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Abstract

We extend the Lucas asset pricing tree economy to a heterogeneous pop-
ulation. Perturbative methods are applied to explicitly calculate the sec-
ond order response of asset returns to heterogeneity. We discover that
there exists a unique "best homogeneous approximation" to a weakly het-
erogeneous economy. We determine the status of various stylized facts.
For example, we find that the equity premium always varies counter cycli-
cally, the equity returns are always predictable and price dividend ratios
are positively autocorrelated. Moreover, sufficiently positive correlation
between risk aversion and patience increases the risk premium and de-
creases the interest rate, thus giving another perspective on the equity pre-
mium and the risk-free rate puzzles. This motivates us to make a concrete
social prediction. Finally, there is an open region of weakly heterogeneous
economies where several other stylized facts hold. JEL classifications: D91,
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1 INTRODUCTION

We extend the classical model of Lucas (1978) to accommodate heterogeneous
consumers. In some respects, our model is quite simple. It is assumed that
all agents have constant relative risk aversion (CRRA), discount exponentially,
and that markets are complete. In other respects, the model is more elaborate,
agents may simultaneously differ with respect to their coefficients of risk aver-
sion, their discount factors, and they are also subject to idiosyncratic endow-
ment risk. Moreover, we allow for an infinite horizon. See, Appendix A for a
complete and detailed formulation of the model that we investigate.

This is the first of two papers devoted to the analysis of this class of models.
In this paper we analyze the case of small (weak) heterogeneity. In the second
paper Malamud and Trubowitz (2006), we give a complete description of the
long (infinite) horizon behavior of asset returns in the presence of strong het-
erogeneity. Lengwiler, Malamud, and Trubowitz (2005) contains both parts of
analysis. All proofs and detailed derivations of all mathematical results are also
contained in Lengwiler, Malamud, and Trubowitz (2005).

We have developed, in collaboration with W. P. Petersen (see, Malamud,
Petersen, and Trubowitz (2006)), a refined code that evaluates the economic in-
dicators for strongly heterogeneous economies at intermediate horizon. The
weakly heterogeneous expansions and infinite horizon asymptotics are essen-
tial for determining the validity of the code. Precisely, the code reproduces to
high precision the predictions of the weakly heterogeneous expansions and in-
finite horizon asymptotics.

There are several natural ways to introduce heterogeneity. For example,
heterogeneous information (Ross (1989), Wang (1993), Wang (1994)), hetero-
geneous uninsurable income processes (see Constantinides and Duffie (1996),
Brav, Constantinides, and Geczy (2002)) and heterogeneous preferences. In this
paper we consider only heterogeneous preferences.

A special case of the model we analyze is considered by Wang (1996) in
a continuous time setting. He considered the case of not more than four con-
sumers with identical discount factors and very special choices of risk aversion
and studied Pareto efficient allocations. He also obtained an interesting result
on the infinite horizon end of the yield curve. Here, by contrast, we study an ar-
bitrary number of agents with arbitrary (but weak) heterogeneity and determine
the behavior of the yield curve.

Kogan, Makarov, and Uppal (2003) analyze an economy with two agents
who have different risk aversion and face borrowing constraints. They show that
their economy exhibits simultaneously a high Sharpe ratio for the equity and a
low risk-free rate.

Dumas (1989) made numerical simulations of a two agent production econ-
omy. Lengwiler (2005) considers an economy with heterogeneous discount fac-
tors. Benninga and Mayshar (2000) consider a one-period economy with hetero-
geneous risk aversions and discount factors and show that the conventional rep-
resentative agent has a decreasing risk-aversion. They study implications of this
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phenomenon for option pricing. Gollier and Zeckhauser (2005) analyze Pareto-
efficient allocations in heterogeneous economies with general utility functions
and discover some interesting aggregation phenomena. There are also aggre-
gation results (see Rubinstein (1974), Mehra and Prescott (1980) and Constanti-
nides (1982)) justifying the conventional representative agent approach.

In this paper, perturbative methods are applied to calculate the second or-
der response of prices to heterogeneity and to determine the status of various
stylized facts in weakly heterogeneous economies. Of course, the model gen-
erates, among other economic indicators, equity returns, price dividend ratios,
and long term risk free rates.

Perturbation theory was used by Kogan and Uppal (2001) to analyze weakly
heterogeneous economies. In a subsequent paper Chan and Kogan (2002) in-
troduced a model with "catching up with the Joneses" preferences and identi-
cal discount factors. They used perturbative methods to identify the effects of
heterogeneous risk aversion. But they (just as Wang (1996)) considered a social
planner problem and hence did not consider the dependence on individual en-
dowment processes. They perturbed around the homogeneous economy with
logarithmic preferences and discovered that heterogeneity has unexpected con-
sequences. They showed that heterogeneous risk aversion, together with habit
formation, is able to explain several empirically observed properties of stock re-
turns such as negative autocorrelation and negative correlation of returns and
volatility changes.

The main point of this paper is that joint heterogeneity in discount factors
and risk aversion gives a much richer and more complete picture than heteroge-
neous risk aversion alone. We show that in our model the cross-sectional vari-
ance of risk aversion by itself simultaneously decreases the return on equity and
the risk-free rate and therefore is unable to give any insight into the equity pre-
mium / risk free rate puzzle. Indeed, we are able to determine the status of many
well known stylized facts. The moral is, "one needs more heterogeneity". All of
the "economic insights" into the relationship between standard stylized facts
and heterogeneity that we have extracted from weakly heterogeneous models
are distilled in Theorem 10.4 and Remarks 11.1 - 11.12. In the essentially self
contained Theorem 11.13 it is shown that there is an explicitly given open set of
weakly heterogeneous economies for which the "real" economic behavior (styl-
ized facts) of equity returns, price dividend ratios, and risk free rates, coincides
with the behavior of those generated by the model.

It turns out that there is a concrete region in the space of discount factors
and risk aversions, such that the effect of joint heterogeneity simultaneously in-
creases the equity premium and decreases the risk-free rate. This result sug-
gests the social prediction that real world risk aversions and discount factors lie
in this region. In particular, risk aversions and discount factors are sufficiently
positively correlated (see, Remark 11.4)! Interestingly enough, there are social
experiments (Van Praag and Booji, 2003) that indicate a strong positive corre-
lation. So, we invert the equity premium puzzle: the asset returns are used to
predict the nature of heterogeneity in the real world.
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2 HETEROGENEOUS EQUILIBRIA

A prerequisite for any discussion of asset pricing in heterogeneous economies is
the existence and uniqueness of heterogeneous equilibria. There is a large, ab-
stract literature that provides various sufficient conditions for the existence and
uniqueness of equilibria in the presence of infinite state spaces (see e.g. Mas-
Colell and Zame (1991), Dana (1993a), Dana (1993b), Karatzas, Lehoczky, and
Shreve (1990) and references therein). In Lengwiler, Malamud, and Trubowitz
(2005) we will exploit the special structure of constant relative risk aversion pref-
erences to obtain a necessary and sufficient condition for the existence of equi-
libria.

Precisely, our economy has n different agents. Agent i = 1, . . . ,n has a
utility function

E

[
∞∑

t =0
δ t

i

c1−γi
t −1

1−γi

]
(2.1)

and an endowment process wi t , t = 0, · · · , ∞ . Here, 0 < δi < 1 is the patience,
or discount factor, of agent i and γi > 0 is his/her relative risk aversion. Also,
ct is the amount of the single nondurable good consumed by agent i at time t .

THEOREM 2.1 Let γi , δi and wi t , t Ê 0, be the risk aversion, patience/discount
factor and individual endowment process of agent i = 1, · · · , n . Let

Wt =
n∑

i =1
wi t

be the aggregate endowment process. An equilibrium exists if and only if the ag-
gregate endowment does not yield infinite utility for any agent. That is,

E

[ ∞∑
t =0

δ t
i W 1−γi

t

]
< ∞ (2.2)

for all i = 1, · · · , n. Remarkably, (2.2) is equivalent to the condition that the price
of equity is always finite.

In general, there may be more than one equilibrium1. In Lengwiler, Mala-
mud, and Trubowitz (2005) we show that for weakly heterogeneous economies
the equilibrium is always unique and smooth. More precisely,

THEOREM 2.2 If condition (2.2) holds for all (γ1 , δ1) in a small neighborhood B
of (γ , δ) then the equilibrium is unique for any choice of (γ1 , δ1) , · · · , (γn , δn) ∈
B and the equity and bond prices are infinitely differentiable functions of risk
aversion and patience.

This result is a necessary prerequisite for using Taylor expansions to ana-
lyze asset returns.

1See, Lengwiler, Malamud, and Trubowitz (2005) for a concrete example of an economy with
multiple equilibria

3



3 EXPANSIONS FOR STATE PRICE DENSITIES

We calculate the response of prices to weak heterogeneity. Precisely, we start
with a homogeneous economy with parameters (γ,δ) and depart from it in a
direction (Γ,∆) ∈R2n . In other words, we study the weakly heterogeneous econ-
omy given by

(γi ,δi ) = (γ + εΓi ,δ + ε∆i ), i = 1, . . . ,n. (3.1)

and initial heterogeneous individual endowments. The complete details of these
calculations can be found in Lengwiler, Malamud, and Trubowitz (2005).

An essential prerequisite is to prove smoothness and global uniqueness of
equilibrium prices in the weakly heterogeneous case 2. This result is very impor-
tant. It is the basis of our perturbation calculations. It allows us to compute first
and second order effects of weak heterogeneity and to obtain an estimate for the
error term. See, Lengwiler, Malamud, and Trubowitz (2005).

The equilibrium state-price densities (SPD) Mt , t = 0, . . . ,∞, are expanded
in power series in ε (see, (A.1) for the definition of the SPD). We compute the first
three terms. They enable us to estimate how the different kinds of heterogeneity
interact and quantitatively effect the state price densities (see, Lengwiler, Mala-
mud, and Trubowitz (2005), Theorem E.1).

