
λ(1 + φ)

1− ρ

)
= E (λ)E (1 + φ)E

(
1

1− ρ

)
,

using Assumption 1.
More generally, we have Bs = E(bs). Using again Proposition 1, we have:

Bs = E(bs) = E [(as −As)β + (bs−1 −Bs−1) ρ]

= E ((as −As)β) + E ((bs−1 −Bs−1) ρ) .

We now give the recursion formulae for both right hand side expressions. For the first term, we
obtain:

E ((as −As)β) = E (asβ)−AsE (β) = E (as−1φβ)−As−1E (φβ)−AsE (β)

= E
(
(as−2 −As−2)φ2β

)
−As−1E (φβ)−AsE (β)

= E (φsβ)−
s∑

k=1

AkE
(
φs−kβ

)
= E (λ)

[
E (φs (1 + φ))−

s∑
k=1

AkE
(
φs−k (1 + φ)

)]
E

(
1

1− ρ

)

= E (λ)
s∑

k=0

ÃkE
(
φs−k + φs+1−k

)
E

(
1

1− ρ

)
,

with Ã0 = 1 and Ãs = −As for s ≥ 1.
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For the second term, the proof is similar. We have:

E (bs−1ρ) = E ([(as−1 −As−1)β + (bs−2 −Bs−2) ρ] ρ)

= E
(
bs−2ρ

2
)

+ E ((as−1 −As−1)βρ)− E
(
Bs−2ρ

2
)

= E (λ)
s−1∑
j=0

j∑
k=0

ÃkE
(
φj−k + φj+1−k

)
E

(
ρs−j

1− ρ

)
−

s−2∑
j=0

BjE
(
ρs−j

)
.

Finally, we obtain:

Bs = E ((as −As)β) + E (bs−1ρ)− E (Bs−1ρ)

= E (λ)
s∑
j=0

j∑
k=0

ÃkE
(
φj−k + φj+1−k

)
E

(
ρs−j

1− ρ

)
−

s−1∑
j=0

BjE
(
ρs−j

)
.

2

6.4 Appendix 4: Proof of Proposition 2

Each micro-unit satisfies Eq. (4) and (5). By virtue of Assumptions 1 and 2, we can write:

yi,t =
βi

(1− φiL) (1− ρiL)
vi,t +

ui,t
1− φiL

, (27)

xi,t =
vi,t

1− ρiL
, (28)

or equivalently:

yi,t =
∞∑
s=0

βi Θi,s vi,t−s +
∞∑
s=0

φsi ui,t−s,

xi,t =
∞∑
s=0

ρsi vi,t−s,

since:

1
(1− φiL) (1− ρiL)

=
1

ρi − φi

[
ρi

1− ρiL
− φi

1− φiL

]
=

1
ρi − φi

{ ∞∑
s=0

(
ρs+1
i − φs+1

i

)
Ls

}

=
1

ρi − φi

{ ∞∑
s=0

(ρi − φi)

[
s∑
r=0

ρsi φ
s−r
i

]
Ls

}

=
∞∑
s=0

s∑
r=0

ρri φ
s−r
i Ls =

∞∑
s=0

Θi,s L
s,

where Θi,s =
∑s

r=0 ρ
r
i φ

s−r
i .
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After aggregating, we obtain:

Yw,t =
N∑
i=1

wi

∞∑
s=0

βi Θis vi,t−s +
N∑
i=1

wi

∞∑
s=0

φsi ui,t−s

=
∞∑
s=0

N∑
i=1

wi E (β Θs) vi,t−s +
∞∑
s=0

N∑
i=1

wi (βi Θis − E (β Θs)) vi,t−s

+
∞∑
s=0

N∑
i=1

wi E (φs(1 + φi)) εi,t−s +
∞∑
s=0

N∑
i=1

wi (φsi (1 + φi)− E (φs(1 + φ))) εi,t−s

=
∞∑
s=0

N∑
i=1

wi E (β Θs) vi,t−s +
∞∑
s=0

N∑
i=1

wi E (φs(1 + φi)) εi,t−s,

under Assumption 2. As N →∞,

Yw,t =
∞∑
s=0

E (β Θs)
N∑
i=1

wi vi,t−s +
∞∑
s=0

E (φs(1 + φ))
N∑
i=1

wi εi,t−s

=
∞∑
s=0

E (β Θs) ε̃t−s +
∞∑
s=0

E
(
φs + φs+1

)
εt−s,

=
∞∑
s=0

δs ε̃t−s +
∞∑
s=0

ψs εt−s.

