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Abstract

We perform a detailed asymptotic analysis of the equilibrium behavior of the asset
prices, wealth size and portfolio weights in complete markets equilibria, with long-lived
funds. In equilibrium, the fund with the (closest to) log preference will dominate the
other funds in size, in the long-run, with probability one. On the other hand, two funds
on the opposite sides of the log preference will never dominate each other in expected
size. In the very long run, the price behavior of the risky asset will be determined
solely by the fund closest to the log preference. However, the price drift and volatility
still are affected by higher risk aversions, and the optimal portfolio weights contain a
hedging component, positive (negative) for the risk aversions higher (lower) than log.
The hedging component is monotone increasing in risk aversion for the times further
away from the terminal horizon, but it may become monotone decreasing closer to the
terminal horizon. For earlier, but still asymptotically infinite times, the price behavior
is impacted also by the funds with risk aversions greater than one. Selling short is
never optimal. There are distinct increasing time periods such that the price has the
same asymptotic behavior in each period. The long-run per-period return gets lower

with time.
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1 Introduction

Consider the simplest possible financial market: a complete market with rational traders
consuming only at the end of the time horizon. There are existence results for equilibrium in
such a market,! and CAPM type results under well known specific conditions. However, not
much is known about specific equilibrium properties. In particular, in this paper we consider
the analogue of the benchmark partial equilibrium dynamic model, a la Merton (1971), with
the traders having generalized CRRA preferences, and the dividends following a geometric
Brownian motion. We find sharp bounds for the asset prices, wealth size and portfolio
weights in equilibrium in such financial markets, and study their asymptotic behavior, when
the time horizon becomes large. We interpret our traders as long-lived funds which only
care about the final consumption.

The main conclusions we reach are the following: the fund with the preference closest to
logarithmic will dominate in size other CRRA-like funds in the long-run, with probability
one.? However, in terms of expected relative size, two funds, with preferences separated
by the log preference, will never dominate each other. In the very long run, the price of
the risky asset is impacted solely by the fund closest to the log preferences. Interestingly,
its drift and volatility still are impacted by a higher risk aversion. For asymptotically large
times, but bounded away from the final horizon, the price behavior is affected by funds more
risk averse than log. There are distinct increasing time periods such that the price has the
same asymptotic behavior in each period. The long-run per-period return gets lower with
time. We also find simple bounds for the portfolio weights of all the funds, which show that
selling short never occurs, and that the hedging component is negative (positive) for the
risk aversions smaller (larger) than one. Interestingly, the hedging component may become
monotone decreasing in risk aversion at the times closer to the end of the investment horizon.
For the risk aversions larger than one, we provide explicit limit formulas for the portfolio
weights.

Studying equilibrium with heterogeneous funds is hard in general, even in complete mar-
kets, as the equilibrium relationship between the market’s stochastic discount factor (SDF)
and the exogenous total value of the risky assets is very nonlinear. A very nice contribution
has been accomplished by Kogan, Ross, Wang and Westerfield (2006) (henceforth KRWW
2006): they consider a market with a CRRA fund and an “irrational” fund that has incorrect
beliefs about the drift of the risky asset (there is only one risky asset in the economy). In
this framework they show that it is possible to compute the equilibrium analytically. The

main message from that paper is that even when the irrational fund does not survive in the

1See Karatzas and Shreve (1998).
2The dominance of the log-fund was also studied in Blume and Easley (1992), and Evstigneev, Hens and

Schenk-Hoppe (2006).



long run, it still will have a price impact over a substantial fraction of time, even with very
small wealth size, contrary to the common wisdom that there is no long run impact on the
price from the funds that vanish. We show that the same effect happens when all the funds
are rational — even though only the one closest to the log preference survives in the very long
run, the price impact of other funds can be sustained for a long time. This reconfirms the
KRWW (2006) message that wealth size is not the same as price impact, the fact illustrated
in our case with only rational traders present in the market.?

Our results are also related to the so called portfolio turnpikes theorems, which identify
conditions, albeit in partial equilibrium, under which the portfolio of an investor converges
to a CRRA type portfolio at long horizons. The papers Dybvig, Rogers and Back (1999)
and Huang and Zariphopoulou (1999) provide general results of this nature, and further
references. A recent paper Yan (2009) studies survival in a model with intermediate con-
sumption, heterogeneous beliefs and heterogeneous discount factors. In particular, he finds
that, with heterogeneity only in risk aversion, the agent with the smallest risk aversion will
dominate in the long run if the economy is growing. Similarly, Berrada (2008) studies the
validity of KRWW (2006) findings in a model with intermediate consumption and finite time
horizon. In contrast to KRWW (2006), Berrada (2008) shows that survival and price impact
may, in fact, be related — impact on the prices is increasing in the agents’ consumption share
when the agents have logarithmic preferences. However, when risk aversion is larger than
one, that paper is unable to obtain definite conclusions.

While some results in Berrada (2008) are obtained in analytic form, the paper mostly
has to rely on numerical simulation. On the other hand, we obtain a very precise analytic
picture of what happens in our model: we find, for the case of lognormal cumulative wealth,
explicit expressions for the intervals which span the total time horizon, and in each of which
the price has the same asymptotic behavior, which we also compute explicitly. In each of
the intervals, the asset price process is asymptotically equal to a Black-Scholes, geometric
Brownian motion price process. The equilibrium price is asymptotically impacted only by
traders with risk aversion no less than one.

In terms of methodological contributions, we show that a lot of sharp results can be
obtained without highly sophisticated mathematics — while our proofs are long and technical,
they use mostly well known results on inequalities involving expected values. In the process
of proving our main theorems, we obtain a lot of auxiliary results, finding bounds on values
of expected utility and marginal utility of the traders, on expected values involving wealth
size, and on expected values involving the stochastic discount factor. In this latter regard,
some of the results are in the spirit of Hansen-Jagannathan (1991) bound on the standard
deviation of the SDF.4

3Wang (1996) also studies a model with only rational traders, in a simpler setting.
4However, our bounds depend on the market portfolio, and not on individual portfolios.



We also get a simple bound on the asset price volatility: its value has to be larger
than the volatility of the total final dividend process, and less than the dividend volatility
increased by a factor depending on the difference between the highest and the lowest risk
aversion. In other words, in equilibrium, volatility may rise not only due to the volatility
of the dividend output, but also due to the difference in risk preferences of the traders.
Moreover, we provide exact formulas for the limits of the drift and the volatility of the price,
as well as for the optimal portfolio weights. All of these depend on risk aversions larger
than one, even at very far away time points. Moreover, with a sufficiently dense set of risk
aversions, the optimal portfolio weight, for the risk aversions larger than one, and in the
limit, contains a positive hedging component even in the very long run. On the other hand,
the hedging component for the risk aversions less than one is no larger than zero. It was
also observed in KRWW (2006) that even at time points when the stock price is close to
its stationary limit, the portfolio weight is not equal to the corresponding myopic strategy.
However, in their framework with two traders, for the time points far enough into the future,
the hedging component vanishes. This is not always the case in our model. For example, if
the set of the agents’ risk aversions is not sufficiently sparse, with high enough heterogeneity
there is always a non-zero hedging component. Thus, some of the phenomena we find are
completely new and depend on the relative values of the risk aversions of the agents, and
hence having many agents in the economy can result in a very different hedging behavior
from having two agents only, the case which is usually studied in the literature.

We describe the setup in Section 2, prove the almost sure dominance of the closest to
the log fund in Section 3, provide results on expected relative size in Section 4, compute the
long term price behavior in Section 5, and the long term volatility and portfolio behavior in

Section 6. Section 7 concludes, while the longer proofs are presented in Appendix.

2 Setup and notation

2.1 The Model

We consider a standard setting similar to that of Wang (1996). The economy has a finite
horizon and evolves in continuous time. Uncertainty is described by a one-dimensional,
standard Brownian motion By, ¢ € [0, T on a complete probability space (2, Fr, P), where
F is the augmented filtration generated by B;. There is a single share of a risky asset in the

economy, the stock,” which pays a terminal dividend payment

D =Dp= et b,

5The results of the first part of the paper are easily extended to the case of multiple assets and any

complete market model.



We also assume that a zero coupon bond with instantaneous constant risk free rate r is avail-
able in zero net supply.® The price of the stock at time ¢ is denoted by S;. The instantaneous

drift and volatility of the stock price S; are denoted by p; and o; respectively,
S;l dSt = ,utdt + O'tdBt.

There are K competitive agents in the economy, which we will also call funds, who behave

rationally, and are heterogeneous in risk preferences. Fund k is initially endowed with )

Zd% = L
k

Fund k’s trading strategy mx, the portfolio weight in the risky asset, is assumed to satisfy

shares of the stock at time zero,

the standard integrability condition

T
/ Tordt < oo.
0

Then, the wealth W,; of fund k evolves as
dWie = Wi(rdt + 4 (S;1dS; — rdt)).
Fund £ chooses portfolio strategy 7, as to maximize the expected utility
Elu(Wir)]

of its final wealth Wjr. Utility uy is assumed to be concave, increasing and satisfying the
standard Inada conditions

lim u)(z) = +oo, lim uj(z) = 0.

z—0 T—00

2.2 The Equilibrium

Definition 2.1 We say that the market is in equilibrium if the funds behave optimally and

both the risky asset market and the risk-free market clear.

It is well known that the above financial market is complete, if the volatility process o; of
the stock price is almost everywhere strictly positive.” When the market is complete, there
exists a unique stochastic discount factor (SDF) M = My such that the stock price is given

by

o E,[MD]
_ (-1 LML)
Si=e E[M]

6The assumption of constant r is introduced only for simplicity of exposition.
"This follows for example from the results of Anderson and Raimondo (2008). In the CRRA setting, it

will follow from Proposition 6.1 below.



Since wuy satisfies Inada conditions, the inverse of the marginal utility

Ii(x) = (up)"'(2) (1)

is strictly positive and it is well known (see, for example, Cvitani¢ and Zapatero (2004))

that the optimal terminal wealth is then of the form
Wir = I(A\y M)
where A\, is determined via the budget constraint
E[L(MeM) M) = Wy = Y So = Uy E[DM].

Because of the market completeness, equilibrium allocation is Pareto-efficient and can be
characterized as an Arrow-Debreu equilibrium. See, e.g. Duffie (1986), Wang (1996). Be-
cause the endowments are co-linear (all agents hold shares of the same single stock), the
equilibrium is in fact unique, up to a multiplicative factor, and unique if we fix the risk-free
rate. See, e.g., Dana (1995), Dana (2001).8 We formalize this in

Proposition 2.1 The equilibrium allocation is given by
Wir = LA M), Ell;(\M)M] = o E[DM]
and equilibrium SDF M solves the equation

> L(MM) = D. (2)

The following lemma is a direct consequence of (2).
Lemma 2.1 For any fund k, the equilibrium SDF satisfies
M > ml?x{)\lglu;(D)}. (3)

Proof. We have
D =) L(\M) > L(\M)
k

and the claim follows by applying u} to both sides of the inequality. m

This lemma will be crucial for most bounds derived in this paper. Note that A, 'u} (D) is,
up to a constant, the SDF in the economy populated by fund k only. In fact, for a particular
choice of the risk-free rate, it will be equal to the SDF. In this regard, Lemma 2.1 may be
interpreted as saying that the price of a state in the heterogeneous economy dominates the

price in particular homogeneous economies.