We introduce a measure η on the set of all agents. Concretely, we put the
weight ηi on the agent i , equal to

ηi :=
E

[ ∑
t ∈T

δ t W −γ
t wi t

]

E

[ ∑
t ∈T

δ t W 1−γ
t

] (3.2)

where,

Wt =
n∑

i =1
wi t

is the aggregate endowment process. By construction, ηi is the fraction of the
aggregate, inter temporal wealth belonging to agent i in the homogeneous econ-
omy (γ, δ)3. Expectations with respect to this measure are denoted by E and are
referred to as wealth weighted averages. For example,

E (∆) =
n∑

i =1
ηi ∆i . (3.3)

2In a separate paper, we also study several concrete examples of economies that do exhibit
more than one equilibria. It is quite difficult to generate multiple equilibria with reasonable
choices of parameters if one stays within the additively separable CRRA framework. This at least
tentatively suggests that multiplicity might not be such a great problem after all for practical
applications. We do not know, however, if multiplicity is possible with a reasonable calibration
of the model if we allow for many agents and aggregate uncertainty. See, Lengwiler, Malamud,
and Trubowitz (2005) for an example of non uniqueness

3This measure is similar to that, introduced by Kogan and Uppal (2001)
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Observe that the dependence of wealth weighted averages E on the homoge-
neous economy (γ, δ) and the individual endowments has been consciously
suppressed.

We also introduce (see, Lengwiler, Malamud, and Trubowitz (2005), for-
mula (E.3)) the quantities ζi and ξi , i = 1, . . . ,n. The quantity ζi measures cor-
relation between the aggregate endowment process and the endowment process
of agent i . The quantity ξi measures the growth rate of agent i ’s wealth. The in-
dividual endowments appear in the perturbation expansion of the state price
densities (up to second order in ε) only through the vectors

η := (η1, . . . ,ηn)

ζ := (ζ1, . . . ,ζn)

ξ := (ξ1, . . . ,ξn)

Set

gt (s) :=
(

Wt (s)

W0

)1/t

and let

ρt (s) := log gt (s) = t−1 log

(
Wt (s)

W0

)
(3.4)

be the normalized growth rate of the aggregate endowment. The perturbation
expansion for the state-price densities (SPD) is written as

Mt (s, ε) = δ t e− t γρt (s)
[

1 + ε t M (1)
t (s) + ε2 t M (2)

t (s)
]
+ O(ε3) (3.5)

where

M (1)
t (s) := δ−1 E (∆)− E (Γ)ρt (s),

M (2)
t (s) := Y1(t )varη(∆) + Y2(t , s)varη(Γ) + Y3(t , s)covη(Γ,∆)

+ Y4(t , s)E (∆)covη(Γ,ξ) + Y5(t , s)E (Γ)covη(Γ,ζ)

+ Y6 E (∆) covη(∆,ξ) + Y7 E (Γ) covη(∆,ζ) + H

(3.6)

and the coefficients Y1, . . . ,Y7 are given in Lengwiler, Malamud, and Trubowitz
(2005), Theorem E.1. Here the variances, covariances and expectations are with
respect to the wealth weighted average η. The coefficients Y1, . . . ,Y7 do not de-
pend on Γ or ∆. As the notation indicates, the coefficient Y1 depends only on t
and Y6, Y7 do not depend on either s or t . The last term H is the second order
response to a perturbation in the homogeneous direction (E (Γ), E (∆)). It is a
quadratic polynomial in E (Γ) and E (∆) that vanishes when E (Γ) = E (∆) = 0.
Why display such an apparently complicated formula? For a very good reason.
Recall, that the state price densities for n agents with identical risk aversions and
discount factors (i.e., a homogeneous economy) are independent of the individ-
ual endowments. Indeed, for co-linear individual endowments the equilibrium
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separates into n completely uncoupled single agent economies. The expression
above makes explicit the interaction, or coupling, to second order, between the
heterogeneous agents that is hidden in the abstract concept of an equilibrium.
The variances and covariances appearing in (3.6) are explicit realizations of the
inter agent interactions. The coefficients Y1, . . . ,Y7 are "coupling constants" that
exhibit the sign and strength of these interactions. Loosely speaking, one can see
with the naked eye how heterogeneous agents "conspire" to keep the economy
in equilibrium.

To interpret and apply (3.5), it is essential to remember that the error term
O(ε3) depends on the period t and on the state s. The error depends on t
through the infimum of Wt . It is uniform in the state s when the infimum is
strictly bigger than zero. We typically fix a horizon T and make ε so small that
the error O(ε3) is uniformly small for all t between 0 and T. The error term be-
comes O(K t ε3), when the aggregate endowment is a geometric random walk.
If K is bigger than 1, notice that the exponentially large K t must be balanced
by the polynomially small ε3. The constant K is strictly bigger than 1 when the
probability of recession is positive.

Observe that the zeroth order term δ t e − t γρt (s) appearing in (3.5) is the
state price density of the homogeneous economy with parameters (γ, δ). It is
also crucial to observe that the first order term is the response of the homoge-
neous system to a perturbation in the homogeneous direction

(γ̄, δ̄) = (E (Γ), E (∆))

and therefore gives no insight into heterogeneity. We will show (see, Proposition
8.6) that for any weakly heterogeneous economy there exists a unique "best ho-
mogeneous approximation" (see, Definition 8.3) for which E (∆) and E (Γ) are
zero. In this case,

Mt (s, ε) = δ t e− t γρt (s)
[

1 + ε2 t M (2)
t (s)

]
+ O(ε3) (3.7)

where

M (2)
t (s) := Y1(t )varη(∆) + Y2(t , s)varη(Γ) + Y3(t , s)covη(Γ,∆) (3.8)

A great deal of information can be extracted from the second order term
(3.6). As a first rough indication, consider the effect of "the interaction" covη(Γ,ζ).
Intuitively, more risk averse people (large γi ) will make "choices" that leave them
less exposed to aggregate risk (small ζi ). For this reason, one would expect
covη(Γ,ζ) < 0. If E (Γ) > 0 and covη(Γ,ζ) < 0, then it follows directly from (3.6)
and Lengwiler, Malamud, and Trubowitz (2005), Theorem E.1 that the SPD de-
creases in good states (i.e. with high ρt (s)) and increases in bad states (i.e. with
low ρt (s)), generating a larger market risk premium.

4 ECONOMIC INDICATORS

In this paper we analyze the Lucas tree asset, whose dividend process coincides
with the aggregate endowment. From now on, the Lucas tree asset is referred
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to as equity. We also analyze the return on general risk free bonds. That is, the
interest rate term structure.

Fix an infinite filtration. The price Pt of equity at time t Ê 0, relative to
the filtration is given by

Pt = Et

[ ∞∑
τ=1

M t +τ
M t

Wt +τ

]
(4.1)

Similarly, the price βF(t1, t2) at time t1 of the risk free bond that matures at time
t2 is given by

βF(t1, t2) = Et1

[
M t2

M t1

]
(4.2)

For each period t Ê 1 we define the random variable

rE
t := Pt + Wt

Pt−1
= Pt W −1

t + 1

Pt−1 W −1
t−1

Wt

Wt−1
(4.3)

to be the return on equity. The quotient

Pt W −1
t

is the price dividend ratio.
For all t1 < t2 let

rF(t1, t2) := (
βF(t1, t2)

)−1
. (4.4)

be the return on the risk free bond. We also introduce the final wealth, or cumu-
lative return,

rE(t1, t2) := rE
t1+1 rE

t1+2 · · · rE
t2

(4.5)

at time t2 > t1. It is the return on reinvesting all dividends in equity at each pe-
riod during the interval [t1, t2 −1]. One can invest solely in equity, then only in
risk free bonds, then again only in equity and so on. Concretely, let t1 < t2 < . . . <
tk be a sequence of times and let I j ∈ {E, F}, j = 1, . . . , k −1. Set,

C (t1, I1 . . . , tk−1, Ik−1, tk ) := E t1

[
rI1 (t1, t2) rI2 (t2, t3) · · · rIk−1 (tk−1, tk )

]
. (4.6)

These expectations contain information about pairwise correlations of equity
returns and interest rates.

Many important empirically observed quantities can be defined in terms
of the correlations introduced in the last paragraph. For example, the expected
cumulative return

RE(t1, t2) := E t1

[
rE(t1, t2)

]
(4.7)
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is the extreme case of investment solely in equity. Similarly,

RF(t1, t2) := E t1

[
rF(t1, t1 + 1) rF(t1 + 1, t1 + 2) · · · rF(t2 −1, t2)

]
. (4.8)

is the opposite extreme in which the only investment is in one period risk free
bonds. Observe that

rF(t1, t2) = Et1 [rF(t1, t2) ]

is also a correlation of the same form.
The returns RE(t1, t2), RF(t1, t2) and rF(t1, t2) grow exponentially when

the interval τ = t2 − t1 becomes large. It is therefore natural to consider the
corresponding normalized growth rates

τ−1 log RE (t1 , t2) τ−1 log RF(t1, t2) τ−1 log rF(t1, t2) (4.9)

We shall work exclusively with normalized growth rates. Economists refer to the
sequence

τ−1 log rF ( t , t + τ ) , τ = 1, 2, · · ·

as the yield curve at time t . By definition, the difference

τ−1 log RE(t1, t2) − τ−1 log RF(t1, t2) = τ−1 log
RE(t1, t2)

RF(t1, t2)
(4.10)

is the cumulative log equity premium relative to short term bonds. Similarly, the
cumulative log equity premium relative to long maturity bonds is

τ−1 log RE(t1, t2) − τ−1 log rF(t1, t2) = τ−1 log
RE(t1, t2)

rF(t1, t2)
(4.11)

These "economic indicators" are pertinent for a discussion of the so called "eq-
uity premium/risk free rate puzzle" and other stylized facts.

5 STYLIZED FACTS

It is essential to "test" our model, to understand its strengths and limitations.
This is a prerequisite for any attempt to isolate the social mechanisms respon-
sible for the observed behavior of returns. For this purpose, we shall determine
the status of a series of important "stylized facts" (see, Campbell (2003), Camp-
bell and Cochrane (1999), Duffee (forth.)). A stylized fact is simply an observed
property of real market data.