where δs = E (β Θs) and ψs = E
(
φs) + E(φs+1

)
. Similarly, we have:

Xw,t =
N∑
i=1

∞∑
s=0

wi ρ
s
i vi,t−s =

∞∑
s=0

γs ε̃t−s,

where γs = E (ρs).
In addition, it is straightforward to show that {ψs} (respectively, {γs}) is absolute summable if
{φs} (respectively, {ρs}) is absolute summable. This in turn implies that ψs → 0 (respectively,
γs → 0) as s → ∞. Finally, {δs} is absolute summable if both {ρs} and {φs} are absolute
summable.

2
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6.5 Appendix 5: Proof of Lemma 2

In order to show Lemma 2, we need to determine the general expression of δs = E (β Θs). We
have:

δs = E (β Θs) =
N∑
i=1

wi βi

(
s∑
r=0

ρri φ
s−r
i

)
= E

[
β

(
s∑
r=0

ρr φs−r

)]

= E (β)
s∑
r=0

E (ρr)E
(
φs−r

)
= E (β)

s∑
r=0

E (ρr)E
(
φs−r

)
.

We know from the expression of the reduced form of the model that:

βi =
λi (1 + φi)

1− ρi
= λi (1 + φi)

∞∑
k=0

ρsi .

After replacing this expression in δs, we obtain:

δs = E (β Θs) =
N∑
i=1

wi βi Θis

=
N∑
i=1

wi

{[
λi (1 + φi)

∞∑
k=0

ρki

][
s∑
r=0

ρri φ
s−r
i

]}

=
N∑
i=1

wi λi

{
s∑
r=0

(
φs−ri + φs−r+1

i

) ∞∑
k=0

ρk+r
i

}

= E (λ)
s∑
r=0

(
E
(
φs−r

)
+ E

(
φs−r+1

)) ∞∑
k=0

E
(
ρk+r

)
= E(λ)

s∑
r=0

E

(
ρr

1− ρ

)(
E
(
φs−r

)
+ E

(
φs−r+1

))
.

Since E(λ) is bounded, E (φs) → 0, and E (ρs) → 0 for s sufficiently large, we have δs → 0 as
s→∞.

2

6.6 Appendix 6: Proof of Lemma 3

From Proposition 2, we have:

Yw,t =
∞∑
s=0

δs ε̃t−s +
∞∑
s=0

ψs εt−s,

Xw,t =
∞∑
s=0

γs ε̃t−s.
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Since εt−s and ε̃t−s are independent (under Assumption 2), the autocovariance function of Yw,t
can be characterized as follows, as N →∞:

cov (Yw,t, Yw,t−h) = Cov

( ∞∑
s=0

δs ε̃t−s +
∞∑
s=0

ψs εt−s,

∞∑
s=0

δs+h ε̃t−s +
∞∑
s=0

ψs+h εt−s

)

=
∞∑
s=0

δs δs+hV (ε̃t−s) +
∞∑
s=0

ψs ψs+hV (εt−s)

= σ2
ε̃

∞∑
s=0

δs δs+h + σ2
ε

∞∑
s=0

ψs ψs+h, h ≥ 0.

Following the same line of reasoning, for h ≥ 0:

Cov (Xw,t, Xw,t−h) = σ2
ε̃

∞∑
s=0

γs γs+h,

Cov (Yw,t, Xw,t−h) = σ2
ε̃

∞∑
s=0

δs+h γs,

Cov (Yw,t, Xw,t+h) = σ2
ε̃

∞∑
s=0

δs γs+h.

2
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Captions

Table 1: This table presents the Monte Carlo simulation experiments performed in this

paper. (pρ, qρ), (pφ, qφ), and (pλ, qλ) denote the parameters p and q of the Beta distribution

corresponding to ρ, φ, and λ, respectively.