8Since the endowment is neither bounded away from zero nor from infinity, some additional care is needed
to show the existence of equilibrium. See, e.g., Dana (2001) and Malamud (2008a).
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3 Almost sure extinction relative to the log fund

3.1 Almost sure convergence of relative fund size

It is well known that, in typical financial market models, the fund that maximizes the log-
utility from final wealth also maximizes the long-run growth rate. It is then to be expected
that the log-fund will dominate the market in the long-run. This is the case in KRWW
(2006), where the other fund is not rational, but it is also the case in our market, with
rational funds and a standard choice for D, as we will now show.

Introduce ,
()

()

the (relative) risk aversion of fund k, and denote by

(w) =

1

its relative risk tolerance. Intuitively, the only thing that matters for the long run behavior of
the optimal wealth is the risk attitude of the fund for very small and very large wealth. If the
risk aversion starts oscillating as the wealth approaches zero/infinity, the optimal behavior

of a fund may become quite strange. To avoid this, we impose the following natural
Assumption 3.1 The limits

7= lm(e) 5 = lim ()
exist and are strictly positive.

That is, for very small and very large wealth, the fund behaves as a CRRA investor, but
otherwise we allow for a wealth-dependent risk aversion. The class of utilities, satisfying
Assumption 3.1 is quite large.

For technical reasons, we also impose the following assumption for each fund, which

supposes consistency in risk aversion across wealth size relative to the log preference:

Assumption 3.2 For every fund i in the economy, either 72,7 > 1 or 49,4 < 1 or

W= =1

We expect the fund which is the closest to the log preference to have the highest long
term growth rate and dominate all others in the long run. The following theorem makes

this intuition rigorous.



Theorem 3.1 Assume Assumptions 3.1 and 3.2 and
D = erT+obr,
Suppose that there exists a unique fund i = 0 closest to being a log fund, that is, we assume:
max{lyg — 1. he® = U} < min min{y? =1, [ — 1}
Then, in equilibrium,
Wir

li =0
TEI;O WOT

almost surely for any i # 0.

Assumption 3.1 is related to the portfolio turnpike theorems; see, e.g., Dybvig, Rogers
and Back (1999) and Huang and Zariphopoulou (1999). They show that, if the risk aversion
is asymptotically constant at large wealth levels and the stock prices are growing, then the
optimal portfolio will converge at a long horizon to that of the investor with a CRRA utility.
In a sense, Theorem 3.1, and further results below, can be viewed as equilibrium analogs of
the turnpike theorems.

The proof of this intuitive result is rather non-trivial and is based on several useful bounds
for the funds wealth. The most important one (see Lemma A.3 in Appendix) shows that,
in equilibrium, for fund ¢ and for some constants K7, K5 independent of T and independent
of the aggregate endowment D, we have

E[Wrd (W,
5 < Sy <

Because the market is complete, the marginal utility w,(W;r) of fund i’s wealth is in fact

proportional to the unique SDF. The quantity E[W;ru;(W;r)] is thus (proportional to) the
value of fund i’s wealth. On the other hand, E[D w}(D)] is (proportional to) the value of the
aggregate endowment in an artificial economy, populated only by fund ¢. The above bounds
show that, in equilibrium, the two values have a comparable behavior. When the fund has
a CRRA utility, the inequality shows that its expected utility is bounded from below and
from above by a multiple of the expected utility of a fund that consumes the total dividend
output D in the economy.

We have obtained also results on the almost sure convergence of the relative size of any
two funds in Proposition 4.2 below. We present that result later because its proof requires

some additional estimates from the next section.

4 Expected relative size of funds

4.1 Bounds on expected relative size of funds

The main result we want to show in this subsection is



Proposition 4.1 Let i,j be funds with risk aversions v;(x), v;(x). Then,

(1) If either v;(x) > ~;(y) > 1 for all z,y or v(z) < ~;(y) < 1, that is, fund j is
closer to being log fund than fund i, then

5 Wir < Wi .
| Wir | Wio
(ii) If v;(z) =1 then ) )
o[ W] _ W
| Wir | W

(i1i) If either vi(z) < 1 < ~,(z) oryj(x) < 1 < ~;(x) for all x then

el
W; Wio

Result (ii) seems surprising at first, given that in the previous section we showed that
the (closest to) log fund will dominate in the long run with probability one. Here, however,
the expected relative wealth of other funds relative to the log fund remains constant: log
fund will always own “on average” the same fraction of the economy at time 7' as at time
zero. This is actually well known, and is no longer surprising if we recall that the log fund’s
wealth process is proportional to the inverse 1/M; of the SDF process, and that W;, M, is
a martingale for any wealth process Wj;. For example, if the ratio of the wealth of the
two funds is proportional to the martingale exp{—to?/2 + o B;}, then the expected value is
constant, but this random variable converges to zero as ¢ — oo, with probability one.

From (iii) we see that if the risk aversion of fund i is on the other side of value 1 (the
log preference) than the fund j’s risk aversion, then the ratio of the two funds’ wealth will
not decrease in expected value as T' — oo, no matter how close one of the funds is to being
a log fund. Fxpected value of the relative wealth sizes of two funds separated by the log fund
1s bounded away from zero.

The key to the result of Proposition 4.1 is the following

Lemma 4.1 We have

E

-1

WL 1 A
M] I COV(VVET,MWJT).

Proof of Lemma 4.1. The claim follows by direct calculation from the identities

WiO - E[M WZT] y WjO - E[MWJT]



This result has a clear risk premium structure. The left-hand side is the expected return
of fund i over [0, T relative to the return of fund j and Lemma 4.1 shows that the excess
relative return is given by the covariance of the relative return with the SDF-weighted wealth
of fund j. For example, if 7 is less risk averse, the dependence of W, on M is steeper and
hence the ratio W;p/W,r is decreasing in M. Depending on whether j is more or less risk
averse than log, MW,y will be either increasing or decreasing in M, determining the sign of
the covariance.

A detailed proof of Proposition 4.1 is provided in Appendix and is also based on the

following known
Lemma 4.2 [f both g(x) and h(x) are increasing (or both decreasing) then
Elg(2)|ENZ)] < Elg(Z)h(Z)].

If both g, h are strictly increasing (or both strictly decreasing), then the inequality is also
strict unless Z 1s constant almost surely. If one function is increasing and the other is

decreasing, then the inequality reverses.

4.2 Convergence of expected relative size

From now on we assume that all funds have constant relative risk aversion (CRRA) utilities.”

The main result of this subsection is the following
Theorem 4.1 If either ~; < ; <1 or~; >; > 1 then
E[WZ’T/W]'T] — O

Thus, as long as two CRRA funds are on the same side of the log preference, the one closer
to the log will dominate in expectation in the long run. Since the wealth is nonnegative,
standard Chebyshev inequality implies that it also converges to zero in probability.

When risk aversion is homogeneous across agents, the equilibrium SDF is explicitly
determined by D~7/E[D~"]. But, when risk aversion is heterogeneous, SDF is a solution of
a highly non-linear equation and no explicit solution is possible, except for some very special
values of risk aversion; see, for example, Wang (1996). In the lemma below, we establish

strong bounds on the equilibrium SDF.

9Most of the analysis can be extended to more general utility functions as in the previous sections, but

it becomes overly technical.



Lemma 4.3 Let I’ > 1 be such that I'b; > 1 for all v and v < 1 be such that vb; < 1 for all
1. Then,

(Z D™ (1/}2 E[DM]/E[Mlbi])%/v>

< M < (Z D’”/F(w@-E[DM]/E[Ml"Z’])””) . (4)

The quantity D~ (y; E[DM]/E[M'~%])" can be viewed as the ”individual” SDF in an
economy populated only by fund . It is known that, when risk aversion is heterogeneous,
the equilibrium SDF can be represented as a generalized weighted Holder average of the
7individual” SDFs (see, e.g., Malamud (2008a), Malamud (2008b), Jouini and Napp (2008),
Shefrin (2005)). Lemma 4.3 shows that M can be estimated from both below and above by
Holder averages with different exponents v and I'.

The weights (¢; E[DM]/E[M 1*5’1'])% are not directly helpful for getting good bounds for
M. The following useful lemma allows us to obtain uniform bounds for these weights. It
has a very clear economic meaning: the maximal utility of a fund is larger than the utility
from simply consuming its endowment, and is smaller than the utility from consuming the

aggregate endowment of the economy.

Lemma 4.4 Let M be the equilibrium SDF. If v; < 1 then

_ BIDM] E[M
= E[D™ ]

i—1
<

If v; > 1 then
E[DM*= B[MY=bi]
E[D—]

Yl < <1

Proof: The utility of fund ¢’s optimal wealth is given by

1
L=

L 1 [ E[DM] \' ,
WS = ol () B

1 ,
— Ul EDME B (5)
— i
The utility from just consuming his endowment (the terminal dividend of his initial portfolio)

18

1 e 1
1_%E[(¢ZD)1 ] = -+,

Furthermore, by definition, in equilibrium we must have W;r < D and therefore
1 1 1
L= L= L=

;" E[DY.

E[(:D)' ] < EW; ] < E[D'™].

10



Multiplying both sides by 1 — 7; and using (5), we get the result. =
Lemmas 4.3 and 4.4 together allow us to obtain good bounds on the ratio Wiy /W;r and

prove Theorem 4.1. The details are contained in Appendix.

4.2.1 Almost sure convergence of relative size

We go back now to the almost sure convergence of relative size of two given funds. By
Theorem 3.1, the fund closest to log dominates all others almost surely. One could then
expect that Theorem 3.1 can be extended along the lines of Theorem 4.1: if ~,, is closer to
one than 7,,, then W, /Wy might be expected to converge to zero almost surely. However,
in general, the opposite may be true in case v, < 1 < 7,,, as the second part of the following

proposition shows.

Proposition 4.2 Suppose that one of the following conditions holds true:
o v < <L
i > > 1
o v <1<, and
(1= 7)%bi = (1= %)% — (L = w)*(bi = bj) > 0 (6)

for at least one k. (In particular, this is the case if 1 —~; > ~; — 1, by setting k = i of
k=j.) Then, Wir/W,r — 0 almost surely. On the other hand, if v; <1 < ~; and

(1= 70)%b; = (1 =) — (L =) (b = b;) < 0O (7)
for all k, then, Wir/W;r — oo almost surely (even if ~; may be closer to one than ;).

KRWW (2006) show that, in the case of two funds, the fund with preferences closest
to log will dominate the other fund almost surely. Proposition 4.2 shows that this is not
any more true when there are more than two agents: it might happen that an agent with
preferences closer to log (but less than one) will experience extinction relative to a fund

which is further away from log.

5 Long-term price behavior

In the previous two sections, we have obtained a detailed picture of the asymptotic behavior
of the wealth of different funds. In particular, we have seen that the fund closest to the log
dominates in the long run and owns the whole economy. Intuitively, one expects that the
long run behavior of the stock price is also determined solely by the fund closest to the log.

As we will see in this section, this is only true to some extent. We will need the following

11



Assumption 5.1 The funds have CRRA preferences and there exists a unique fund, denoted

by 0, the risk aversion of which is closest to one.