Here is a collection of eleven representative stylized facts with mathemat-
ical interpretations.
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(F1) Risk free rates

τ−1 log RF(t1, t2) , τ−1 log rF(t1, t2)

are "rather small" for sufficiently large τ . A related "puzzle" is that risk free
rates are "much smaller" than the risk free rates of the "standard" homo-
geneous economy (see, Remark 7.8).

We will interpret the "risk free rate puzzle", relative to a fixed homoge-
neous economy (γ, δ), as the concrete problem of determining all hetero-
geneous economies, "well approximated by the homogeneous economy"
(γ, δ) with risk free rates that are smaller than those of (γ, δ) for sufficiently
large τ . This gives us insight into the relationship between heterogeneity
and risk free rates.

(F2) Per-period returns on long term bonds are "on average larger" than the
return on short term bonds4.

We interpret this "fact" as the statement that the normalized log term pre-
mium

τ−1 log rF(t1, t2) − τ−1 log RF(t1, t2)

is positive for all sufficiently large τ.

(F3) Per period equity returns are "much larger" than the per period returns on
risk free bonds. In fact, the equity premia

τ−1 log
RE(t1, t2)

RF(t1, t2)
, τ−1 log

RE(t1, t2)

rF(t1, t2)

are "surprisingly large" for sufficiently large τ. A related "puzzle" is that
equity premia are "much larger" than the equity premia of the "standard"
homogeneous economy.

We will interpret the "equity premium puzzle" in the same manner as the
"risk free rate puzzle".

(F4) The equity premium relative to short term bonds varies counter cyclically.

We interpret this "fact" in the idealized technical sense that

cov

(
log

RE(t , t + 1)

RF(t , t + 1)
, log Wt

)
< 0

for all sufficiently large time periods t .

(F5) The price dividend ratio varies pro cyclically.

That is,

cov
(

log(Pt W −1
t ) , log Wt

) > 0

for all sufficiently large t .

4the only exception is Italy, where the term premium is negative
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(F6) Price dividend ratios are positively autocorrelated.

That is,

cov
(

log(Pt W −1
t ) , log(Pt +1 W −1

t +1)
) > 0

for all sufficiently large t .

(F7) Price dividend ratios and equity returns are negatively correlated.

That is,

cov
(

log(Pt W −1
t ) , log RE(t + j , t + j + 1)

) < 0

for j = 0, . . . , 6 and all sufficiently large t .

(F8) Equity returns are negatively autocorrelated.

That is5,

cov
(

rE(t1, t2) , rE(t2, t3)
) < 0

for all sufficiently large t .

(F9) The conditional variance of equity returns at time t

var t (rE
t +1) := Et

[
(rE

t +1)2 ] − (
Et

[
rE

t +1

])2

varies counter cyclically.

That is,

cov
(

var t (rE
t +1) , logWt

)< 0

for all sufficiently large t .

(F10) The conditional correlation of equity returns with the consumption growth

corr t (rE
t +1 , Wt +1 W −1

t ) := Et
[

rE
t +1 Wt +1 W −1

t

] − Et
[

rE
t +1

]
Et

[
Wt +1 W −1

t

]
(
Et

[
(rE

t +1)2
] − (

Et
[

rE
t +1

])2
)1/2

varies procyclically.

That is,

cov
(

corr t (rE
t +1 , Wt +1 W −1

t ) , log Wt
) > 0

for all sufficiently large t .

5Observe that

cov(rE(t1, t2), rE(t2, t3)) = E [RE(t1, t3)] − E [RE(t1, t2)] ·E [RE(t2, t3)]

which again confirms the statement made above that many important quantities can be written
in terms of the basic correlations.

10



(F11) The changes in price dividend ratios are much larger in recessions than in
booms, so they vary counter cyclically. That is,

cov( log(Pt +1 W −1
t +1) − log(Pt W −1

t ) , log Wt ) < 0

for all sufficiently large t .

REMARK 5.1 In (F1) and (F3), the precise meaning of the phrase "well approxi-
mated by the homogeneous economy" must be explained. See, Proposition 8.4
below.

One of our main results is

THEOREM 5.2 There exists an open set of weakly heterogeneous economies such
that the stylized facts (F4), (F5), (F6), (F7), (F8), (F9) are simultaneously valid for
sufficiently long horizon for all economies in this set. Moreover, for the economies
in this open set, equity premia are larger and risk free rates are smaller than those
of the best homogeneous approximation. See, Theorem 11.13 for the complete
description of this set.

6 THE GEOMETRIC RANDOM WALK AGGREGATE ENDOWMENT PROCESS

To assess the status, in our model, of the facts listed above it is necessary to ob-
tain more refined consequences of heterogeneity. For this refined analysis, we
consistently specialize the aggregate endowment process to the geometric ran-
dom walk.

DEFINITION 6.1 The geometric random walk Wt , t Ê 0 that steps up u with prob-
ability p ∈ (0, 1) and steps down d with probability q := 1 − p is the unique
process satisfying

Wt +1 =
{

uWt , with probability p

dWt , with probability q

We make the

ASSUMPTION 1 u > d > 0

Eventually, u, d and p will be chosen so that the "growth" Wt +1/Wt of the ag-
gregate endowment process has the "observed" mean and volatility.6

We also make the
6The results extend to arbitrary geometric random walks (i.e., Wt +1/Wt are i.i.d). That is,

the discretization of the geometric Brownian motion. It is taken as the standard model in the
continuous time literature (see, e.g. (Wang, 1996), (Chan and Kogan, 2002)). The results for
continuous time economies can be obtained by passing to the limit. One could also generalize
the results to Markov ergodic processes with serial correlation (for example, the one in (Mehra
and Prescott, 1985)).

11



ASSUMPTION 2 The expected growth rate

`(p) = plogu + q logd

is strictly positive (see, Definition 7.1 below). There is a positive probability for
recession, that is d < 1.

REMARK 6.2 By convexity,

log(pu + qd) > `(p)

The existence criterion (2.2) takes the simple form

δ (pu1−γ + qd1−γ) < 1 (6.1)

REMARK 6.3 The existence criterion

δ (pu1−γ + qd1−γ) < 1

imposes an important constraint on the pair γ , δ . For each 0 < δ < 1 there exist,
by convexity, unique 0 É γ∗(δ) < γ∗(δ) < ∞ such that the existence criterion is
fulfilled if and only if γ ∈ (γ∗ ,γ∗) . By construction, γ∗(δ) is an increasing func-
tion of δ and γ∗(δ) is a decreasing function of δ . The existence criterion clearly
implies that γ cannot be arbitrarily large.

By Remark 6.2, Assumption 2 implies that pu+qd > 1. Roughly speaking,
this technical condition means that, on average, the economy is growing. In this
case, γ∗(1) = 1. Otherwise, γ∗(1) = 0. Under this assumption, γ∗(1) = 1 if and
only if `(p) = 0, and

γ∗(δ) < γ∗(1) = 1 É γ∗(1) < γ∗(δ)

The geometric random walk, aggregate endowment process is calibrated
by choosing p = 0.5, u = 1.054 and d = 0.982 (see, Mehra and Prescott (1985)).
It is customary to assume that "on average" δ is bigger than 0.9. Mehra and
Prescott (1985) take 0.99 for δ. It follows that in the calibrated model

(
γ∗(δ) ,γ∗(δ)

) ⊂ (
γ∗(0.9) ,γ∗(0.9)

) ≈ (0,42)

and

γ∗(0.99) ≈ 0.42 < γ∗(1) = 1 < γ∗(1) ≈ 34 < γ∗(0.99) ≈ 35

We will often make the
Calibration Hypothesis The geometric random walk, aggregate endowment process
is calibrated by choosing p = 0.5, u = 1.054 and d = 0.982

12



7 EXPANSIONS OF EQUITY RETURNS, RISK FREE RATES AND PRICE DIVIDEND

RATIOS

One of our main objectives is to obtain expansions for the normalized growth
rates (4.9) and the logarithmic price dividend ratio

log
(
Pt W −1

t

)

By itself, the existence of expansions is not very interesting. The "art" of pertur-
bative calculations is to "write" the second order terms in a form that directly
exhibits economic information. These expansions are subsequently used to de-
termine the status of the stylized facts introduced above.

DEFINITION 7.1 Consciously suppressing u and d, set

`(p) := log(up d1−p )

and

p ′ = pu

pu + qd

for any p ∈ (0,1).

We always have

p′ > p

for all p ∈ (0,1) and consequently,

`(p′) > `(p)

It is surprising that `(p) and `(p′ ) figure prominently in both the perturba-
tive analysis of returns and in the non perturbative infinite horizon behavior of
returns. The non zero difference `(p′ ) − `(p) > 0 generates many interesting
economic phenomena.

As above, set

ρ t ( s) := t−1 log

(
Wt (s)

W0

)

Note, that E [ρ t ] = `(p) is independent of t .

THEOREM 7.2 (Expansion of the normalized, equity growth rates) Let Wt be the
geometric random walk introduced above and

τ−1 log RE
h = τ−1 log

(
δ−1 pu+qd

pu1−γ+qd1−γ

)τ
= log

(
δ−1 pu+qd

pu1−γ+qd1−γ

)

13



the equity growth rate for the homogeneous economy with parameters (γ, δ). Then,

τ−1 log RE(t1, t2) = τ−1 log RE
h

+ ε [ AE
1 E (∆) + AE

2 E (Γ) ]

− ε2[ t1 BE
1 (s) + τBE

2 + BE
3 ] + O(ε3)

(7.1)

Here

AE
1 = ∂

∂δ

(
τ−1 log RE

h

) = −1

δ
, (7.2)

AE
2 = ∂

∂γ

(
τ−1 log RE

h

) =
(

pu1−γ logu + qd1−γ logd

pu1−γ + qd1−γ

)
(7.3)

and

γBE
1 = − AE

1

δ
varη(∆) + ρ t1 (s) AE

2 varη(Γ)

+
(
ρ t1 (s)AE

1 − AE
2

δ

)
covη(Γ,∆)

2γBE
2 = − AE

1

δ
varη(∆) + `(p ′) AE

2 varη(Γ)

+
(
`(p ′)AE

1 − AE
2

δ

)
covη(Γ,∆)

(7.4)

Similarly,

THEOREM 7.3 (Expansion of the normalized, log risk free rates) Let Wt be the geo-
metric random walk introduced above and

τ−1 log RF
h = τ−1 log rF

h = τ−1 log
(
δ−1 1

pu−γ+qd−γ

)τ
= log

(
δ−1 1

pu−γ+qd−γ

)

the normalized, log risk free rates for the homogeneous economy with parameters
(γ, δ).