Table 2: This table reports the results of the Monte Carlo simulation experiments for

the persistence parameter of the forcing variable. For each case, the table displays the

estimates of the mean value of ρ obtained using the ML and GMM techniques and the

first four moments of ρ estimated using the heterogeneity-correcting techniques. The

table also reports, in square brackets, the standard error of the estimate of E(ρ). The

experiments are based on 2, 000 samples of N = 100 and T = 200. Truncation lags

are (Kφ, Kβ, Kρ) = (4, 0, 4) for the unrestricted estimator and (T/20, T/20, T/20) for the

parametric estimator. The MD estimator is based on ten moment conditions.

Table 3: This table reports results of the Monte Carlo simulation experiments described

in Table 1 for N = 100 and T = 200. For each case, the table displays the estimates of

the mean values of φ and λ obtained using the ML and GMM techniques and the first

four moments of φ as well as the mean of λ estimated using the heterogeneity-correcting

techniques. The table also reports, in square brackets, the standard error of the estimates

of E(φ) and E(λ). The experiments are based on 2, 000 samples. Truncation lags are

(Kφ, Kβ, Kρ) = (4, 0, 4) for the unrestricted estimator and (T/20, T/20, T/20) for the

parametric estimator. The MD estimator is based on ten moment conditions.

Table 4: This table reports results of the Monte Carlo simulation experiments described

in Table 1 for N = 1000 and T = 200. See Table 3 for details.

Table 5: This table reports results of the Monte Carlo simulation experiments described

in Table 1 for N = 1000 and T = 1000. See Table 3 for details.

Table 6: This table reports parameter estimates of the New Keynesian Phillips curve,

using French aggregate data. The estimators are the ML and GMM techniques based on

aggregate data, the MG and RC techniques based on sectoral data, and the heterogeneity-

correcting techniques. The estimations are based on the following assumptions. Trunca-

tion lags are (Kφ, Kβ, Kρ) = (4, 4, 4) for the unrestricted estimator and (10, 4, 10) for the

parametric estimator. The MD estimator is based on ten moment conditions.
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Table 1: Characteristics of the Monte Carlo simulation experiments

Simulations ρ φ λ
pρ qρ pφ qφ pλ qλ

Benchmark 36 4 2 2 10 90
Case 2 34 6 2 2 10 90
Case 3 36 4 4 4 10 90
Case 4 36 4 2 3 10 90
Case 5 36 4 2 2 15 85

Table 2: Estimation of the forcing variable dynamics (simulated data)

Param. Moments True ML GMM Unrestricted Parametric MDE
value regression regression

Panel A: Benchmark ((prho, qrho) = (36, 4))
ρ mean 0.900 0.904 0.905 0.888 0.897 0.893

[0.014] [0.015] [0.027] [0.017] [0.018]
std dev. 0.047 0.025 0.026 0.048
skweness -0.813 -4.573 -0.457 -0.769
kurtosis 3.829 23.912 3.264 3.729

Panel B: Low persistence in the forcing variable ((prho, qrho) = (34, 6))
ρ mean 0.850 0.853 0.854 0.837 0.843 0.849

[0.016] [0.017] [0.026] [0.019] [0.003]
std dev. 0.056 0.054 0.045 0.056
skweness -0.598 -4.323 -0.496 -0.593
kurtosis 3.384 20.866 3.223 3.375

Panel C: High persistence in the forcing variable ((prho, qrho) = (38, 2))
ρ mean 0.950 0.956 0.953 0.930 0.970 0.934

[0.011] [0.011] [0.024] [0.005] [0.014]
std dev. 0.034 0.010 0.003 0.034
skweness -1.259 -4.693 -0.159 -0.998
kurtosis 5.183 18.846 3.037 4.343
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Table 3: Estimation of the endogenous variable dynamics (simulated data)

Param. Moments True ML GMM Unrestricted Parametric MDE
value regression regression

Panel A: Benchmark
φ mean 0.500 0.697 0.721 0.544 0.519 0.520

[0.054] [0.155] [0.047] [0.051] [0.067]
std dev. 0.224 0.241 0.246 0.213
skweness 0.000 0.030 -0.049 -0.052
kurtosis 2.143 6.639 2.071 2.267