Let 7o be the risk aversion closest to one. Let us reorder the risk aversions of funds in

the economy as, for some fixed £k, [,

Y=k < Vb1 < 0 < Y1 < % <N < - <N

Note that we have v_; < 1, otherwise 1 < v_; < 7 would imply that v_; is closer to 1.
Similarly, v; > 1, otherwise 79 < 71 < 1 would imply that v, is closer to one. If 7y < 1 then,
by definition

=7 < [1-m|l ©1-9% <n-1&5%+mn>2

Throughout this section we will let

t=\T

for some fixed A, so that when we let T" — oo, then also ¢t — oo.
We use the notation X; ~ Y; to mean that X;/Y; — 1 as t — co. The main result of this

section is

Theorem 5.1 Assume D = e?T +9B7 Define the intervals

2
W ot ).
Y+ V-1

2
= ()
Yo+ M

2 2
Hi = ( 5 )
Vi T Yirr Yie1 T Vi

fori=1,--- 1—1. Fixi € {1,--- 1} and X\ € II;. Then, there exists a deterministic function
fi(T) satisfying

and

’l/}i_l min{w07’l/},0m} S fZ(T) S w@_% max{w(]uwg()}
for all T and such that
St ~ = er(l—)\*l)t fl(t>\_1) ept)\’l 60(1—’\/0-1—%) B: 6%021?)\’1 (((1—'y0)2—'yi2)(1—)\)+(1—'yi)2—(1—70)2).

(8)
If X € Iy, that is

2
A >
Yo+ M
then
1—
St ~ P(]t — Dter(lf)\’l)tept()\’lfl)eéo%)\’l(172'\/0)(17)\) _ er(th) Et[D ’YO] (9)

E, [D—Vo] ’

12



Furthermore, the price process satisfies (Pi,AiTe_T(’\II_1)T)/(H+1,)\i+lTe*T()‘;+11*I)T) — +00 as

T — oo for any N, Aiy1 € 1L, 1y, respectively. In particular, (P;x7)/(Piqi 1) — +00.

Equation (9) shows that in the very long run, that is, for ¢ sufficiently close to 7', and
T — oo, there will be no longer any price impact from other funds, and the price will be
completely determined as if there is only the (closest to) log fund in the market. By Theorem
3.1, all funds except for (closest to) log fund vanish in the long run and therefore the price
impact of these funds should also vanish. Theorem 5.1 shows that this vanishing takes place
gradually. Agent ¢ with risk aversion above one impacts the price precisely in the interval
I1; and his price impact vanishes precisely when ¢/T crosses from II; to IT;_;. Moreover, the
price behavior changes dramatically when we go from II; to II;,_;. A similar phenomenon
has been discovered by KRWW (2006) in the context of heterogeneous beliefs. They show
that, even if the irrational trader disappears in the long run, he may generate price impact
for a substantial fraction of time. The gradual structure of multiple intervals that we obtain
here, with the agents’ impact vanishing one after another, seems to be new in the literature.

Surprisingly, the agents with risk aversion below one have no price impact at all, asymp-
totically. One reason may be due to the fact that these agents “over-leverage”, as discussed
next: For long horizons, the (closest to) log fund simply invests all its wealth into the risky
asset (see Theorem 6.2 below). Not surprisingly (as shown by Proposition 6.2 below), the
agents with risk aversion smaller than one invest more into the risky asset than the log fund,
that is, they borrow via the risk-free market from the agents with risk aversion above one.
In order that the leveraged agents can repay the debt to the agents with risk aversion above
one, as indicated by Proposition 4.2 their terminal consumption may become small at a
faster rate than for the other agents, and they do not generate any price impact.

We do not know the exact asymptotic behavior of the functions f;(7"). However, since
we know that they are bounded, we can explicitly calculate the long run per-period stock

return.

Corollary 5.1 Let A € II;. The long run per-period expected return is given by

R(\) = qlifolo(T_t)_l log <%§D])
= S0 = 5 =0 =)A= A+ (=)~ (=50 (10)

In particular, R(\) is monotone decreasing and continuous in A.

Figure 1 shows the graph of the expected return for the remaining period at times ¢t = A\T'.
Even though the graph looks quite smooth, there are actually kinks at the boundaries

between intervals I1I;, which would be visible if that portion of the graph was enlarged.
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Figure 1: Long run expected return at times =AT, with 0=0.3 and y_0=1.

We complete the section with some interesting global bounds for the stock price. Recall
that v_, and 7; are the minimal and maximal risk aversion respectively. Note that in the

homogeneous economy populated by only one fund with risk aversion + the stock price is
r(t—T) Et (D]

Et[wa} .
bounded between such quantities corresponding to the lowest and the highest risk aversion:

given by S; = e We now show that in the multi-fund economy the price is

Proposition 5.1 We have

vty Bt[D' ]

E,[D' ]
T(th) t < S < et 2
= E,[D~-+]

¢ E[D—] =

This result has an interesting connection with the notion of bubbles and panics, intro-

duced by Cao and Ou-Yang (2005). By their definition, a bubble (panic) occurs if the price

r(t—T) E¢[D' 7]
E¢[D~ 4]

tion 5.1 shows that neither bubbles nor panics occur in our setting. However, interestingly,

is above (below) the maximal (minimal) ”individual” prices S; = e . Proposi-

for models with consumption, the situation is different, and both bubbles and panics may
occur; see Malamud (2008b).

6 Portfolio Strategies

In this section we analyze the equilibrium drift and volatility of the risky asset, as well as

the optimal portfolios, and study their asymptotic behavior.
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6.1 Equilibrium bounds on portfolio weights

Denote by meg: the portfolio weight of the log fund (which is not necessarily present in the
economy) and, as before, by m; the portfolio weight of fund i. The first main result in this

subsection is:

Proposition 6.1 The price volatility is always larger than the dividend volatility, and bounded

from above as follows, for all t:
c<oy <o(l + maxy, —minvy,) (11)

The instantaneous Sharpe ratio satisfies

) —r
ominvy; < a < omax7y; (12)
( O i
and therefore .
min; ; —r
i : < Tiogt = ,UtT < maxv;.
1 + max;y; — min; ; lop i

The bounds (12) are instantaneous analogs of the bounds of Proposition 5.1. Namely, in
the "individual” economy of agent i, the Sharpe ratio is given by o7;, while, when the risk
aversions are heterogeneous, it stays between the minimal and the maximal risk aversion
multiplied by . As we will see below (Theorem 6.1), both bounds (11) and (12) are
asymptotically sharp when risk aversion is larger than one.

The bounds (11) have direct implications for the well known volatility puzzle, that is,
that, empirically, the volatility of the stock prices is significantly higher than the volatility
of the dividends. When inequalities (11) become sharp, they show that heterogeneous risk
aversion drives the price volatility up. The size of the ratio oy/c is then determined by the
size max; 7; — min,; ; of heterogeneity.

Recall that, when both drift and volatility of .S; are constant, the optimal partial equilib-
rium portfolio is myopic (i.e., it only depends on instantaneous stock returns), and is given
by

myopic He — T 1

7. = = ”)/ ﬂ'l t-
it 2 ) og
7i0¢

When risk aversion is heterogeneous, both drift and volatility of S; are stochastic and it is

generally not possible to find closed form solutions for m;;. The next proposition provides

bounds for equilibrium optimal portfolios.

Proposition 6.2 We have:

(1) if vi >v; > 1 then my < mj;
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(2) in general,

Tiogt < Tt < ﬂ;?yOpiC if v <1 (13)

Tlogt > T > P if 4y > 1. (14)

The fact that the stock holding is monotone decreasing in risk aversion is intuitively clear.
Interestingly enough, the proof of this result is non-trivial and we do not know whether this
monotonicity also holds for risk aversions below one.

We can always decompose

. myopic hedging
Tt = Ty + Ty )
hedging - . .. . . .
where 7,,"®"™® is the hedging component, arising because the investment opportunity set is

stochastic. Proposition 6.2 shows that the hedging component rhedsing

is always positive
(negative) for risk aversion above (below) one. Furthermore, by Proposition 6.1, me, > 0

and therefore (13)-(14) imply that there is no short-selling by any fund and moreover
T < max{maxy;, max-y;/ min-y,}.

To prove the above results, we will use the notion of a representative agent. Since the market
is complete, it is well known (see, e.g., Cvitani¢ and Zapatero 2004) that the prices in our
heterogeneous economy coincide with those in an artificial economy, populated by a single,
representative fund with a utility function U, and the equilibrium stochastic discount factor

equals the marginal utility of the representative fund, evaluated at the aggregate endowment,
M = U'(D). (15)

That is, the function U’(x) is the unique solution to the equation

Z@/)iE[DM]E[Ml_bi]_l (U'(@)™ = (16)
Let U"(z)
v (z) = )

be the risk aversion of the representative fund.
Proposition 6.3 The relative risk aversion vV (x) is monotone decreasing in x and satisfies

maxy; = lim 4Y(z) > 4Y(z) > lim /Y(x) = min~y;. (17)

z—+0 z—00
In the case of a one period economy, Proposition 6.3 was proved by Benninga and
Mayshar (2000). The proof for our continuous time economy is analogous to theirs, and
we present it in Appendix for the reader’s convenience.
It turns out that the stock volatility and the optimal portfolio weights can be expressed

in terms of conditional expected values involving M, D and 7Y (D), as follows:
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Proposition 6.4 The drift and volatility of the stock price are given by

EMAYD) (L - E[MDyY(D)]  EfMy" (D)) )

A ATY] EMD] T BM]

and the optimal portfolio of agent i is given by

E¢[M=bixU(D E¢[M~Y (D
1 — E[M DAY (D)] + E[MAY (D))
E¢[MD] E:[M] :

T =

Proposition 6.1 follows directly from Proposition 6.4 and (17). Furthermore, by Proposi-
tion 6.3, the representative fund has the decreasing relative risk aversion (DRRA) property.

This fact plays a crucial role in the proof of the following

Lemma 6.1 We have
E[MAY (D) EM DAY (D)]

E M) = E[MD]

Furthermore,
E,[M'*Y(D)]
Et [Ml—x]

s monotone decreasing in x.

Now, Proposition 6.2 follows by combining Lemma 6.1 and Proposition 6.4. See Appendix

for the remaining proofs.

6.2 Long run drift and volatility of the stock price

In Theorem 5.1, equation (8), we have found the approximate behavior of the stock price S,
at t = AT as T — oo. In this section we find the exact limit of the drift and the volatility
of the price and show that it may differ substantially from what could be expected from
Theorem 5.1.

Denote by J(7) the fund the risk aversion of which is the closest to . We assume that

the set of risk aversions «; is such that the values J(v) for v used below are unique.
Theorem 6.1 The stock price satisfies the SDE
St_ldSt = ,thdt + O'tdBt

where, for any A € 11,
lim oy = o(1+ Y14+, — 0)

T—o0
and
im gy = 7 4+ Yrgy) (L + Yoy, — %)

T—o00
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Remark 6.1 By Theorem 5.1, the behavior of the stock price S; changes drastically as A
crosses the boundary of one of the intervals II;. The drift of S; may depend on the behavior
of f;(tA™1), but (8) suggests that perhaps the volatility o, is given by o(1 — 7o + ;) for
A € II;. Equation (9) suggests that for A € Iy, i.e., the interval closest to the horizon T', we
should have pi; ~ vy02, 0 ~ o. Theorem 6.1 shows that this is not true! By the definition
of J(1+7;), we always have 714, > 7; and therefore

lim o, > o(1— 7+ 7))

T—o0

and, for A € I,

Jim > 0”
Let, for example, 79 = 1 and 7;2) = 2. Then, for A € Ily, we get oy — 20 and p; — 402,
Thus, even though the price in that interval corresponds to a market with only the log fund
present, as shown in Theorem 5.1, its drift and volatility are affected also by the risk aversion
closest to 2. In essence, there is a delayed effect by a more risk averse fund on the mean
return rate and the volatility.