(1) We have

τ−1 log RF(t1, t2) = τ−1 log RF
h

+ ε [ AF
1 E (∆) + AF

2 E (Γ) ]

− ε2[ t1 BF
1 (s) + τBF

2 + BF
3 ] + O(ε3)

(7.5)

where

AF
1 = ∂

∂δ

(
τ−1 log RF

h

) = −1

δ

AF
2 = ∂

∂γ

(
τ−1 log RF

h

) =
(

pu−γ logu + qd−γ logd

pu−γ + qd−γ

) (7.6)
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and

γBF
1 = − AF

1

δ
varη(∆) + ρ t1 (s) AF

2 varη(Γ)

+
(
ρ t1 (s)AF

1 − AF
2

δ

)
covη(Γ,∆)

2γBF
2 = − AF

1

δ
varη(∆) + `(p) AF

2 varη(Γ)

+
(
`(p)AF

1 − AF
2

δ

)
covη(Γ,∆)

(7.7)

(2) We have

τ−1 log rF(t1, t2) = τ−1 log rF
h

+ ε [ aF
1 E (∆) + aF

2 E (Γ) ]

− ε2[ t1 bF
1 (s) + τbF

2 + bF
3 ] + O(ε3)

(7.8)

where

aF
1 = AF

1 , aF
2 = AF

2 , bF
1 (s) = BF

1 (s), bF
3 = BF

2 + BF
3 − bF

2 (7.9)

and

2γbF
2 = varη

(
aF

1∆ + aF
2 Γ

) Ê 0. (7.10)

Note, that E [BF
1 ] = 2BF

2 .

REMARK 7.4 The homogeneous risk free rate τ−1 log RF
h = τ−1 log rF

h (see, Theo-
rem 7.3) is a strictly concave function of γ > 0 that increases until

∂

∂γ

(
τ−1 log RF

h

) = AF
2 = 0

REMARK 7.5 The homogeneous log equity premium

τ−1 log RE
h − τ−1 log RF

h = τ−1 log RE
h − τ−1 log rF

h

(see, Theorem 7.2) is a strictly increasing function of γ > 0 and is independent of
δ.

DEFINITION 7.6 By Assumption 2, the expected growth rate of the aggregate en-
dowment `(p) > 0, and therefore AF

2 (γ)
∣∣
γ=0 > 0. Since d < 1, then lim

γ→∞ AF
2 (γ) <

0. Let G be the unique root of the strictly decreasing function AF
2 (γ) . That is, the

unique critical point of the homogeneous risk free rate

τ−1 log RF
h
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REMARK 7.7 The Calibration Hypothesis yields

1 = γ∗(1) < G ≈ 15 < γ∗(1) ≈ 34

In general, for suitable u, d we can have G < 1. On the other hand, we always
have G < γ∗(1) − 1.

REMARK 7.8 For γ > G , the risk free rate is a strictly decreasing function of γ .
In this regime, the "puzzle" formulated in (F1) ultimately evaporates. It follows
from this observation that the "standard" homogeneous model referred to in (F1)
implicitly has γ < G . For this reason, we will always assume that γ < G .

Here, is the last expansion we will need.

THEOREM 7.9 (Expansion of the log price dividend ratio) Let Wt be the geomet-
ric random walk introduced above and

log

(
P h t

Wt

)
= log

(
δ (pu1−γ + qd1−γ)

1−δ (pu1−γ + qd1−γ)

)

the log price dividend ratio for the homogeneous economy with parameters (γ, δ).
We have

log

(
Pt

Wt

)
= log P h 0

+ ε [ AP
1 E (∆) + AP

2 E (Γ) ]

− ε2[ t BP
1 (s) + BP

3 ] + O(ε3).

(7.11)

Here,

AP
1 = ∂

∂δ
log P h 0 = 1

δ (1 − δ (pu1−γ + qd1−γ) )
, (7.12)

AP
2 = ∂

∂γ
log P h 0 = − pu1−γ logu + qd1−γ logd

(pu1−γ + qd1−γ) (1 − δ (pu1−γ + qd1−γ))
(7.13)

and

γBP
1 = −AP

1

δ
varη(∆) + ρ t (s) AP

2 varη(Γ) +
(

AP
1 ρ t (s) − AP

2

δ

)
covη(Γ,∆) (7.14)

REMARK 7.10 In a homogeneous economy the price dividend ratio is constant,

Ph t W −1
t = Ph0

for all t Ê 0.
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REMARK 7.11 The discussion of the error terms appearing in the expansions for
the state price densities (3.5) applies equally to the error terms appearing in the
three theorems stated just above. The justification for displaying such "compli-
cated" formulas is the same.

REMARK 7.12 The coefficients B3
I, I=E,F,P, are time and state independent. They

are responsible for a shift in the asset returns. We will not analyze their influence
on asset returns.

8 THE BEST HOMOGENEOUS APPROXIMATION

A "real" economy is often "compared" to a "standard" homogeneous economy.
Consciously or unconsciously, it is implicit that the homogeneous economy should
be a "good approximation" to the real economy. Otherwise, it makes no sense to
compare the economies. What in fact constitutes a good approximation?

From now on, we consciously suppress individual endowments almost
everywhere and "sloppily" refer to ((γ1 ,δ1) , ··· , (γn ,δn )) as a heterogeneous econ-
omy.

DEFINITION 8.1 An economy ((γ1 ,δ1) , ··· , (γn ,δn )) is weakly heterogeneous when the
variations

max
i

γi − min
i

γi , max
i

δi − min
i

δi (8.1)

are small.

REMARK 8.2 Observe that the economy ((γ1 ,δ1) , ··· , (γn ,δn )) is weakly heterogeneous
if and only if there is a decomposition

(γi , δi ) = (γ , δ) + ε (Γi ,∆i )

for some (γ , δ) and (Γi ,∆i ) , i = 1, · · · , n and a small parameter ε. Of course,
there are many possible decompositions.

Suppose,

(γi , δi ) = (γ , δ) + ε (Γi ,∆i ) i = 1, · · · , n.

is a weakly heterogeneous economy. Is the homogeneous economy (γ , δ) a good
approximation ? In general, no !

Notice that, by Theorem 7.2, the normalized, equity growth rate

τ−1 log RE(t1 , t2)
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departs from that of the homogeneous economy (γ , δ ) by

τ−1 log RE
h(γ ,δ ) + ε [ AE

1 E (∆) + AE
2 E (Γ) ]

= τ−1 log RE
h(γ+εE (Γ) ,δ+εE (∆) ) + O(ε2)

Here, h(γ , δ) stands for the homogeneous economy (γ , δ) .
In other words, the first order term extracts more homogeneity from the

heterogeneous economy and consequently, (γ , δ) is not a "good" homogeneous
approximation to (γi , δi ) , i = 1, · · · , n , unless

AE
1 E (∆) + AE

2 E (Γ) = 0

Similarly, by Theorem 7.3, (γ , δ) is not a "good" homogeneous approximation
unless

AF
1 E (∆) + AF

2 E (Γ) = 0

We have
∣∣∣∣∣

AE
1 AE

2

AF
1 AF

2

∣∣∣∣∣ 6= 0

It follows from the discussion above that (γ , δ) can reasonably be called a "good"
homogeneous approximation to the weakly heterogeneous economy (γi , δi ) , i =
1, · · · , n , when E (∆) = 0 and E (Γ) = 0.

DEFINITION 8.3 The homogeneous economy (γ , δ) is a good approximation to
the weakly heterogeneous economy (γi , δi ) , i = 1, · · · , n , when both E (∆) = 0
and E (Γ ) = 0. We call (γ , δ) the "best" homogeneous approximation when it is
the only good homogeneous approximation.

PROPOSITION 8.4 The homogeneous economy (γ , δ) is a good approximation to
the weakly heterogeneous economy ((γ1 ,δ1) , ··· , (γn ,δn )) if and only if

γ = E (γ1 , · · · , γn ) (8.2)

δ = E (δ1 , · · · , δn ) (8.3)

In this case,

min
i

γi É γ É max
i

γi

min
i

δi É δ É max
i

δi

REMARK 8.5 Bear in mind that the wealth weighted average E depends on (γ , δ).
The equations (8.2), (8.3) are nonlinear in (γ , δ).
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It is natural to ask whether there exists a "good" homogeneous approxi-
mation to any weakly heterogeneous economy, and whether it is unique.

THEOREM 8.6 Let (γi , δi ) , i = 1, · · · , n , be a weakly heterogeneous economy. That
is,

max
i

γi − min
i

γi É ε

max
i

δi − min
i

δi É ε

for some small ε > 0. If ε is sufficiently small, there exists the best homogeneous
approximation (γ , δ) to (γi , δi ) , i = 1, · · · , n .

REMARK 8.7 By an application of the Brouwer fixed point theorem, equations
(8.2), (8.3) have a solution (γ , δ) for any heterogeneous economy.

9 SOME INEQUALITIES

We now collect a number of important inequalities. They are essential for un-
ravelling, in our model, the relationships between the stylized facts listed above.