λ mean 0.100 0.111 0.074 0.155 0.107 0.110
[0.031] [0.051] [0.054] [0.036] [0.038]

Panel B: Low persistence in the forcing variable (case 2)
φ mean 0.500 0.604 0.707 0.528 0.515 0.499

[0.049] [0.180] [0.056] [0.050] [0.035]
std dev. 0.224 0.222 0.211 0.221
skweness 0.000 0.335 -0.013 0.003
kurtosis 2.143 3.868 2.277 2.178

λ mean 0.100 0.125 0.077 0.138 0.098 0.098
[0.029] [0.068] [0.035] [0.035] [0.017]

Panel C: Low dispersion in φ (case 3)
φ mean 0.500 0.605 0.673 0.518 0.502 0.516

[0.044] [0.161] [0.047] [0.050] [0.045]
std dev. 0.167 0.176 0.183 0.171
skweness 0.000 -0.260 -0.001 -0.060
kurtosis 2.455 9.449 2.405 2.513

λ mean 0.100 0.130 0.093 0.164 0.110 0.122
[0.034] [0.052] [0.056] [0.042] [0.048]

Panel D: Small value of φ (case 4)
φ mean 0.400 0.532 0.685 0.433 0.420 0.424

[0.055] [0.199] [0.047] [0.049] [0.056]
std dev. 0.200 0.223 0.214 0.188
skweness 0.286 0.402 0.177 0.202
kurtosis 2.357 7.612 2.355 2.454

λ mean 0.100 0.130 0.080 0.161 0.110 0.132
[0.032] [0.057] [0.052] [0.040] [0.051]

Panel E: Increase in λ (case 5)
φ mean 0.500 0.746 0.734 0.556 0.531 0.534

[0.047] [0.146] [0.047] [0.055] [0.112]
std dev. 0.224 0.232 0.252 0.177
skweness 0.000 0.103 -0.090 -0.075
kurtosis 2.143 9.898 2.048 2.509

λ mean 0.150 0.138 0.121 0.226 0.163 0.163
[0.038] [0.057] [0.075] [0.048] [0.073]
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Table 4: Estimation of the endogenous variable dynamics (simulated data)

Param. Moments True ML GMM Unrestricted Parametric MDE
value regression regression

Panel A: Benchmark
φ mean 0.500 0.708 0.718 0.548 0.525 0.514

[0.038] [0.154] [0.047] [0.047] [0.060]
std dev. 0.224 0.235 0.253 0.184
skweness 0.000 0.319 -0.069 -0.037
kurtosis 2.143 6.679 2.031 2.397

λ mean 0.100 0.112 0.079 0.161 0.108 0.109
[0.029] [0.048] [0.051] [0.034] [0.066]

Panel B: Low persistence in the forcing variable (case 2)
φ mean 0.500 0.610 0.721 0.525 0.513 0.498

[0.041] [0.171] [0.056] [0.051] [0.057]
std dev. 0.224 0.223 0.203 0.213
skweness 0.000 0.333 -0.011 0.005
kurtosis 2.143 3.987 2.297 2.240

λ mean 0.100 0.121 0.076 0.142 0.093 0.104
[0.025] [0.067] [0.039] [0.036] [0.034]

Panel C: Low dispersion in φ (case 3)
φ mean 0.500 0.612 0.672 0.516 0.495 0.511

[0.034] [0.159] [0.047] [0.049] [0.039]
std dev. 0.167 0.183 0.193 0.162
skweness 0.000 0.278 0.006 -0.048
kurtosis 2.455 8.285 2.361 2.508

λ mean 0.100 0.131 0.096 0.166 0.110 0.111
[0.032] [0.054] [0.052] [0.041] [0.048]

Panel D: Small value of φ (case 4)
φ mean 0.400 0.545 0.684 0.434 0.415 0.411

[0.040] [0.189] [0.047] [0.048] [0.051]
std dev. 0.200 0.227 0.221 0.188
skweness 0.286 0.235 0.211 0.242
kurtosis 2.357 7.180 2.325 2.456

λ mean 0.100 0.132 0.080 0.159 0.109 0.122
[0.032] [0.053] [0.059] [0.037] [0.052]