KRWW (2006) also find that the price volatility may differ from the one conjectured
from the asymptotic behavior of the stock price. However, KRWW (2006) show that, for
A sufficiently close to one, both drift and volatility are determined solely by the surviving
agent. Our Theorem 6.1 implies that non-surviving agents can generate impact on drift and

volatility for all X € (0,1). This is a new and surprising phenomenon.
The following result is a direct consequence of Theorem 6.1.

Corollary 6.1 In the limit T — oo, the instantaneous drift, the volatility and the Sharpe

ratio of the stock are monotone decreasing in t = \T.

By Proposition 6.4, the size of drift and volatility are determined by the representative
agent’s risk aversion yY(x) of the economy. As time goes by, the contribution to vV of
the agents with large risk aversion becomes smaller (Theorem 5.1 indicates that their price
impact vanishes gradually) and the average risk aversion should decrease and drive the stock
characteristics down.

Next, also by Proposition 6.4, it is clear that for getting results on the portfolio weights
we must understand the asymptotic behavior of 4Y(x). The following non-trivial lemma is

crucial for the proof of Theorem 6.1.

Lemma 6.2 Let eithert = AT for some A € [0,1) ort be fized. Then,

i BDUODT
T oo E,[D] J(1—-a)-
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Lemma 6.2 shows that any risk aversion in the economy can be generated by appropriately

choosing a. For example, for o = 0, we get the very intuitive result:

lim E,[Y(D)] = 7.

T—o0

As agent 0 dominates in the long run, the average risk aversion of the economy converges to
0. However, for «a sufficiently different from 0 we may get a very different behavior. Using

Theorem 5.1 and Lemma 6.2, it is possible to prove

Proposition 6.5 (1) For any A € (0, 1], we have

i B
T—o  E[MD] o
(2) For any X € 11;,
BMAYD)]
Tooo Et [M] ny(lJr'yj) .

See Appendix for details. Theorem 6.1 is a direct consequence of Propositions 6.4 and 6.5.

6.3 Limit portfolios

Let i > 0, 7; > 1, and define the intervals ©},--- , 0! | as follows: we set

o — ((2—(%+%)bz‘ 1)

Yo+7)(1—=b;)’

and, for j € {1,...,i— 2},

o — ( 2—(yty+)bi 2= (-1 )b )
’ (v + v+ (L= b)) " (-1 +75) (1 — b;)

and, finally,

; 2— (- i)bi
@;_1 — (O, (fy 1_'_/7) )
(i1 +7) (1 —b;)
We start with the following

Lemma 6.3 Fix an ¢ such that v; > 1. Then, for any A € @;,

E[M'"yY(D)]
Et[Ml_bi] = VI(4y;(1-b)) -

lim
T—o0

Proof: Directly from Lemmas 6.2 and D.3 in Appendix. =

The main result in the subsection is the following limiting behavior of the portfolio

weights of the funds more risk averse than log:
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Theorem 6.2 Lett = \T and fiz an i such that ~; > 1. Then, for any \ € @; N 1L,

bi —1 by
o 1= + 77(149m)

If vo > 1 then, for any X except, maybe, for a finite set of values,

lim mg; = 1
T—o00

Proof: Directly from Propositions 6.4, 6.5 and Lemma 6.3. =

We can decompose the limit portfolio

myopic hedging

7Ti<j7m> = 7Ti<j7m) + 7Ti<.j7m)

By Theorem 6.1, the myopic component of the limit portfolio is given by

He — T _ b; VI A4+ym)

lim
T—o0 7, 07 I =% +Y5019m)

myopic __

7Ti(.j7 m)

and therefore, the hedging component is given by

hedging _ (1 o b) fYJ(l‘f"Ym) B fYJ(l‘f"Yj(l_bi))
' T =% +7049m)

7Ti<j7 m)

We know by Proposition 6.2 that the hedging component is nonnegative. This can also

be seen directly. In fact, a direct calculation shows that

2 (y+ )b 2
(75 + vir1) (1 = bi) Vi + Vi1

(18)

Consequently, if the intersection @; M 1I,,, is non-empty, then necessarily v; < 7, and
therefore
JA+mm) =2 J(A1+7;) = JA+3(1=b))

proving the hedging component is no less than zero. Actually, if the set of risk aversions
in the economy is sufficiently dense, it is seen from the above formula that the hedging
component will be strictly positive. In other words, the presence of agents with varying risk
aversions induces hedging in the optimal portfolio strategies.

Note that (18) implies, in particular, IIy C ©f. We analyze this special and important
case of A € Il in a separate

Proposition 6.6 For \ € I,

(0, 0)edzing — (1 _ p,) 1I0H20) = FI0+r00=b)
1 =90 +77(490)

In particular, if J(1+v) = J(1+~0(1—1b;)) then m;(0,0)redene = 0 otherwise it is strictly

positive.
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For A € (0,1) but not in Ily, that is, for the intervals before the last, the presence of the
hedging component is not surprising: the funds anticipate changes in the future investment
opportunity set, in particular those when time reaches the last interval I1y, and hedge against
those future changes. KRWW (2006) were the first to discover this remarkable phenomenon:
the hedging component may stay non-zero long after the price reaches a regime of constant
drift and volatility (interval Iy in our setting). However, they also find that there is always
a finite number A < 1 such that the hedging component vanishes for A > \. Proposition 6.6
shows that the behavior in our model with many agents may be different: either the hedging
component is identically zero for all A € Ilj, or it is strictly positive for all A € Ily. Fven
for the times arbitrarily close to T, agents may continue hedging against stochastic drift and
volatility. As above, when the risk aversions of the agents cover a sufficiently dense set of
values, there will be a positive hedging component in the optimal portfolio strategies in the
very long run, although the price drift and volatility are close to being at its constant limit.
This phenomenon is directly related to Theorems 5.1 and 6.1. Even for A € Ilj, the stock
price still has a stochastic drift and volatility. Even though the drift and volatility converge
to constant values asymptotically, there are small probability events on which they deviate
from their limits and force the price itself to behave as if it had another drift and volatility,
as indicated by Theorem 5.1. These small probability events are precisely the events on
which non-surviving agents generate drift and volatility impact and force other agents to
hedge against these events.!’

On the other hand, for a sufficiently risk averse fund with b; close to zero, the hedging
component will be close to zero in the very long run. It is the funds with lower risk aversions
(but higher than one), which engage in substantial hedging in the long run.

For risk aversions less than log, we don’t have the exact limit, but the following bounds

for the portfolio weights:

Proposition 6.7 If~; < 1, then for all A € 11,,,

(bi = DVsama-b)) + VI0tm)
I =9 +Y70149m)

< lim inf 7wy
T—o00

b — 1 -
< lim sup 1y < DT VWA b)) F VG
e 1 =9 + s(147m)

The result follows from Proposition 6.4 and
Lemma 6.4 If a > 0 then
EID21V(D)] _ BIM*Y(D)] _ E[D V(D)
E,[D~7-x2] - E[M<] - E[D—ne]

and the inequalities reverse for o < 0.

10Gych an impact on the state-price density by vanishing agents was present also in the model of KRWW
(2006), where it was possible to compute it explicitly.
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6.4 Continuous risk aversion limit

The limit expressions in the previous section are difficult to digest because of their discrete
nature. In particular, since the risk aversions take discrete values, the behavior of the
function () becomes complicated. On the other hand, if the risk aversion is continuous,
Vi) = « and many expressions start looking much cleaner. In this section we study the
case when the risk aversions cover sufficiently densely an interval of the form [1,T] for large
enough I'. In that case, intervals II; become very small and A € II; means that
2 —1 —1
)\zmz% SR
As the risk aversions become more and more dense in the continuous risk aversion limit,
this approximation becomes exact. We cannot make the distribution of risk aversion truly
continuous, because then our convergence results do not hold any more, but when the risk
aversions are sufficiently dense, the approximation errors become negligible!!. Thus, we have

the following analog of Corollary 5.1:

Corollary 6.2 In the continuous risk aversion limit, the long run per-period expected return

is given, for A >T71, by

R(\) = lim (T —t)"" log <Et[D]) = 1(72(1 +A7Y +

T—o00 St 2

Since, in the continuous limit, 714, =1 +7; and v; = A~!, Theorem 6.1 takes the form
Proposition 6.8 In the continuous risk aversion limit, for X > I'"!,

o(\) = lim oy = o(14+ 271 , w(A) = jliilgoﬂ)\T = r+(1+X")%"%

T—o0
Similarly, in the continuous risk aversion limit, A\ € @;- N II,, means that

1
A~ b — ~ ~ 1
U

that is .
Vi — -1
R o, Y R A

Thus, Theorem 6.2 takes the form

1Tt is also possible to prove our results directly for a continuum of agents when the risk aversion distri-
bution is sufficiently smooth.
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Proposition 6.9 Let A > T'"! and

T (A) = jlglgo Ty AT

be the limit portfolio of the agent with risk aversion . Then, in the continuous risk aversion
limit,
Ny(y =D+ 207 =) + DA+

(v =DA+ DA +1)

T (A) =

In particular,

TOPE(N) = ;
is independent of A and

TEE) = (v 1)
15 monotone decreasing in .

There are several surprising features here. The most interesting is that the formulae are
independent of the risk aversion distribution. It does not matter what the cross-sectional
distribution of risk aversion in the population is, it only matters that it covers all possible
values sufficiently densely. Furthermore, we see that in that case the hedging component is
monotone decreasing with time. This has a clear economic meaning: the closer we are to
the terminal horizon T, the less stochastic fluctuations are left in future, against which the
agent needs to hedge. However, interestingly enough, the hedging demand never vanishes

completely. More precisely, we have

292 =3y +1

ﬂhedging(r_l) > ﬂ_hedging(A) > 7Thedging(l) — 53
Y

gl gl gl
At the very beginning, when A is small, the agent expects a lot of fluctuations in the
stochastic investment opportunity set and invests a large fraction into the hedging portfolio,
that may approach one as his risk aversion v becomes sufficiently large. In particular, for

sufficiently large I,
(T ~ 1 —

is monotone increasing in risk aversion.

On the other hand, as time approaches T, the hedging demand decreases. A direct cal-
culation shows that 71°%"2(1) is monotone increasing on 7 € [0, (34 v/3)/2] and decreasing
for larger values. Thus, we discover the following unexpected phenomenon: for time hori-
zons sufficiently close to T" and large enough risk aversion the hedging demand is monotone

decreasing in risk aversion.
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6.5 The case of two funds

In this section we consider the case of an economy populated by two funds with risk aversions

Y1 > o > 1. In this case,

2 2
HO:< ,1) | H1:<0,7).
Yo+ M Yo+ N
For agent 1, we need to consider the intervals
71— Y0 71— Y0
i (o) 9 ()
’ (o +7)(n —1) ' (o +7)(n —1)

Then, the interval (0, 1) will be partitioned into three intervals

2
Alz@i,/\gz@éﬂﬂl,/\;»,:l%:( 1)

Yo+
given by
(0 Y1~ ) ( Y1~ 2 ) ( 2 1).
Tt )n =1/ T N+t =1) " w+n/) T \vwn+n’
Let
(W (n) W (n) = (Jim e lim e )

be the two-dimensional vector of the limit hedging components of the portfolios of agents 0

and 1. We summarize our findings in

Proposition 6.10 We have

(1) If v1 < 2 then the long run drift and volatility
dim o = o(l+7=90), Jim = 7 + n(l+5n—7)0" (19)
as well as the hedging components of the portfolios

hedging t hedging ¢ _ 71— Y0 1-b 0
(ﬂ-’y() ()77T'yl ()) 1+71_70 (( 0)7 )

are independent of \.