Recall that

AE
2 = pu1−γ logu+qd1−γ logd

pu1−γ+qd1−γ

and

AF
2 = pu−γ logu+qd−γ logd

pu−γ+qd−γ

PROPOSITION 9.1 For all p ∈ (0,1) and all u > d, we have

(1) If γ > 1, then

AF
2 < `(p′ )AE

2 −(
AF

2

)2

`(p′ )+AE
2 −2AF

2
< AE

2 < `(p′ )AE
2 −`(p)AF

2

`(p′ )+AE
2 −AF

2 −`(p)
< `(p) < `(p′ ) (9.1)

(2) If γ = 1, then

AF
2 < `(p′ )AE

2 −(
AF

2

)2

`(p′ )+AE
2 −2AF

2
< AE

2 = `(p′ )AE
2 −`(p)AF

2

`(p′ )+AE
2 −AF

2 −`(p)
= `(p) < `(p′ ) (9.2)

(3) If γ < 1, then

`(p′ )AE
2 −(

AF
2

)2

`(p′ )+AE
2 −2AF

2
, `(p) ∈

(
AF

2 ,
`(p′ )AE

2 −`(p)AF
2

`(p′ )+AE
2 −AF

2 −`(p)

)
(9.3)

and

AF
2 < `(p′ )AE

2 −`(p)AF
2

`(p′ )+AE
2 −AF

2 −`(p)
< AE

2 < `(p′ ) (9.4)
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REMARK 9.2 It is possible to show that there exists a γ0 ∈ (0,1) such that

`(p) < `(p′ )AE
2 −(

AF
2

)2

`(p′ )+AE
2 −2AF

2

if and only if γ ∈ (0 , γ0) .

10 PERTURBATIVE ANALYSIS OF STYLIZED FACTS

Fix a homogeneous economy (γ, δ). For each of the stylized facts listed above
we shall determine all heterogeneous economies, sufficiently close to (γ, δ), in
which the fact is "true". If the fact vaguely stipulates that an economic indicator
is "rather small" or "rather large" then we only determine its qualitative truth.
For example, that risk free rates are smaller than those of (γ, δ) . On the other
hand, if the fact prescribes a sign, such as the covariance between economic
indicators, then we determine its absolute truth.

Concretely, we will first determine the space of all heterogeneous direc-
tions (Γ,∆) for which the fact is "true" to second order in the "heterogeneity
strength" ε . In this step we make essential use of the theorems and proposition
stated just above. Then, it is shown that for any fixed horizon the fact remains
"true" in the full heterogeneous economy for all sufficiently small ε .

DEFINITION 10.1 Consciously suppressing (γ , δ) , (Γ ,∆) and the parameters u, d, p,
set

τF
0 (t ) := − t E [BF

1 ] + BF
3

BF
2

and

τF
1 (t ) := − t E [bF

1 ] + bF
3

bF
2

Similarly,

τE
0 (t ) := − t E [BE

1 − BF
1 ] + BE

3 − BF
2

BE
2 − BF

2

and

τE
1 (t ) := − t E [BE

1 − bF
1 ] + BE

3 − bF
2

BE
2 − bF

2

REMARK 10.2 The denominators BF
2 , bF

2 , BE
2 − BF

2 and B E
2 − b F

2 are independent
of s and t and generically non zero. Precisely, they vanish on a real analytic sub-
variety of codimension one.
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REMARK 10.3 The quantities E [BF
1 ] = E[bF

1 ] = 2BF
2 and E [BE

1 ] are independent
of t . The quantities BF

3 , bF
3 and BE

3 are also independent of s and t .

THEOREM 10.4 Let Wt be the geometric random walk introduced above and (γ, δ)
a fixed homogeneous economy. Suppose, (γ , δ) is the best homogeneous approx-
imation to

(γ , δ) + ε(Γi ,∆i ), i = 1, · · · , n

Then, all the statements below are valid to second order in the parameter ε.

(F1) (a) Suppose, BF
2 6= 0. For all τ > τF

0 (t1) , the log short term risk free rate

τ−1 log RF(t1, t1 + τ)

is smaller in the direction (Γ,∆) than the corresponding rate in the
homogeneous economy, if and only if B F

2 > 0, that is

1

δ2
varη(∆) + `(p)AF

2 varη(Γ) > 1

δ

(
`(p) + AF

2

)
covη(Γ,∆) (10.1)

The last inequality is always fulfilled if

varη(Γ)

varη(∆)
∉

[
1

(δ`(p))2
,

1

(δAF
2 )2

]
(10.2)

(b) Suppose, bF
2 6= 0. The normalized, log long term risk free rate

τ−1 log rF(t1, t1 + τ)

is smaller in the direction (Γ,∆) than the corresponding rate in the
homogeneous economy for all τ > τF

1 (t1) if and only if b F
2 > 0, that is

1

δ2
varη(∆) + (

aF
2

)2
varη(Γ) − 2

1

δ
aF

2 covη(Γ,∆) > 0

The last condition is generically true. Observe, that the expression on
the left hand side of the inequality is equal to

varη
(
aF

1∆ + aF
2 Γ

)

and by convexity always greater than or equal to zero.

(F2) The normalized, log term premium

τ−1 log rF(t1, t2) − τ−1 log RF(t1, t2)

is positive for all τ Ê 2 if and only if BF
2 > bF

2 , that is

covη(Γ,∆)

varη(Γ)
< δAF

2 (10.3)
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(F3) (a) Suppose, BE
2 − BF

2 6= 0. For all τ > τE
0 (t1) , the normalized, log equity

premium (4.10) relative to short term bonds is larger in the direction
(Γ,∆) than the corresponding equity premium in the homogeneous
economy, if and only if BE

2 − BF
2 < 0, that is

covη(Γ,∆)

varη(Γ)
> δ

`(p′ )AE
2 − `(p)AF

2

`(p′ ) + AE
2 − AF

2 − `(p)
(10.4)

(b) Suppose, BE
2 − bF

2 6= 0. For all τ > τE
1 (t1) , the normalized, log equity

premium (4.11) relative to long term bonds is larger in the direction
(Γ,∆) than the corresponding equity premium in the homogeneous
economy, if and only if BE

2 − bF
2 < 0, that is

covη(Γ,∆)

varη(Γ)
> δ

`(p′ )AE
2 − (

AF
2

)2

`(p′ ) + AE
2 − 2AF

2

(10.5)

(F4) For all t ,

cov

(
log

RE(t , t + 1)

RF(t , t + 1)
, log Wt

)
< 0

if and only if

varη(Γ ) > 0.

The last condition holds if and only if γ1 , · · · , γn are heterogeneous.

(F5) For all t ,

cov
(

log(Pt W −1
t ) , log Wt

) > 0

if and only if

covη(Γ,∆)

varη(Γ)
< δAE

2 . (10.6)

(F6) For all t ,

cov
(

log(Pt W −1
t ) , log(Pt +1 W −1

t +1)
) > 0

if and only if

varη(Γ ) > 0.

Again, the last condition holds if and only if γ1 , · · · , γn are heterogeneous.
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(F7) For all t and all j Ê 0

cov
(

log(Pt W −1
t ) , RE(t + j , t + j + 1)

) < 0

if and only if

varη(Γ ) > 0.

Again, the last condition holds if and only if γ1 , · · · , γn are heterogeneous.

(F8) For all t ,

cov
(

rE(t1, t2) , rE(t2, t3)
) < 0

if and only if the condition (10.6) is fulfilled.

(F9) For all t ,

cov
(

var t (rE
t +1) , logWt

)< 0

if and only if the condition (10.6) is fulfilled.

We now formalize the intuition that "statements" true to second order in
ε are true to all orders.

THEOREM 10.5 For any T ∈ N there exists an ε > 0 such that the statements of
Theorem 10.4 hold to all orders as soon as t + τ< T. Furthermore,

(F10) The conditional correlation at time t ,

corr t (rE
t +1 , Wt +1 W −1

t ) = ε2 Z + O(ε3)

for some constant Z . In other words, the conditional correlation is inde-
pendent of time and state to second order.

(F11) The "changes" or forward difference of the log price dividend ratios at time
t ,

log(Pt +1 W −1
t +1) − log(Pt W −1

t ) = ε2 Z1 log(Wt +1 W −1
t ) + O(ε3)

are independent, identically distributed random variables independent of
Wt to second order. In other words, there is no correlation between for-
ward differences of price dividend ratios and the aggregate endowment to
second order.

REMARK 10.6 The heterogeneity strength ε must be chosen so small that the error
of order ε3 does not change the sign of the second order term. It follows that the
size of ε depends implicitly on the direction (Γ ,∆) .
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11 THE STATUS OF STYLIZED FACTS

We now interpret Theorem 10.5 in a series of remarks.

REMARK 11.1 The sequence

τ−1 log RF ( t , t + τ ) , τ = 1, 2, · · ·

is not only smaller (for large τ ) than that of the homogeneous economy but strictly
decreases in τ when the direction (Γ ,∆) satisfies the condition (10.1).

By contrast, the yield curve

τ−1 log rF ( t , t + τ ) , τ = 1, 2, · · ·

is strictly decreasing in τ for a generic direction (Γ ,∆). That is, no essential re-
striction on the direction is necessary.

This is surprising. After all, the two sequences are identical and always de-
creasing for homogeneous risk aversion, that is

γ1 = ·· · = γn

Why does the first sequence only decay for a restricted class of heterogeneous economies
? One can, a posteriori, give an "economic explanation". However, by direct in-
spection of the two constraints

1

δ2
varη(∆) + `(p)AF

2 varη(Γ) > 1

δ

(
`(p) + AF

2

)
covη(Γ,∆)

1

δ2
varη(∆) + AF

2 AF
2 varη(Γ) > 1

δ
(AF

2 + AF
2 )covη(Γ,∆)

one immediately sees that the phenomenon lies in the precise algebraic structure
of the coefficients. Namely, `(p) > AF

2 . See, (9.1).

REMARK 11.2 By Proposition 9.1, the criterion (10.3) for the strict positivity of the
term premium (see, (F3)) is incompatible with both (10.4), (10.5). In other words,
it is impossible to simultaneously ensure that the term premium is positive and
that any of the equity premia increase. In particular, this result contradicts the
"conventional wisdom" that in standard equilibrium models the term premium
and the equity premium relative to short term bonds rise and fall together.