Panel E: Increase in λ (case 5)
φ mean 0.500 0.735 0.733 0.556 0.536 0.548

[0.028] [0.144] [0.047] [0.047] [0.086]
std dev. 0.224 0.234 0.258 0.176
skweness 0.000 -0.023 -0.113 -0.173
kurtosis 2.143 10.549 1.991 2.485

λ mean 0.150 0.155 0.124 0.234 0.173 0.177
[0.043] [0.054] [0.073] [0.051] [0.067]
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Table 5: Estimation of the endogenous variable dynamics (simulated data)

Param. Moments True ML GMM Unrestricted Parametric MDE
value regression regression

Panel A: Benchmark
φ mean 0.500 0.724 0.628 0.563 0.529 0.505

[0.020] [0.066] [0.047] [0.020] [0.024]
std dev. 0.224 0.248 0.230 0.223
skweness 0.000 0.253 -0.086 -0.035
kurtosis 2.143 12.306 2.123 2.157

λ mean 0.100 0.097 0.069 0.131 0.102 0.100
[0.013] [0.016] [0.022] [0.016] [0.018]

Panel B: Low persistence in the forcing variable (case 2)
φ mean 0.500 0.632 0.607 0.542 0.532 0.500

[0.019] [0.073] [0.056] [0.020] [0.017]
std dev. 0.224 0.234 0.209 0.224
skweness 0.000 0.188 -0.089 -0.001
kurtosis 2.143 6.459 2.237 2.143

λ mean 0.100 0.109 0.074 0.124 0.097 0.099
[0.011] [0.022] [0.016] [0.014] [0.008]

Panel C: Low dispersion in φ (case 3)
φ mean 0.500 0.636 0.584 0.537 0.518 0.504

[0.017] [0.063] [0.047] [0.021] [0.012]
std dev. 0.167 0.194 0.156 0.167
skweness 0.000 0.908 -0.030 -0.009
kurtosis 2.455 16.371 2.516 2.456

λ mean 0.100 0.110 0.085 0.139 0.101 0.103
[0.013] [0.018] [0.025] [0.013] [0.021]

Panel D: Small value of φ (case 4)
φ mean 0.400 0.567 0.548 0.450 0.427 0.403

[0.020] [0.082] [0.047] [0.022] [0.020]
std dev. 0.200 0.235 0.190 0.200
skweness 0.286 0.777 0.192 0.275
kurtosis 2.357 10.865 2.377 2.352

λ mean 0.100 0.110 0.076 0.137 0.097 0.105
[0.013] [0.019] [0.023] [0.013] [0.021]

Panel E: Increase in λ (case 5)
φ mean 0.500 0.756 0.641 0.570 0.524 0.539

[0.018] [0.053] [0.047] [0.021] [0.030]
std dev. 0.224 0.235 0.241 0.219
skweness 0.000 0.148 -0.073 -0.114
kurtosis 2.143 19.636 2.066 2.189

λ mean 0.150 0.131 0.105 0.189 0.157 0.149
[0.018] [0.020] [0.032] [0.021] [0.024]
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Table 6: Estimation of the New Keynesian Phillips curve using French
aggregate data

Moments Sectoral ML GMM MG RC Unrestricted Parametric MDE
moments regression regression

ρ
mean 0.937 0.973 0.970 0.937 0.931 0.964 0.922 0.955

[0.020] [0.019] [0.003] [0.019] [0.094] [0.027] [0.027]
std 0.051 0.450 0.026 0.020
skew -1.117 -4.782 -0.596 -0.839
kurt 2.840 17.946 3.474 3.990
φ
mean 0.467 0.673 0.770 0.467 0.404 0.587 0.469 0.411

[0.064] [0.131] [0.024] [0.080] [0.094] [0.084] [0.288]
std 0.308 0.361 0.291 0.305
skew 0.175 -3.508 0.108 0.323
kurt 1.758 16.716 1.798 1.821
λ
mean 0.058 0.025 0.000 0.058 0.044 0.026 0.043 0.023

[0.020] [0.007] [0.013] [0.045] [0.017] [0.026] [0.049]
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