(2) If 2 < v < 2+ v then the long run drift and volatility are given by (19), but the

hedging components are given by

71— Y ((1—="00),0) A€ Ay

(ﬂ_hedging(t)’ﬂ_hedging) _ = -
T | (T=bo), (1=b1)) A€ AyUAs.

70 71
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(8) If v1 > 2 + v then the long-run drift and volatility are given by

14+v — , 02 A€ AN UAy;
lim (o0 iy — 1) = (14+7 =) (0, 0*n) 1UAy (20)
T—00 (o, 0y0) A € As,

and the hedging components of the portfolios are given by

((1=b0),0) A€y
( hedging ¢ hedging ¢ _ Y1 — 7%
Too B78(t) , o) (t) = [ — 0,(1=0)) Xe Ay;
(0,0) A€ A

Because of the sparse distribution of risk aversion (only two values), there are several phe-
nomena with no analogs in the continuous risk aversion setting of the previous section. For
example, the hedging portfolio of agent 0 is always decreasing in A. But, the hedging portfo-
lio of agent 1 is increasing in X in the case (2) and has a "kink” in case (3). The structure of
the hedging portfolio appearing in case (3) is similar to those appearing in KRWW (2006).
However, the structure arising in cases (1) and (2) is new.

In case (1), agent 1 chooses a time-independent, myopic portfolio, but the less risk
averse agent 0 chooses a substantial hedging portfolio, even though the asymptotic drift
and volatility are independent of A. The reason is that the drift and volatility may deviate
from their limit values and, by Theorem 5.1, for A € Il = Ajz, the stock price behaves
asymptotically as if it had a drift and volatility (o, + v0?). A positive hedging component
independent of A is new and differs from KRWW (2006).

In case (2), the asymptotic drift and volatility are still time-independent and agent 0
holds the same portfolio. On the other hand, for small A\, when there are lot of possible
fluctuations in the future investment opportunity set, agent 1 nevertheless decides not to
hedge at all. However, for A € Iy (i.e., A > 2/(70 + 7)), he chooses a non-trivial hedging
portfolio. This monotone increasing structure of the hedging portfolio is different from the
one discovered by KRWW (2006).

Finally, in case (3), agent 0 does not hedge for A € Ay U A3, whereas agent 1 does not
hedge at the beginning, hedges in the middle, and then again stops hedging.

7 Conclusions

We show that, with long-lived funds, the equilibrium in complete market models lead to
Merton-Black-Scholes (MBS) type prices and portfolio strategies, asymptotically. However,
the price parameters change as time goes by, leading to asymptotically lower and lower re-

turns, and the portfolio weights are not myopic as in the partial equilibrium MBS model.
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The size of the price volatility is influenced by the overall dividend volatility and the differ-
ence between the highest and the lowest risk aversion. Eventually, the fund closest to the
log preferences is the only one that survives, but price impact is felt for a long time also
from other funds, more risk averse than log. The drift and the volatility of the price, as well
as the optimal portfolio weights, depend on risk aversions higher than one even at the times
closest to the final time horizon. The portfolios include a non-zero hedging component, even
in the very long run. The hedging component is positive for the risk aversions higher than
one, and negative for those smaller than one, and it may be monotone decreasing in risk
aversion at further away times. In terms of the expected value of the relative wealth size,
the log fund will not dominate even in the long run.

It would be of significant interest to show how much our results remain valid when there
is also intermediate consumption of the funds. The optimal final consumption will still have
the same form, so it is possible that some results will qualitatively survive. Moreover, it
would be desirable to see what happens to the price and portfolio behavior in the presence of
more than one risky asset, and with funds having different time horizons. The picture then
would likely be more dynamic, with funds and/or assets entering and leaving the market
as time goes by. Finally, once the behavior for standard rational agents is well understood,
one can see how the equilibrium differs with non-standard preferences and behavior. In
particular, in our model leveraging is low, as the funds’ wealth needs to stay positive, and
the probability of bankruptcy is zero. We leave the possibility of extending our analysis to

these interesting issues for future research.

Appendix

A Proofs for Section 3

We will do the proofs of this section under a strengthened form of Assumption 3.1. Through-

out this section we assume a power rate of convergence for the risk aversions:
Assumption A.1 There exist constants K,a > 0 such that

i(z) =771 < Ka® and Jyi(z) —°| < Ko™ (21)
for all 1.

Condition (21) is not necessary, but the proofs are much simpler than under Assumption
3.1.
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Lemma A.1 Under Assumption A.1, the limits

/ /
lim uz(xo) and lim ui(xoz
z|0 77V x—o0 Vi

exist and are strictly positive for each i. Consequently, there exists a constant K such that
_ _~00 _ A0 __~00 _ A0
K™ (Xas12 7 4 X127 ) < uf(z) < K (Xas13™ % + Xo1z )

and
K (X$>1x_b? + Xxﬁlx_bgo) < ]z(x) < K (X$>1x_b? + Xﬂ&SlfL‘_b?o)'

Here,
o= ()7 b = ()7

Proof of Lemma A.1: Under the normalization u;(1) = 1,

1 1 1
log(u(x)™) = / i(s)s~'ds — o7 / slds = / ((s) — 70) s~ ds

Since |v;(s) — 19| < Ks%, the singularity is integrable and we get that

1

i [ Gus) = )57 = [ o) = al)ss <

zl0 J,.

is finite and
lim ui(z) = el

The case x — oo is analogous. =

Lemma A.2 Let M be an arbitrary, positive random variable. Let also
Wir = Li(\MM), E[M L(\M)] = E[;DM].
If 79, 72° > 1, then there exists a constant K > 0, independent of T and M, D, such that
EWat{(Wir)] < K E[Du(D)].
If 49, v < 1, then there exists a constant K > 0, independent of T and M, D, such that
EWru,(W;r) > K E[Du(D)].
Proof of Lemma A.2: By Lemma A.1, it is sufficient to consider the case

/ A —~0
UZ<SL’) = Xaz>1T Vi +X;p§11’ Vi
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and!?

Ii(z) = Xx>1$_b?+Xx§1$_bioo-

We only prove the case 42, 7% > 1, the other case being analogous.
If v < 49 then the function

TU(T) = Xas12' 7+ Xoza@' N
is convex and therefore the solution to the minimization problem
min{ B[X u}(X)] : E[MX] = E[¢;DM]}

is given by
X = fi_l(piM)
where
filz) = (9° = DXas12™ % + (7 — 1))(;,3@:5’7?

and p; is the Lagrange multiplier.
If 4% > 42, we take a convex modification of xu}(z) by considering the function, also

denoted u;, with a slight abuse of notation,
Ui(2) = X2 4 Xazazr (L= 2)(7° = 1)+ 1) + Xocrcar ™
with a being the unique solution to
(l—a)(y®=1)+1=a"

Then, zu}(z) is convex and the optimum is again attained at

X = ((zui(x))) " (piM).
Because only the asymptotic behavior at zero and infinity matter, it is sufficient to consider
again

X = [ (piM).

(2

More precisely, for such X, there is a constant K such that
EXu(X)] < K min{E[Xu,(X)] : E]MX] = E[;DM]}.

Since X = ;D obviously satisfies the budget constraint E[M X| = E[¢;DM], and because,
for some K > 0,
_ A0 _ A0
%DU;(%D) < KmaX{wi K ) @Z)@ " }Du;(D),

12The function I; is not the inverse of u}, but it has the same asymptotic behavior, which is enough for

the estimates.

28



we get
EXuj(X)] < K min{E[Xuj(X)] : E[MX] = E[¢:DM]} < K E[Du(D)].
Now, by definition, p; and \; satisfy
EML(\M)] = EMf (pM)] = Ely;DM]

and by Lemma A.1,
K fi () < L(2) < K> f (@)

Therefore, we obtain
Ky EMfTH(AWM)] < EIMf7H piM)] < Ky BIM 7 (MM)] . (22)
Obviously, changing the constants K; and K5, we may replace f; ' in these inequalities by
Xz>15€7b? + Xngfb?o-

Let
Ly > max{K, , K, }.

Suppose that
)‘i > Lo Pi-

Then,
_ —b9 L —p>® _ 1 -
fi "(A\M) < max{L, ", L, H; "pM) < K21fi Y(piM)

which contradicts (22). Similarly, choosing
Ly = min{K} K

we get that
Ly < N/pi < Loy

for constants Lq, Lo > 0, independent of 7" and D, and therefore Lemma A.1 implies that
Ky f7 (piM) < Wir = LWM) < Ko f7 (piM)

for some K7, K5 > 0 and the required assertion follows from
EWiru;(Wir)] < Ky E[Xu;(X)] < K E[Dug(D)]

for some K1, Ky >0. m
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Lemma A.3 Assume Assumptions A.1 and 3.2. Then, there exist constants Ky, Ky > 0,
independent of T and D such that, in equilibrium,

K < E[W,ruj(Wir)] < K
E[Duj(D)]

Proof: By Lemma A.1, we may replace u by
Xm>1xi%§>o + X:vglxi%o-

Then, the case 7 = v = 1 is trivial. Let 79,7 > 1. In equilibrium, Wiz < D, and
therefore, since
_~o© _ A0
gz(x) = Xﬂc>1x1 i +Xﬂ&Slxl i
is monotone decreasing, we get

9:(Wir) = gi(D)
and Lemma A.1 implies
EWirul(Wir)] = K E[Du/(D)]
for some K; > 0. The upper bound is contained in Lemma A.2. The case 72,7 < 1 is
completely analogous. m

We are now ready to prove an estimate for the "wealth scaling” ;.

Lemma A.4 Assume Assumptions A.1 and 3.2. Then, there exist constants Ki, Ky > 0

such that
E[Duj(D)]

EDw(D)] - - E[MD]

K EMD] = =

K,
Proof: We have
EWipu;(Wir)] = E[LANM)w(L(AM))] = X [M L(AM)] = \ap; E[DM]

and the required estimate follows from Lemma A.3. =

Finally, we can prove the following

Lemma A.5 Assume Assumptions A.1 and 3.2. Then, there exists a constant K > 0
such that, for any two funds i, j,

W < K1, (Mu'w)). (23)
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Proof: We have
-1
M > )\j u;(D)

and therefore, since I;(x) is decreasing,
Wir = Li(MM) < L(\A (D))

and the claim follows from Lemma A.4. m

The following lemma is straightforward.