REMARK 11.3 Let X t , t Ê 1 be a sequence of nonnegative, independent, identi-
cally distributed random variables with compactly supported distribution func-
tion F (x) and let

Wt =
t∏

k=1
Xk , t Ê 1
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be the corresponding geometric random walk. The equity premium relative to
short term bonds for a homogeneous economy h = h(γ , δ) with aggregate en-
dowment process Wt is

τ−1 log
RE

h(γ ,δ)(t1, t2)

RF
h(γ ,δ)(t1, t2)

= log
E [X1] E [X −γ

1 ]

E [X 1−γ
1 ]

It is a nonnegative, strictly increasing function of γ . Therefore, by Remark 6.3,

τ−1 log
RE

h(γ ,δ)(t1, t2)

RF
h(γ ,δ)(t1, t2)

(γ) < τ−1 log
RE

h(γ∗ ,δ)(t1, t2)

RF
h(γ∗ ,δ)(t1, t2)

< log
E [X1]

inf supp F

for all γ < γ∗ . Here, inf suppF is the infimum of the support of F (x) . Clearly,
the size of the equity premium is controlled by inf suppF . Note, that the equity
premium does not depend on δ , but the upper bound depends on δ through
γ∗ . The Calibration Hypothesis implies

γ∗(0.9) = 0 and γ∗(0.9) ≈ 42

and

τ−1 log
RE

h(t1, t2)

RF
h(t1, t2)

(γ∗) ≈ log 1.033

and

log
E [X1]

inf supp F
= u + d

2d
≈ 1.037

This is much less than the "observed" log 1.07 (see, Campbell (2003), Mehra and
Prescott (1985)).

It has become a generally accepted convention (Campbell (2003)) that the
random variables X t are independent and have identical log normal distribu-
tions N (x) . The material point is that inf supp N (x) = 0 and consequently there
is no a-priori upper bound on the homogeneous equity premium.

REMARK 11.4 (Equity premium and positive covariances) By Definition 7.6,

AF
2 (γ) > 0

when γ < G . Consequently, by (9.1) the quotients

`(p′ )AE
2 − `(p)AF

2

`(p′ ) + AE
2 − AF

2 − `(p)
and

`(p′ )AE
2 − (

AF
2

)2

`(p′ ) + AE
2 − 2AF

2

appearing in the constraints (10.4), (10.5) are strictly positive when the risk aver-
sion γ < G . If the quotients are positive, then (10.4) and (10.5) imply that a pos-
itive covariance between Γ and ∆ is necessary to make the equity premium in-
crease. The constraint (10.4), forcing the equity premium relative to short term
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bonds to increase, is stronger than the constraint (10.5) that forces the equity
premium relative to long term bonds to increase, since, by Proposition 9.1,

`(p′ )AE
2 − `(p)AF

2

`(p′ ) + AE
2 − AF

2 − `(p)
> `(p′ )AE

2 − (
AF

2

)2

`(p′ ) + AE
2 − 2AF

2

In other words, the set of directions in which the equity premium relative to long
term bonds increases, strictly contains the set of directions in which the equity
premium relative to short term bonds increases.

There is very little reliable data about standard statistical means and vari-
ances of risk aversion and discount factors in which all agents are weighted equally.
Not surprisingly, there is no empirical data at all on wealth weighted averages of
risk aversion and discount factors and on their corresponding wealth weighted
variances and covariance. Still, the model generates concrete predictions that
we now derive.

For this purpose, recall that

γi = γ + εΓi , δi = δ + ε∆i

for all i = 1, · · · , n . Substituting,

covη
(
(γ1 , · · · , γn) , (δ1 , · · · , δn)

)

varη(γ1 , · · · , γn)
= covη(Γ ,∆)

varη(Γ)

and therefore (10.4) is equivalent to

covη
(
(γ1 , · · · , γn) , (δ1 , · · · , δn)

)

varη(γ1 , · · · , γn)
> δ

`(p′ )AE
2 − `(p)AF

2

`(p′ ) + AE
2 − AF

2 − `(p)
(11.1)

The Calibration Hypothesis implies that the right hand side of (11.1) decreases
to 0.01δ when γ approaches 10. These observations and the assumption that
the average δ is bigger than 0.9 (see, Remark 6.3) imply that the sloppy inequal-
ity

varη(γ1 , · · · , γn) < 112 covη
(
(γ1 , · · · , γn) , (δ1 , · · · , δn)

)
(11.2)

follows from (11.1). We now see that the "equity premium puzzle" (see, styl-
ized fact (F3) above) implies that the wealth weighted covariance between risk
aversion and patience is positive and bounded below by 1/112 of the wealth
weighted variance of risk aversion. One is therefore tempted to make the social
prediction that in an economy with a large equity premium the wealth weighted
covariance between risk aversion and patience is positive. Amusingly, the in-
equality above is consistent with the experimental work of Van Praag and Booji
(2003) in which it is "observed" that the average risk aversion is 1.5 and

var(γ1 , · · · , γn) ≈ 14.3

cov((γ1 , · · · , γn) , (δ1 , · · · , δn)) ≈ 0.33

Here, each agent is assigned the weight n−1 when evaluating expectations.
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REMARK 11.5 (Equity premium and the quotient of variances) By an applica-
tion of Schwartz’s inequality, (10.4) implies

(
varη(∆)

varη(Γ)

)1/2

> δ
`(p′ )AE

2 − `(p)AF
2

`(p′ ) + AE
2 − AF

2 − `(p)
(11.3)

Similarly, (10.5) implies

(
varη(∆)

varη(Γ)

)1/2

> δ
`(p′ )AE

2 − (
AF

2

)2

`(p′ ) + AE
2 − 2AF

2

(11.4)

If γ < G , the quotients are positive and impose concrete restrictions on the vari-
ances of Γ and ∆ . If 1 É γ < G , then, by Proposition 9.1,

δ`(p) > δ
`(p′ )AE

2 −`(p)AF
2

`(p′ )+AE
2 −AF

2 −`(p)
> δ

`(p′ )AE
2 −(

AF
2

)2

`(p′ )+AE
2 −2AF

2

In other words, the right hand sides of (11.3) and (11.4) are simultaneously dom-
inated by the γ independent, expected growth rate of the economy multiplied
by the average discount factor. Invoking the Calibration Hypothesis, the ex-
pected growth rate `(p) = 0.0172. Therefore, (11.3) and (11.4) permit a "realis-
tic" varη(Γ) to be larger than varη(∆) .

It follows from (11.2) and Schwartz’s inequality that

varη(Γ) É 12,600 varη(∆) (11.5)

At first sight, the factor of 12600 appearing on the right hand side of the
last inequality looks huge. However, recalling that

γi = γ + εΓi , δi = δ + ε∆i

for all i = 1, · · · , n ,

varη(γ1 , · · · , γn)

varη(δ1 , · · · , δn)
= varη(Γ)

varη(∆)

If we adopt the standard convention (see, e.g. Weitzman (2001)) that the pa-
tience

δi ∈ [0.8 , 1) , i = 1, · · · , n ,

we obtain the sloppy upper bound

varη(δ1 , · · · , δn) É 0.01

It now follows directly from (11.5) that

varη(γ1 , · · · , γn) É 126
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One should observe that this sloppy bound on the variance varη(γ1 , · · · , γn)
depends sensitively on the Calibration Hypothesis and the standard convention
invoked above. For example, if

δi ∈ [0.9 , 1) , i = 1, · · · , n ,

then

varη(γ1 , · · · , γn) É 31.5

Nevertheless, it is amusing that this primitive model with heterogeneous agents
generates quasi-realistic estimates for socially relevant quantities.

REMARK 11.6 (Equity premium / risk free rate puzzle) It follows from Remark
7.5, Remark 7.8 and direct calculation that the calibrated, homogeneous model
has the following property: either the equity premium is too small when γ < G

and δ < 1 are chosen so that the risk free rate is small, or the risk free rate is too
large when γ<G is chosen so that the equity premium is large. That is, varying
a homogeneous economy in a homogeneous direction gives no insight into the
equity premium/risk free rate puzzle.

One of the main points of this paper is that one can obtain a great deal
of insight into this "puzzle" and other stylized facts by varying a homogeneous
economy in a heterogeneous direction.

To ensure that the equity premium goes up and the risk free rate goes
down, the direction (Γ ,∆) should lie in the intersection of the regions defined
by the inequalities (10.4) and (10.1), that is

1
δ(`(p)+AF

2 )
varη(∆)
varη(Γ) + δ

`(p)AF
2

(`(p)+AF
2 )

> covη(Γ,∆)
varη(Γ) > δ

`(p′ )AE
2 −`(p)AF

2

`(p′ )+AE
2 −AF

2 −`(p)
(11.6)

By Assumption 2 and Remark 7.8, the denominator `(p) + AF
2 is strictly

positive when γ < G . Our assumptions also imply

`(p′ )AE
2 −`(p)AF

2

`(p′ )+AE
2 −AF

2 −`(p)
> `(p)AF

2

(`(p)+AF
2 )

(11.7)

It follows from these observations that a pre-requisite for forcing the equity pre-
mium to increase and the risk free rate to decrease is the constraint on the ratio
of variances

varη(∆)
varη(Γ) > δ2

(
`(p)+AF

2

)
(

`(p′ )AE
2 −`(p)AF

2

`(p′ )+AE
2 −AF

2 −`(p)
− `(p)AF

2

(`(p)+AF
2 )

)
(11.8)

It is interesting that the constraint (11.8) follows from the condition (10.4),

covη(Γ,∆)
varη(Γ) > δ

`(p′ )AE
2 −`(p)AF

2

`(p′ )+AE
2 −AF

2 −`(p)

that guarantees an increase in the equity premium and the additional assump-
tion `(p) < 1/2. This is an immediate consequence of (11.3), (11.7) and the in-
equality `(p) > AF

2 (see, (9.1)). In the calibrated model, `(p) = 0.0172.
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The preceding discussion is roughly equivalent to the intuition that one
can break the "connection" in a homogeneous economy between the risk free
rate and the equity premium with a strong, but not too strong, (see, (11.6)) posi-
tive covariance covη(Γ ,∆) .

REMARK 11.7 (Equity premium / term premium) The yield curve of a generic
heterogeneous economy decreases. That is, for a generic direction (Γ ,∆) , the long
term risk free rate decreases with τ (see, Remark 11.1). Therefore, the equity pre-
mium relative to long term bonds / long term risk free rate "puzzle" evaporates.

REMARK 11.8 (Counter Cyclical variation of the equity premium) An interest-
ing consequence of heterogeneous risk aversion is that the risk aversion of the
canonical representative agent becomes a decreasing function of his consumption
(see, Benninga and Mayshar (2000)). Intuitively, this property of the represen-
tative agent should force the equity premium to vary counter cyclically with the
aggregate endowment. Theorem 10.4 and Theorem 10.5 confirm this intuition.

REMARK 11.9 (Pro cyclical price dividend ratios, counter cyclical conditional
variance of returns and negative autocorrelation of returns) [(F5), (F8), (F9)] It
is surprising that the regions in which these three stylized facts hold are identical
and determined by the simple inequality (10.6),

covη(Γ,∆)

varη(Γ)
< δAE

2

This suggests, that there is a "hidden connection" between the pro cyclical varia-
tion of price dividend ratios, the negative autocorrelation of asset returns and the
counter cyclical variation of the return volatility.

Observe that, by Proposition 9.1, condition (10.6) is compatible with (10.4)
if and only if γ É 1. Recall, that (10.4) forces the equity premium relative to short
term bonds up. On the other hand, (10.6) is always compatible with the weaker
condition (10.5) that forces the equity premium relative to long term bonds up.

It follows from the preceding discussion that for γ < 1, there is an open
region of directions (Γ ,∆) in which (F5), (F8) and (F9) are valid and simultane-
ously both equity premia go up. For γ > 1, there is no region of this kind, some
economically desirable feature is lost. We do not know what to make of this di-
chotomy between economies with average risk aversion less then one and those
with average risk aversion larger than one.

REMARK 11.10 (Positive autocorrelation of equity prices and negative corre-
lations of prices with returns) The moral of Theorem 10.4, parts (F6) and (F7),
is that heterogeneous risk aversion all by itself generates (1) a positive autocor-
relation of equity price dividend ratios and (2) a negative correlation of price
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dividend ratios with equity returns. Here, it is important that the aggregate en-
dowment process is stationary and positively autocorrelated.

REMARK 11.11 (Conditional correlation of returns with consumption growth
and changes in price-dividend ratios) [(F10), (F11)] The really important point
here is that weak heterogeneity alone does not generate non trivial dynamics.

REMARK 11.12 It is also possible to determine the behavior of the normalized, log
risk free rates and the normalized, log equity premia as t1 becomes large. This
information allows us to analyze the quantities

E




T∑
t =1

τ−1 log RF ( t , t + τ )

T




and

E




T∑
t =1

τ−1
(

log RE ( t , t + τ ) − log RF ( t , t + τ )
)

T




as T becomes large. Mehra and Prescott (1985) discuss the special case when τ =
1. We have,

(F1) For all sufficiently large t , the expected normalized, log risk free rate

E
[
τ−1 log RF ( t , t + τ )

]

is smaller than that in the homogeneous economy in the direction (Γ ,∆) if
and only if (10.1) is fulfilled.

(F3) For all sufficiently large t , the expected normalized, log equity premium

E

[
τ−1 log

RE ( t , t + τ )

RF ( t , t + τ )

]

is larger than that in the homogeneous economy in the direction (Γ ,∆) if
and only if

covη(Γ,∆)

varη(Γ)
> δ`(p)

Observe that γ does not appear on either side of this inequality.
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An application of the Cauchy-Schwartz inequality to the covariance covη(Γ ,∆) ,
yields the inequality

varη(Γ)

varη(∆)
< 1

(δ`(p))2
(11.9)

Observe that, by (10.2), the risk free rate automatically decreases when the in-
equality (11.9) holds! Thus, the region in which the risk free rate decreases auto-
matically contains the region in which the equity premium increases.

We summarize Remarks 11.1, 11.4, 11.6, 11.8, 11.9, 11.10 in

THEOREM 11.13 Suppose that the risk aversion γ of the best homogeneous ap-
proximation is less then one, γ < 1. Let also H be the set of weakly heterogeneous
economies ((γ1 ,δ1) , ··· , (γn ,δn ) ) satisfying inequalities (10.4), (10.6) and (10.1). Then,
this set is open and nonempty and the stylized facts (F4), (F5), (F6), (F7), (F8), (F9)
are simultaneously valid for sufficiently long horizon. Moreover, for the economies
in this open set, equity premia are larger and risk free rates are smaller than those
of the best homogeneous approximation.

Our discussion of equity and bonds in a weakly heterogeneous economy
is now finished.

12 A QUICK LOOK AT EUROPEAN CALL OPTIONS

So far, we have purposely ignored all assets apart from equity, modelled by the
Lucas tree asset, and risk free bonds. Now, we briefly discuss the influence of
heterogeneity on European call options. See, Bharma, Koga, and Uppal (2002),
Benninga and Mayshar (2000) for a discussion of option prices and heterogene-
ity.

Recall that the price Qt at time t Ê 0 of a general asset with dividend
process D t , t Ê 0, is given by

Qt = Et

[ ∞∑
τ=1

M t +τ
M t

D t +τ

]

The dividend process for the "European call option on equity with strike K and
maturity s " is by definition

D t (K , s) = δ t s (Ps − K )+

Here, δ t s is the Kronecker symbol and

f + = max( f , 0)
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is the positive part of the function f . The price Call (K , t , t + τ) at time t Ê 0
for the European Call option with strike K and maturity t + τ is

Call (K , t , t + τ) = Et

[ ∞∑
s=1

M t + s

M t
D t + s(K , t + τ)

]
(12.1)

= Et

[
M t +τ

M t
(Pt +τ − K )+

]
(12.2)

It is instructive to compute Callh (K , t , t + τ) for the homogeneous econ-
omy with parameters (γ , δ) and the geometric random walk aggregate endow-
ment process Wt , t Ê 0. See, Definition 6.1. In this case, the state price density,
the price of equity and the risk free rate are given by

Mt = δt W −γ
t

Ph t = e B(1−γ ,δ)(1 − e B(1−γ ,δ))−1 Wt

rF
h(t , t+τ) = e −τB(γ ,δ)

where

B (γ ,δ ) = log δ + log(pu−γ + qd−γ)

is the log price of the risk free bond in the homogeneous economy (γ , δ) . As
usual, the normalization W0 = 1 is imposed. See, Theorem 7.3 and Theorem
7.9.

Substituting,

Callh (K , t , t + τ) (12.3)

= δτEt
[

(Wt +τ/Wt )−γ (P h t +τ − K )+
]

(12.4)

= δτ
∑

0É l <L

(
τ

l

)
pτ−l ql u−γ (τ− l ) d−γ l

(
Ph t uτ− l dl − K

)
(12.5)

where

L =
log

(
Ph t
K

)
+ τ log u

log(ud−1)
(12.6)

It is convenient to make two definitions.

DEFINITION 12.1 As usual, Wt , t Ê 0 is the geometric random walk

Wt = X1 · · · X t

Again, Xs , s Ê 1, are independent identically distributed random variables that
take the value u with probability r and the value d with probability 1 − r . By
definition, Prob(r) is the unique measure on Ω satisfying

Prob(r)
[{

paths that step up at s1 , ··· , sk É t
and at no other times before t

}]
= rk (1 − r) t −k
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for any t Ê 1 and all 1 É s1 < s2 < ·· · < sk É t .
We denote by E (r) [ · ] the expectation with respect to Prob(r) . Similarly, cov (r)

and var(r) stand for the covariance and variance with respect to Prob(r) .

DEFINITION 12.2 Let p ∈ (0,1) and u > d > 0. For all real γ ,

pγ = pu−γ

pu−γ + qd−γ

qγ = 1 − pγ

and

π (τ , γ) = Prob(pγ) [ P h t +τ > K |P h t
] =

∑
0ÉlÉL

(
τ

l

)
pτ−l
γ qγ

l

We have consciously suppressed the dependence on K and P h t . Here, the quantity
Prob(pγ) [ · | P h t ] is the conditional probability given the price of equity at the
moment t .

THEOREM 12.3 Let Wt be the geometric random walk, introduced above, with
probability p of stepping up and let ρt = t−1 log Wt be corresponding growth
rate. Let (γ, δ) be a fixed homogeneous economy. Set

Callh(K , t , t + τ) = P h t e τB(γ−1,δ) π(τ ,γ−1) − K e τB(γ ,δ) π(τ ,γ) (12.7)

= Callh1 − Callh2

and introduce

Aopt
2 = τ−1 ∂

∂γ
Callh(K , t , t + τ) − τ−1 e τB(γ−1,δ) π(τ ,γ−1)

∂

∂γ
P h t

Callh3 = τ−1 P h t
∂

∂γ

(
e τB(γ−1,δ) π(τ ,γ−1)

)

Here, as in Theorem 7.9, P h t is the price of equity in the homogeneous economy
(γ , δ) .

Suppose, (γ , δ) is the best homogeneous approximation to

(γ , δ) + ε(Γi ,∆i ), i = 1, · · · , n

and that K 6= P h t uτ−l dl for all l = 0, · · · , τ . Fix t and τ . For all sufficiently
small ε , the option price is given by

Call (K , t , t +τ) = Callh (K , t , t +τ) + ε2τ
(

t Bopt
1 + τBopt

2 + Bopt
3

)
+ O(ε3)

where

γBopt
1 = − Aopt

2 varη(Γ) ρt + δ−1
(

Aopt
2 − Callh (K , t , t +τ)ρt

)
covη(Γ ,∆)

+ δ−2 varη(∆) Callh (K , t , t +τ)

− τ−1 BP
1 Callh1
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and

γBopt
2 = − Aopt

2

(
varη(Γ) ρt − δ−1 covη(Γ ,∆)

)

+ δ−2 varη(∆)Callh (K , t , t +τ) − τ−1 C opt
2

with

C opt
2 = C opt

21 varη(∆) + C opt
22 covη(Γ ,∆) + C opt

23 varη(Γ)

and

C opt
21 = − AP

1

δ
Callh1

+ (
2−1γδ−2 (1 + 2 γ−1 E (ξ))

)
Callh (K , t , t +τ)

C opt
22 = − AP

2

δ
Callh1 + AP

1 Callh3

− Aopt
2 δ−1 E (ξ) + δ−1 (E (ζ) − 1) Callh (K , t , t +τ)

C opt
23 = AP

2 Callh3 − Aopt
2 (1 − E (ζ))

Finally,

Bopt
3 = τ−1 Callh1 BP

3

See, Theorem 7.9 for the definitions of BP
1 , BP

3 .