Lemma A.6 Let . .
N(z) = — e 12 gt
( ) 2T /_oo

! N(z) . 1 — N(x) 1
1m ——— = 1m = .
T — 00 e—$2/2(_x)—1 Z—+00 e—a:2x—1 o

Then,

We are now ready for the proof of the theorem.
Proof of Theorem 3.1: As usual, we only consider the case 7, 75° > 1. By definition
of fund 0, we have
min{y;, 77} > max{yy, %5}
We will use the bound (23) and show that its right-hand side, divided by D, converges to
zero as T — oo. As before, for the asymptotic behavior of E[D uy(D)], it is sufficient to

consider

E[D(xp>1D™% + XD§1D_V8)]

+o0
_ Kw/_gﬂ‘lT—m( / (T o) (135 22/ (2T) g
—po— 1T
—po~ 1T
n / e(pﬂox)(lwg)efo/(mdx). (24)
Now, changing the variables we get
+00
7172 / (PT+0w) (1-75%) —o2/(2T) 3.,
—po— 1T
T~ 0 oo T1/2 1 s} 2/9
— T / 0T =2)(1=76%) o =27/2 ] 1
,p0—1T1/2
T(1-g°) (aTH2(1—~5°))? /2 i —22/2
— PTA=) (o 67/ / e 2. (25)
—po 1T/ 2—(0T1/2)(1-75°)
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Similarly,

_1T

o
T-1/2 / (P +02)(1=98) =a/(21) g

+oo
— PN 0T 22)(1=90) =22 /2 4
—po—1T1/2

_ J_1T1/27(0T1/2)(17 O)
— oPT(A=0) (oT2(1=9())%/2 / ’ b e~ dx. (26)

Thus, the asymptotic behavior of E[D ug(D)] coincides with that of
T (P1=)+e1=9)1/2) § <—\/T(p071 pr. 78)))

4 T A0EIH0) (1 NV Tt 4 o(1=27)) (27
and, similarly, for the case of E[D uj(D)]. Suppose that the drift p is sufficiently large, so
that

po~? > max{y* -1, 7] —1}. (28)
Then, by Lemma A.6,

-1 2 -1
N (—\/T(,ocr_1 +o(1— 78))) ~ e Tlho +o(1=98))/2 (\/T(pa_l +o(1— 78)))
and hence
T (P )+1=9)1/2) § <_ﬁ<p071 bl — 78)))
~ TR (VT (e o (1= 40)) . (29)
We have
p(1 =75 + (0(L=5%))?/2+ p*02/2 = (po™ ' + (1 =75%)* > 0

and therefore

T (A=BHe013) N (VT 4 (1~ 20)

. 6T(p(1778°)+(0(17780))2/2) ( N(—VT(po™' +o(1 — 780))))
T (o135 o1-5)?2) (30

~ €

and, similarly,
T (P1=0)+ =) /2) § <_ﬁ<pa—1 +o(1—~%)

4 Tlpa= o102 2) <1 —~ N(—VT(po™ +0o(1 - ’V?"))))

o~ T (p(l—vf"’)+(0(1—v?°))2/2) . (31)
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Since, by assumption, p > 0, D converges to +oc almost surely by the law of large numbers
and therefore
up(D) ~ KD,

Hence,
T(p(1—7°)+(o(1=7°))? /2
7E[Du;<D)] ug(D) > K ¢ (p ’ ’ )emé"’emé"’BT
E[Duy(D)] T (a2 /2)

= e PTHO () (1)) 2= 8 Br(39)

Since, by assumption,
po P > (7 = 1) > (977 — 1),

the expression (32) converges to zero as T"— oo by the law of large numbers and therefore

I; (E[D“i'i(m)]] u’O(D)) D'~ K (% U’O(D))_(ﬁo}_l o

< Ky e 0 T I P loag o (8 (07) =D Br - (33)

converges to zero by the law of large numbers.

The cases when p does not satisfy (28) are similar, but require very lengthy calculations
and we omit them here.

It follows that

for all 7 # 0. By market clearing,

and the claim follows. =

B Proofs for Section 4

Lemma B.1 If vj(x) > ~;(y) for all z,y, then the function

is monotone increasing for any a,b > 0. In particular, if v;(x) > 1 for all x, then x I;(x) is

monotone increasing, and if v;(z) <1 for all x, then x I;(x) is monotone decreasing.
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Proof: By definition,

and therefore
I(z) = uj(L;(x)~".

Thus, we have, with z; = I;(az) , 22 = I;(bx),

o Llan) [ Dlan) o)\ | Llan) () w(z)
flz) = x I;(bx) (ax I;(z) - b [Z<SL’)) A (zlu;’(zl) B zgug’(zg))
= T @) = ) > 0 (39

Proof of Proposition 4.1: Suppose that v;(z) > ~,(y) > 1, for all z,y. Then, by

Lemma B.1, the function
flz) =
L;(Aj)

is increasing and x I;(\;z) is also increasing. Therefore,

EIMI;(\M)]E[f(M)] < E[M L;(AM) f(M)] = E[MI;(A:M)]

that is

Cov (gT , MWjT) > 0

iT

and Lemma 4.1 implies

Wir | Wi
E < 1.
[Wj } Wio —

Similarly, if v;(z) < ~;(y) < 1 then both f(x) and z/;(\;z) are decreasing and the same
argument applies.

If v;(z) > 1 > ~;(x) then z1;(\;z) decreases and f(z) increases, so that
EIMIL;NM)E[f(M)] = BIM L;(\M) f(M)] = E[MI;(AM)]

and the claim (iii) follows. If v;(xz) <1 < v;(x) then xI;(\;x) increases and f(x) decreases,
]

and the same argument applies.

Proof of Lemma 4.3: Let
2 = 1 E[DM]/E[M"].
Then, the equilibrium equation is

Z M™% = D.
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Suppose that

Then,

=TI /v D*’Y’/FZ%/F L /i
A —bi p-1 , —%/T /T — C
2 AMEDT < ) (ZD ; ) Z(zp//> |
(35)

Since I' > ~; for all i, we get

D/ /r D—/T /T
(A < KA
> D=/t Zi%/F > D/t Zz‘%/r

and therefore .
D*’yi/r 'Yz
Y M DT < A
=X, Do/t

which is a contradiction. The estimate from below follows by the same argument. =

i

Lemma B.2 There exist constants Ky, Ky > 0 such that

EDM] . E[DM]
Klsz §M§KQZWD .

7 7

Proof: By Lemma 4.3,
%Z D_’\/i(wiE[DM]/E[Ml—bi])’Yi < M< n Z D_%(%E[DM]/E[Ml_b"])%, (36)

By Lemma 4.4,

Kigipiy < (G EDMYEM M) < Ko 2ol

for some K, Ky > 0. The proof is complete. m

We will also need

Lemma B.3 For any a > 0 and any x; > 0,

min{n®* 1} Z xy < <Z :1:2> < max{n** 1} Z xf.

i
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Proof of Theorem 4.1: Suppose first that ; > v; > 1. Then, Lemma 4.4 implies

WiT — ()\lM)ibl — @Z)ZE[DM]be

E[M-b]
and
E[DM]\" =, E[DM]\"
0 (i) M S W < Ko () M &)

Therefore, by Lemmas B.3 and Lemma B.2,

. bj—b;
il e b —b; DY
< Ko ED ZE[DM E (ZEDl = k>

E[D'7i1b E[D®i=b5)
< KX pprpppep
Dl 'yl b E Dl 'yk] —b;
= K Z 6% (1_%)21714‘(171_171) k_(1_'Yi)2bi_(1_'Yk)2(bj_bi))
k
e T P((1=75)b;+(bi =bj )y — (1=7:)bi = (1= ) (b —bi))

= K Z 6%02T((1*"/1')ijJr(bi*bj)27;%*(1*%)251*(1*’%)2(bj*bi)). (38)
Thus, it suffices to show that

(1= 7)%b; + (b — b;)* 7% — (L= 7:)%bi — (L= 3)%(b; — b;) < 0 (39)

for all £. We have

(1= 75)%b; + (b = 0j)* i — (1= %:)*bi — (1 — )*(b; — i)
= (b — 1% — (b = 1)%07 " + (b — bi)((b; — bi)vi — (1 = m)?)

J

(
= (b; = b)) (1 = (biby) ™" + (b — bi)yi — (1 — w)*)

= (bj — b)bsbi(viv; — ¥ + (i — )i — v (L —2)?). (40)
The function
FOw) = v =775 + (i = )7 — 351 = w)?

attains its maximum at
Vi%Yj

Ve = —————— -
Yivi + Y5 — Vi
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Thus, we need to show that

2 2
ViV ViV
0 > vy — v+ (i — ) <—) — i <1 — —)
! 7 P\ v+ — i ! Vivi + v — Vi
2 2
2 9 ViV Vi
= vy — Vv + (i — ) <—) — i <1 — —)
’ ] v+ — ! Vi + v — Vi
Vi

Rl Cyr— (L= 5v) (v + 5 — )+ (i — ) — (i — )% (41)

We have

(I =) (s 95 = %) + (= )y — (i = 7)°
= (=71 +% =% + (=)0 =% +7)
= (i3 =D+ ) (A =7 + % — %) + 7 —7)- (42)

Hence, we need to show that
0 > 7y =% —%; = i+ == =)+ )

which follows from ~; > 1.
Let now v; < 7; < 1. Then, by Lemma B.2,

E[DM] .
I pon o 2L
ED " "

o (SR ER )

and therefore

EWir /Wil < K, 221 pep e g
7 J E[Dl_’yl]bl
E[Dl—'Yj]bJ bi—b E[DM] L E[DM] o bj*bl'
K EDMV %E || =——=D™ "7 il ) M S
T e I R e R

(o Eﬁ?])] 43)

Consider now an artificial economy, populated only by funds ¢ and j. Then, the equilibrium

SDF M in this economy solves

Y BEIMD] - W E[MD] -,
E[M-b1] M E[M1=b] M™% = (i +4;)D

and, by Lemma B.2, there exist constants K, K, such that

E[DM] _ . = E[DM] _ - E[DM] _ . E[DM] _
Ky (E[Dl_W]D + E[Dl—w]D ) <M< K (E[Dl_W]D N E[Dl_W]D )
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and both . i ~ )
E[DM]' " B[M' "] E[DM]'" B[M' "]

E[D'] ' E[D']
belong to the interval [K;, Kj|. Therefore,

E[D']b D D\ E[Mb=%] E[M%]
— I + : < K =
E[D1=]bi E[D1=] E[D'=] E[M1—b]
- E[Mb %] B[M'
< g EMETIBIMTR] )
E[M1-b]
with
M= 2 pwy L _p
E[D1=] E[D'=]
Introduce a new measure
iQ - D'=idP
- E[D]
Note now that
MDY = fr(D)
is a monotone decreasing function of D and, under this new measure,
E[M® %] E[M'")
E[M=]
EQ[fr(D)~ Db -b)-105] Q[ (D)1= D=(1-b) 1]
= E[D'™]
EQ[fr(D)1=bi D—vi(1=bi)~1+%]
E< D)bi—bi D—vibi+vi] (Q D)1= Dribj—1
_ E[Dl—’yi] [fT< ) ! ! ] [fT< ) ! ! ] (45)

EClfr(D)="]

Since v; < 7; < 1, b > b; > 1 and therefore fr(D)%~% is an increasing function of D,

whereas D% %% is decreasing in D. Therefore, Lemma 4.2 implies that
EQ[fT(D)bj_biD_'Yibj+'Yi] < EQ[fT(D)bj—bi]EQ[D—%bj-F%]_ (46)

Similarly, fr(D)'"% is increasing in D, whereas v;b; — 1 < 7;b; — 1 = 0, that is D%~ is

decreasing in D and Lemma 4.2 implies
EC[fr(D)'= D < EQ[fp(D) ] EC[D . (47)
Similarly, Lemma 4.2 implies

EC[fr(D)» "] E9[fr(D)'™"] < E9[fz(D)'"™"]. (48)
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Combining (46)-(48), we get

EC[fr(D)%= " Db EQ  fr (D) " Db
ER[fr(D)1-bi]
E9[fr(D)""]ED = B[ f7(D)' | EQ[ D]
EQ[fp(D)1-bi]
E[Dl—%'bj] E[owj—%-]

E[D' ]

< E[Dl_%]

< E[D'™7] EQ[D bt ER[Dribi=l] =

E[D1—]
- e%UQT((l—“/z’bj)Q‘f'(“/z’bj—%)2—(1—%')2)+PT(1—%bj+%'bj—%—(1—%)) — 6_%02T(1_'Yibj)(7ibj_%) (49)
and (43)-(45) imply the required convergence. m
Proof of Proposition 4.2: Let 7; < 7,. By Lemma B.2,
E[DM]
M > Ki ————= D7,
= M ED
Combining this bound with (37), we get
E[D']" bi—b; 1 rbi—b; E[D']" D~ \WT
Wir \Wir < K ————E[DM|”" "M < K
/Wi < K E[D'-7]b [DM] = 7 E[D%] \ E[D'%]

e K e%OQT((l_’Yj)2_(1_’Yi)2)bi +0"Yj (bz—bj) Br ) (50)

The right-hand side converges to zero almost surely by the law of large numbers as soon as
1 =5 <1 =il
Let now ~; > ;. By (37),
> Wir [Wir >

Ky = E[D' 5% < K.
oy DIDM]P b M

Combining Lemma B.2 and B.3, we get that

- Mbi—bi -
Ky < > ELDM]% b DOt < K.
k

E[D'~ k]~

and therefore Wi /W, converges to zero (infinity) if and only if so does

E[D5)b% D®i=bi) vk
K Z E[D%]v E[D1—w]bi—bi

= K; Z 6%02T((1_'Yj)2bj_(1_%)2171'_(1_'%)2(17]'_bi)+07k(bi_bj)BT). (51)
k

k

The claim follows from the LLN. It remains to show that (6)
always holds if v; > 7, > 1. This follows from (39).
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C Proofs for Section 5

In order to prove Theorem 5.1, we need a sequence of technical lemmas.