REMARK 12.4 There are many stylized facts about options. In principle, Theorem
12.3 puts us in position to determine the status of such stylized facts. But, this
requires more than the "quick look" we have permitted ourselves.

REMARK 12.5 Let Wt be a geometric random walk with log normal steps

Wt = X1 · · · X t

Here, log X t , t Ê 1, are identically distributed normal random variables with
mean µ and volatility (variance) σ .

In the homogeneous economy (γ , δ) , the state price density, the price of eq-
uity and the risk free rate now become

Mt = δt W −γ
t

Ph t = δe µ (γ−1)−0.5(γ−1)2σ2
(
1−δe µ (γ−1)−0.5(γ−1)2σ2

)−1
Wt

rF
h(t , t+τ) = er τ

34



where, we introduce the local notation

r = − log δ − µγ + 0.5γ2σ2

Substituting,

Callh (K , t , t + τ)

= δτEt
[

(Wt +τ/Wt )−γ (P h t +τ − K )+
]

= 1p
2πσ2τ

∫ +∞

log(K /Ph t )
e−γx (Ph t ex − K ) e− (x−τµ)2

2σ2 τ d x

We now make a standard calculation. For this purpose, set

x = τµ − σ
p
τ y

Changing variables in the last integral, one obtains

Callh (K , t , t + τ)

= Ph t
e−γτµ
p

2π

∫ (σ
p
τ)−1(log(Ph t /K )+τµ)

−∞
e γσ

p
τy e τµ−σ

p
τ y e−y2/2 d y

− K
e−γτµ
p

2π

∫ (σ
p
τ)−1(log(Ph t /K )+τµ)

−∞
e γσ

p
τy e−y2/2 d y

= Ph t e(1−γ)τµ+0.5(1−γ)2σ2 τN
(

log(Ph t /K )+τµ+ (1−γ)σ2 τ

σ
p
τ

)

− K e−γτµ+0.5γ2σ2 τN
(

log(Ph t /K )+τµ−γσ2 τ

σ
p
τ

)

where

N (x) = 1p
2π

∫ x

−∞
e−x2/2 d x

The final difference is referred to as the Black - Schoules formula for the European
Call Option. The "Black - Schoules formula" can also be obtained indirectly by
approximating the continuous log normal distribution by the discrete binomial
distribution and passing to the limit in expression (12.7). See, Cox, Ross, and Ru-
binstein (1979).
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APPENDICES

A THE MODEL

A.1 Assets and state price densities

Time is discrete and the horizon is infinite t ∈ {0 ,1 , 2 , · · · } = : T . Uncertainty is captured
by a probability space s ∈Ω and an infinite filtration (information structure) (Ft )∞t=0 of
σ-algebras of subsets of Ω .

There is a single commodity (“consumption”). There is a (possibly infinite) collec-
tion of assets j ∈Nwho pay divedend in this single commodity. An asset is characterized
by his dividend process D j t and price process Q j t . It is known that under some mild
technical conditions (see, e.g. Duffie and Huang (1985)) the absence of arbitrage oppor-
tunities is equivalent to the existence of positive state price densities Mt , t Ê 0, such
that

Q j t = Et

[
(Q j t +1 + D j t +1)

Mt +1

Mt

]
(A.1)

Here, Et the conditional expectation with respect to the σ-algebra Ft .
Moreover, the market is completeness is "almost" equivalent to the uniqueness

of state price densities Mt , t = 1, · · · , T . From now on we assume that the market is
complete and that the state price densities are unique7.

For the filtration, generated by the geometric random walk the situation is even
simpler and the standard arguments (see, e.g. (Guesnerie and Jaffray, 1974; Kreps, 1982;
Duffie and Huang, 1985)) immediately imply

PROPOSITION A.1 Suppose that sigma-algebra Ft contains only a finite number of sub-
sets for each finite t . Then there is no arbitrage if and only if there exist positive state price
densities Mt , t Ê 0 and the market is dynamically complete if and only if the state price
densities are unique up to constant factor.

ASSUMPTION 3 We assume that there are no bubbles in the asset prices. That is,

lim
t→∞E [Q j ,t Mt ] = 0

The following result is an immediate consequence of (A.1).

PROPOSITION A.2 Under Assumption 3, the price of any asset j is given by

Q j t = Et

[ ∞∑
τ=1

Mt+τ
Mt

D t+τ
]

7If T is finite and Ω is infinite, a complete market would require an infinite number of assets.
Thus, it makes sense to work with an infinite Ω only if T is infinite. In that case, it may be possi-
ble to create a dynamically complete market by trading a finite set of assets infinitely many times
(Guesnerie and Jaffray, 1974; Kreps, 1982; Duffie and Huang, 1985). Yet, there are contributions
that work with an infinite Ω even with a finite T and still assume complete markets (e.g. Aase,
1993), and our model allows for this as well.
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A.2 Agents

There is a finite collection of agents, i ∈ {1 , . . . , n} = : N . Agent i has constant rela-
tive risk aversion (CRRA) utility function. He chooses his random consumption xi t at
each time t Ê 0 and each possible state of the world to maximize expected discounted
intertemporal utility function8

E

[
T∑

t=0
δt

i ui (xi t )

]

where

ui (z) = z1−γi −1

1−γi

Here, γi is the relative risk aversion of agent i and δi is his discount factor (patience).
The budget constraint of agent i is determined by his individual endowment process
wi t , t Ê 0. Namely, since, by assumption, the market is complete and the state price
densities are unique, the set of admissible consumption streams xi = (xi t ) t Ê0 is

{
xi t > 0 : E

[ ∞∑
t=0

xi t Mt

]
= E

[ ∞∑
t=0

wi t Mt

]}

Agent i is thus fully described by the pair (γi , δi ) and the endowment process wi t , t Ê
0.

LEMMA A.3 The utility maximization problem for of agent i

max

{
E

[ ∞∑
t=0

δt
i ui (xi t )

]
| E

[ ∞∑
t=0

xi t Mt

]
= E

[ ∞∑
t=0

wi t Mt

]}
(A.2)

is solvable if and only if the state price densities satisfy
∑

t
E [ wi t Mt ] <∞ and

∑
t
δt bi E [ M 1−bi

t ] <∞ (A.3)

In this case the optimal consumption stream xi is given by

xi t = M−bi
t δ

t bi

i xi 0 (A.4)

and

xi 0 =
∑

i∈N E [ wi t Mt ]
∑

t δ
t bi

i E [M 1−bi
t ]

. (A.5)

Recall, that

Wt (s) :=
∑

i∈N
wi t (s)

and gt (s) := (Wt (s)/W0)1/t . Finally,

ρt = log g t = t−1 log Wt

is the growth rate of the aggregate endowment

8The reciprocal of relative risk aversion, bi = 1/γi is called cautiousness
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DEFINITION A.4 State price densities M := (Mt (s))s∈Ω , t ∈T are an equilibrium if

∑
i∈N

xi t = Wt

where the optimal consumption xi t is defined in (A.4) and (A.5)

From now on we use the
Normalization. We normalize W0 = 1 and M0 = 1.

Thus, we have

PROPOSITION A.5 State price densities Mt , t Ê 1 are an equilibrium if and only if

∑
i∈N

Mt (s)−biδ
t bi

i xi 0 = Wt (s), s ∈Ω, t ∈ T, (A.6)

with xi 0 =
∑

t∈T E [wi t Mt ]
∑

t∈Tδ
tbi

i E [M 1−bi
t ]

, i ∈ N . (A.7)

REMARK A.6 Observe that there are no conditional expectations in the utility maximiza-
tion problem. The reason for this is that it is assumed that all decisions are made “at the
beginning of time.” All decisions are made based on the same amount of information.
To describe the time series properties of assets, however, we make use of conditional ex-
pectations, because the price of an asset in period t is the value of its future dividends,
conditional on the information that is available in period t .
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B LIST OF NOTATIONS

γi , δi risk aversion and disc. factor of agent i . Theorem 2.1

wi t , t Ê 0 individual endowment process of agent i Theorem 2.1

Wt Theorem 2.1 and Definition 6.1

(Γ ,∆) Direction of perturbation. (3.1)

ηi (3.2)

E (3.3)

ξ and ζ Lengwiler, Malamud, and Trubowitz (2005), (E.3)

ρt (3.4)

Mt (3.5) and (A.1)

Pt (4.1)

βF(t1 , t2) (4.2)

rE
t (4.3)

rF(t1 , t2) (4.4)

rE(t1 , t2) (4.5)

RE(t1 , t2) (4.7)

RF(t1 , t2) (4.8)

u, d, p, q Definition 6.1

`(p) Definition 7.1

p′ Definition 7.1

γ∗ and γ∗ Remark 6.3

Calibration Hypothesis the end of Section 6

τ−1 log RE
h Theorem 7.2

AE
1 , AE

2 (7.2)

τ−1 log RF
h = τ−1 log rF

h Theorem 7.3

AF
1 , AF

2 (7.6)

P h t W −1
t = P h0 Theorem 7.9

AP
1 , AP

2 (7.12)

G Definition 7.6

h(γ , δ) Homogeneous economy (γ , δ)

Call (K , t , t + τ) (12.1)

Callh (K , t , t + τ) (12.3)

Prob(r) , E (r) [ · ] , cov(r) , var(r) (12.1)

π(τ , γ) Definition 12.2
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