Lemma C.1 The function

fa($1a“‘ >$n) _ (Z "E;/a>

is jointly concave in (x1,--- ,x,) if a > 1 and jointly conver if a < 1. Furthermore, f, is

monotone Increasing in a.
Proof: Let a > 1. The Hessian H(f) of the function f is given by

H(f) = (82f/a$,axj)l j=1

a—2
1 1/a 1/a—1 1/a—1\"
(1 —a (Z x; ) ( (:cz x; )i,j:l

(ix ) ot
= (a7 S gl Y (a2 )”

ij=1
— fHeT) ding(a P

Here, I is the identity matrix. The matrix

A _ <x971/2 xq71/2>n
‘ J ij=1

=

equals f1/* times the orthogonal projection onto the vector (x?il/Z)?zl . Thus, [|A|| = fYe
and the matrix
q_l/2 q_1/2>n o l/a[
(x’ T ij=1 /

is negative definite. Therefore, H(f) is also negative definite. The case a < 1 is similar.

It remains to prove monotonicity. Let a < b. Then,

a 1/a\ ¢ a\ @
(=) - 2\
(Z a:-l/b)b B Zz: (E xyb)b B zz: (E :L}/b)

Since



for all ¢ and b/a > 1, we get

b/a
o o
i < i

(Zz x;/b) (Zz xz‘l/b)

and hence e, @
1/b ¢ 1/b ¢
T, T
Z : 1/b < Z : 1/b = 1.
m

Lemma C.2 For any o € R, we have
n g
<Z E([D* ] (¢ E[DM]/E[Ml_bi])%M> < E[D*M]
i=1
r
< (0 a1t s a4y )
Proof: Using Lemma 4.3, we get

E, < E,[D*M]

(Z D (4 E[DM]/ E[Ml—bi])%/v>

< E, (Z D(C‘é—%)/F(wiE[DM]/E[Ml—bi])%/F> . (53)

()]

< E (Z XS/F> < (Z(EAXAWF) (54)

i

By Lemma C.1,

(Z (Et[Xi])l/y> < E

i

for any positive random variables X;. Applying (54) to the random variables
Xi = D7 (¢ E[DM]/BIM'™"])™,

we get the stated result. m
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Lemma C.3 Let v be the risk aversion closest to one. Let t = \T. For any
A e 1l

we have
) E,[DM]
lim =1

T—o0 (g E[DM] E[M1=]=1) E,[D1-w]

Proof: By (52),

(Z E,[D*] 1/7 E[DM]/E[M"'~ b])%/v> < E,[DM]

r
(Z B DT (wiE[DM]/E[M“iD”/F) - (5)
Dividing (55)by
E\[D"] (4o E[DM]E[M' "] 7)™
and observing that

E\[D'](¢; E[DM)/E[M'~*])"  E,[D'%] E[DM]*-" E[M"~bo]oo
¥

BiD") (s BIDM]/EM %] )™ — B, [Di—] DM B[]
we arrive at
@/”z Et ]E[DM]lf’yoE[lebo]% 1/v\ Y
(1 + ; ( o Ey[D ]E[DM]l—%E[Ml—bi]yi> )
< E,[DM]
< (¢0 E[DM] E[Ml—bo]—l)% Et[Dl—VO]
B[] E[DM) 0 B[\ T\
: (1 " Z (@bgo EyD ]E[DM]l_%E[Ml—bi]%) . (56)
By Lemma 4.4,
E[D'] _ E[DM]®EM'™M[w _ E[D')
KlE[Dl—'Yi] < E[DM]l_’WE[Ml_bi]'W < K2 E[Dl—’yl]

for some K7, Ky > 0 and therefore

E[D" ] E[D0] YT
<1 + Kli#zo (Et[Dl'YO]E[Dlw] ) )
_ E,[DM)]
= (o E[DM] E[M o] 1) Ey[ D]

B[] E[D 7Y

i#0
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Furthermore,

Et[Dliw]E[Dliw] — o0 =)Br o307 (10> [1-%[*)t

E[D' ] E[D ]

converges to zero almost surely and the proof is complete. =

Lemma C.4 Lett = N\T. For any
A e 1l

we have Iy
lim [M] = 1.

7% (4, E[DM] E[M'] )" E[[D ]

Proof: By (52),

<ZEt MY (4 [DM]/E[MH’J'])W> < E,[M]

(Z E ’YJ l/F [DM]/E[Mlbj])Vj/F> . (58)

In complete analogy with (57), we get

E,[D7] B[D' ] 7Y
<1 DY (Ep=1z01 ) )
E[DM,
(: BIDM] B3] 1) (D

E[D] E[D )\ 1\
< (1 o (Bpetrpen) ) - o

J#i

However, we have

E,[D~%] E[D'~7]
E[D—] BE[D' ]

— oo(i=)Be o5 T((F =) (1= N+ (1)~ (1=75)?)

and the claim follows if

A=) = (1=7)" < 7(1=A) = (1-7) (60)
for all j # i. Now, the function

h(7) = 1= — (1=7)7 = =% + 271
is a concave parabola, attaining maximum at the vertex 1/\. Therefore, (60) holds if ~; is

the closest to 1/A among all risk aversions. Let 0 < i < [. Then,

i—1+ 7 1 i+
717< <7 TVit1

2 A 2
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and therefore, since v;_; < v < 71, the claim is immediate. The cases i = 0,[ are

analogous. m

Proof of Theorem 5.1: Let

_ P E[DM] - E[M ) E[D
= I EDM BB E[D]

Si(T)

By the discussion before Theorem 5.1, 4; > 1 and therefore Lemma 4.4 implies

E[DM]'"  E[M' ]
E[D1=] -

PPt <

and

E[D'"] -
[DM]'=70 E[M1~bo]0 < max{yy ", 1}.

Hence, f;(T') satisfies the required estimate and, by Lemmas C.3 and C.4,

min{y, °, 1} < -

~ r(t’)(%E[DM]E[lebo]fl)%Et[Dlﬂo] A A (=
Sy er =T (0; E(DM] E[M*—b] )" E[D—] Fi(EA ) et T

Et[Dl"YO] E[DI*'”]
Et[D—w] E[Dl—vo]

and the claim follows. The case ¢ = 0 is analogous.

It remains to show that
(Piare™™ ")/ (Praag re ™ 0T L — 400

That is, we need to show that, if A\; € II; and \;,; € II;;; then

(1 =70)* =)L = X) + (1 = %) = (1 = 70)?
> (1 =) =71 = Aig) + (1= 7i11) = (1 = 0)*. (61)

By definition
A > 2 > Nt -
Vi + Vit1
Furthermore,
(1=9)"=7 < 0=%)"—(n-1° <0

and therefore both left and right hand sides are increasing in A. Therefore, it suffices to
show that

(1 =) =) (1 =X + (1 =7)* = (1 —)?
> (170" =721 = A) + (1= 741)* = (1 —%)* (62)

for A = 2__ That is,

(=790 =)A=+ (1= = (1=90)* 2 (1 =70 =) (1= N+ (1=51)* = (1=70)"
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Equivalently,
(Vi =)A= > (Y = 1)* = (7 — 1%
Simplifying, we get that it suffices to show
A< 2
Vi + Yit1
which is true. m

Proof of Corollary 5.1: We only have to show that R()) is decreasing. By the
definition of 7y,

(1 =7)*> (1 =)
and therefore R(\) is monotone decreasing in A on each II;. Thus, it remains to show that

R()\) is continuous at the boundaries of II;. Denote by R;(A) the restriction of R(\) onto

IT;. A direct calculation shows that

2 2
Yi + Vit1 Yi + Yit1

Lemma C.5 The function U'(x)x"-* is monotone decreasing in x and U'(x)z™ is monotone

and we are done. =

mereasing in .
Proof: We have
(U'(@)") = U'(z)a® + all'(z)e™" = 2°7'U'(x)(@ — +"(x))

for any a € R and the claim follows from Proposition 6.3. m
Proof of Proposition 5.1: We need to show that

Et[Dl_W] - Et[DM] - Et[Dl_V—’@]
EJD] = E[M] T E[D7-r]

We will only prove the lower bound. The upper bound is proved similarly.
Introduce a new measure
iQ - D= dP
- E[Dw]

Then, under this new measure, the required inequality takes the form

Q i
HIDUIDY) 5 gy

This inequality follows from Lemmas C.5 and 4.2. =
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D Proofs for Section 6

Proof of Proposition 6.3: Let
2z = Y;E[DM]E[M* "7t

Differentiating (16), we get

U”(D) _

and therefore, using

> mM = D,

7

we get
d 1 D> . z b? Mb
- —’VU(D) = - . T ZZ o3

— (Z 2 bl-sz')_ (Z GUMTY S M - (Z % bZ-sz) ) (63)

i

Applying the Cauchy-Schwarz inequality

Zﬂfz Zyz > (Z(%yz’)l/Q)

(2

to the numbers
xp = MYy = 4 MY
we get the first statement. The second is straightforward to check. m

Proof of Proposition 6.1: The first inequality follows directly from Lemma 6.1. If
i >y > 1, then b; < b; <1 and Lemma 6.1 implies that

E([M'"+ (D)
B, [M1b]

E[M! %~ (D)
By [M5]

(1) > (1=1b)

that is m; < ;. Similarly, by Lemma 6.1,

E M AY(D)] _ E[MyY(D)]
Ey[M1=b] Ey[M]

and therefore

E(M™Y(D)] | E[MAY(D)]

(bi — 1) A +




if 7 > 1 and

E[M'Y(D)] | E[MyY(D)]
(bi —1) B M| + Fo[M] < b

if 7; < 1. Finally, the last inequality follows from

miin%- < YD) < Maxy; .

Proof of Proposition 6.4. Recall that price S; and the wealth of fund k satisfy

log St = log Et [MD] — log Et [M]

U E[DM]

We get the volatility o; as the Malliavin derivative D, log S; and we get 0,7 as the Malliavin

log Wy = log ( Et[Ml‘bk]) — log E,[M].

derivative D;log W;,;.'> Thus, we have

D, log Wiy
= —. 64
Tkt D, log S; (64)
We will now calculate the Malliavin derivatives. Since D = e?T+757  we have
DD =0D
and therefore, using (15)-(16), we get
DM = U'(DYD,D = oDU"(D).
Using the identity
DtEt[X] — Et[DtX]
we can compute
D, log Wy — —— 11 E,[M~"D,M)] ! E,[D,M]
t Og kt — Et[Mlin:I t t Et[M] t t
and
Dylog S L E[DDM + oDM] — ——— E,[D,M]
0 = o -
¢+ 108 Ot E[MD] t t E.[M] t| &t
E,\DD,M E,\ DM
_ o 4 BDDM] EDM] (65)

E[DM] Ey[M]

13For an expedient introduction to Malliavin derivatives see Detemple, Garcia and Rindisbacher (2003).
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It remains to show the expression for the drift. By the above,

dE,[M D] dE[M)|
——— = Ud — = Vi
o] — U gy T A
where, by (65),
U — D,E,[M D] _ | E/yY(D)DM]
* = “HMD) E[DM]
and
v DEM] BN (D)M]
! E,[M] EJM]
Applying Ito’s formula, we get
E{MD 1
dlogS; = rdt + dlog (MD) = —(2r + V2-U})dt + (U —V,)dW,.
E,[M] 2

Therefore,
1
w o= r + 5(%2—UE+(Ut—Vt)2) =7+ Vi(Vi=U)
and the claim follows. m

Proof of Lemma 6.1: Introduce the new measure

M
dQ = mdP.
Then,
E[MyY(D)] v EJMDAY(D)]  EZ[DyY(D)]
T L L7 1777 Ity

Lemmas 4.2 and 6.3 imply
EZ(D)EC[D] = EF[DyY(D)]

and the claim follows.

Let now x > y and consider the new measure

lem

dQ = md]?.
Then, o
e )
and

E(M'™ (D) E2[M*¥4V(D)]
Ey[M*v] EP[M=v]

Since M is monotone decreasing in D, the variable M*~¥ is also decreasing in D and the

claim follows from Lemmas 4.2 and 6.3. =
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Proof of Lemma 6.2:

We have
D
U D) — B _ - B
Y ( ) YI(1-a) EZ Q/JZE[DM]E[lebZ]fl b M —bi Yi(l—a)
> W EB[DM] E[Mb ]t At S i E[DM) E[M"=%] "1 b M~

~ Y GEDMIEDI b M YO G BDM] EM T M
B > izi(1-a) WiE[DM] E[M™7])71 (1 = biyj—a) M B > izr-ay(L = bivsa-a) Wi

> LiE[DM] E[M=%] =1 b M~bi > biWir

(66)

We have
minb; D < ZbiVViT < maxb; D

and therefore
|7U(D)—7J(1—a)| < K Z WD L.
i#J(1-q)

Thus, it suffices to show that
Ey[Wir D]
A e B
E,[D?]

for all i # J(1 — a).
Applying Lemma 4.4, we get

E[DM* " E[M™7b]% > K E[D'™]

that is
E[DM]EM'™"]™' < E[DM]" K™% E[D*™] b
Similarly,
(WB[DM)/E[M* b0 < K E[DM] B[D™ -],
By Lemma 2.1,
M > (wiE[DM]/E[lebJ(l—a)])'Y‘I(l—a)Diﬂf.l(l—a)
and hence,

Wir = G:E[DM|EM* )"t M~b <
U E[DM]E[M'™" ] ((; E[DM]/ B[M' 0= )= D70-0) =

E[Dl_'YJ(l—a)]bi
< K
- E[le’ﬁ]bi

DYI-aybi (67)

Therefore,
I/I/iTD_l < KG%O'QTbi((1_7J(1—a))2_(1_'Yi)2)ea('YJ(l—a)bi_l)BT .
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Introduce now a new family of measures

D&dP,
E[D?]

dQ; =

of F;, It is not difficult to see that this family of measures is time consistent and hence, by
the Kolmogorov theorem (Oksendal (2003), p.11), there is a unique measure d@ on inifinite-
horizon paths generating them on finite horizon o-algebras F;. Under this measure, o By
will also be a Brownian motion, but with a drift. Namely,

oB
EQ[GUBT] = w — B%OQT(QaJ,-l) _ 6a02T n %O_QT
E[eaaBT]
and hence it has a drift ao?. Thus, under this measure 0By = ac’T + o BjQ and

e%UQTbi((l—VJu—a))2—(1—%’)2)QU(WQ—a)bi—l)BT

_ €%02T(bi((1*“/.1(141))2*(1*%)2)4r20f(’w(17a)bi*l))60(“/.1(17(1)bfl)UBjCg ) (68)
The most important observation is that

bi(1 = ysa-)?* = (1= 7)) +20(vs0-abs —=1) < 0
& (1- %(1—@))2 — (1 =)+ 20(Vs0-a) — %) < 0. (69)

In fact,

(I =va-w)? + 2070-0) = (Wa-a) — 1—@)® = (1-a)’+1
< (m—(1-w)? - 1-aP+1= (1-7%)" + 2oy (70)

which follows from the definition of J(1 — «).

Let now

1

€ = 50'2 (bl<—(1 — ’)/J(l_a)>2 + (1 — ’)/2)2) — 2a(7J(1—a)bi — 1)) > 0.

Let also 7j1-a)b; > 1 (the case vy;q-a)b; < 1 is completely analogous). Then, since
m/iTD_l S ]-7
ERWiyD™Y = EP[WyuD™'I o ]
t iT t i oBFE<eT/(2(Vy(1—a)bi—1))

< Ke T 4 E°9[I

Q -1
+ EfWirD™ I, pa B> 1/ @rsa_abi—tn] - (T1)

>eT/(2(ﬂ/J(1,a)bi*1))]

Let
§ = o 'e/2(va—abi — 1)) > 0.
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Then,

ER[I

0B > eT/(Q('y‘](l,a)bi—l))] = Proth[a(BjQ - BtQ) > To(é - B?/T)]

= (1-N(oVT(6 — BZ/(tA"1)/(eV1=N)). (72)
By the Law of Large Numbers, BtQ/t — 0 as t — oo and therefore

By
tA—1

6 — — 0 >0

almost surely. Hence,
VT(6 - B2 /(A1) /(0V1=)) — +oo

as T' — oo and
N(oVT(6 — BE/(tA™1)/(6vV/1=X)) — 1.

Therefore,
E,I

oBZ> 6T/(2(‘/J(17a)br1))] — 0

and the claim follows.
The proof for a fixed, finite ¢ is analogous. In fact, in this case the claim also follows
from almost sure convergence and the Lebesque dominated convergence theorem. m
Proof of Proposition 6.5: It is a direct consequence of Lemma 6.2 and Lemma D.1

below.

Lemma D.1 We have
E[MD~"(D)] E,[D'4Y(D)]
Et [MD] Et [Dlifyo]

and, for A € 11;,
EMA (D) E[D (D))

E,[M] E,[D~]

Proof: In complete analogy with (52), we have
n Y

<Z E[Y(D)D ™ (%E[DM]/E[Ml_b"])%M) < E[My"(D)]
i=1

< (Z EthU(D)D‘W]”F(wiE[DM]/E[Ml‘b"])”/F> (1)

Since 7Y (D) is bounded away from zero and infinity, the same reasoning as in the proof of

Lemma C.4 implies

. E[MY(D)] .

T—oo (1h; E[DM] E[M'=5]-1)7" E,[yU (D) D]
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for A € II;. Similarly, the same reasoning as in the proof of Lemma C.3 implies that

- E[M D" (D))
T—o0 (o E[DM] E[M=0]=1)" Ey[yY(D) D]

Lemma D.2 Assume ~y; > 1. Let I' > 1 be such that T'by/(1 —b;) > 1 for all k and v < 1
be such that vby /(1 —b;) < 1 for all k. Then,

.
(Z D k=bi)/y (wkE[DM]/E[Ml—bk])%(l—bi)/7> < MLbi
k

< (Z D~ w(1=b:)/T (wk E[DM]/E[Ml—bk])Vk(l—bi)/F> . (74)
k

The proof is completely analogous to that of Lemma 4.3 after rewriting the equilibrium

equation as

sz (M1_b,.)—b,€/(1—b,.) - D
k
with
2, = by E[DM]/E[M"b] .

Lemma D.3 For A\ € 0},
Et[Ml—bi] ~ (w] E[DM]E[Ml—bj]—l)'yj(l_bi) Et[D_'Yj(l—bi)]

and
EM' ™5V (D)] ~ (v E[DM] BM* =) By (D) D=u07].

Proof: In complete analogy with (59), we get

E,[Dw(-0)] p[p1=u)i=b \ YT\
1 + K1Z (Et[D_W(l_bi)]E[Dl_%]l_bi )

Py
< Et[lebi]
= (1; E[DM] E[M1=ti]) -1y 070) B D=i(1-00)]
v (1—b; Ciep N I\ T
E,[D Y (1 bz)]E[Dl «/1]1 bi \ L
<
< (1 - Klg ( B[00 BDTw]h . (75)
Now,
E[DO-W) pIDa]t b 6%02T<1sz~>((H)(vifﬁ)(lfbi)m—w>2—<1w>2)

Et[D_'Yj(l_bi)] E[Dl—’Yk]l_bi
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and we need to show that

(L= =b) — (1 —m)® < (L=XA)5(1—b;) — (1 —)°.

The function

FO) = Q=271 =b)=(1-7)" = ~1-(1=N1=b))y* + 271

is a quadratic parabola with the vertex at ¥ = 1/(1 — (1 — A)(1 — b;)). Therefore, the
inequality holds if and only if

e =1 > |y ="
and the claim follows from the definition of the interval @; . n
Proof of Lemma 6.4. Introducing the new measure

D -k

= ———dP
B, [D_'Y—k]

dQ

we can rewrite the required inequality

E[D -+ ~4Y(D)] < E[M*~Y(D)]
ED o] = B

in the form

Q Yo\ ;U
oo < EZr )

This inequality follows from Lemmas C.5 and 4.2. =

Proof of Proposition 6.9. We have

O =DA+%0=9") + 14+ m
24 Ym
(7 =) (1 55 =) + 1A
14+ A1
My =D+ QO =N+ DA+~

- . (76
Py = DA+ A+ 2 (76)

T (A) =

It remains to prove monotonicity. Differentiating w.r.t. A, we need to check that

0> (=) (=N’ M) =(=D)A+) (27 (7—1)A+7°) = =7 ((7=1)°A+7)°.
(77)

Proof of Proposition 6.10. Clearly, J(1+ 7;) = 1. By Theorem 6.1, for A € II; we

have

Jlif;ogt = o1+ —m), Ilgr;o:ut =T + 71(1+71_70)02-
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But, for A € Il, two cases are possible. If 73 < 2 + 7o then J(1 + 79) = v and

lim o, = (1471 —) , jlijfolo,ut =7r + 71(1+71—70)02-

T—o00

If vy > 2+ 7, then J(1+79) = 0 and

limo; = o, lim py, = r + Y02,
T—o00 T—o00

that is the drift and volatility agree with the asymptotic behavior, predicted by Theorem

5.1.
By definition, J(1 +7:(1 —b1)) = J(m) = 1. Furthermore,

(04301 =) =] = 2220 20

m—1)=|(1+%(1—=>b)—mnl
o o 1= 1) =1+ = b1) = m

if and only if 73 > 2. That is J(1 + (1 — b)) = 1 for 73 < 2 and is 0 otherwise. Then,
Theorem 6.2 implies the required expressions.
[ |
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